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3547698;:<6*=?>A@CB9:ED*FHGJIAK;L<MANPORQ;SUTAVXWPYAZ\[^]�_H[\`7[*Fba�_c?dfe*g I^hRiEMPjlknmPoEprq<sJtRuwvEx gzy|{R}J~J� GlICx g��E� vRI��|�7�[7�X�|[7�w��F^`?W|� gHy�� [9�;�wvXG9�<�7�\[7�P�JS*���l�;���zYX3�476�8;:6�=?>7@PB9:CDn[A�;�JS5�?��� gzy3<4?6�8l:f6<=�>�@;B7:PD�j5��G\�¡ <T�¢H£JKlL�F�¤n¥ ��g KlLC¦9§9¨ª© ��g«y¢r£nKlLC¦�¬�CvXx g Fr®JT�3<4?6?8R:f6|=�>�@RBA:PDJGA¬9�F¯W;° ��g«y �f���jU�^�¡ Cpr±J²Pvr³J´�© �\g 3<4r6�8l:f6w=µ>�@RB�:PDJT^G

thin scheme (Example
2.1)

Fb�<3�4A6A8X:E6ª=r>7@fB�:CD
(Example 2.2)

¦Px gzy�� [A¶ROwI ~ [R¢7£K;L\G ~J�f·l� �;KnL|I9�;KnL�[E¸�¹ºFrp;»JYJW gHy�¼ »lY9�\3\4A6�8X:E6�=r>@PB�:CDRG�¬^<vfx gzy��«�<{ v;[?qEsfvXG7�<�7�|[7�P�\���^�R� eUg [fT
thin

scheme (
�JKnL

)
�r�\� g;� F�¦�]Pj;» }<¼�½ T�¾ ½¿y5�l� v;G��E���w[��;�Cj*�À � �*g �|3�49698P:w6�=r>9@fB�:wDR[9�P�w[AÁfÂ5�7�^��[l¬l\3�49698X:<6�=>�@PB�:CDfT7�l�X� e*gP� F7���5� gHy ¬l|3�4A698X:w6*=?>9@fB9:wDRG?ÃCÄPÅÆ T�mXoEp|`7[RvEx g ¦RI�ÇRÈXÉ<[9Ê � GlIJË���ÌrÍP¬J\pw`9[PT;x gzy ÍC¬^p�¶nO5T c7eUg �;ÎU`µÏPÐEvXGPx g ¦?Ñ��9YCx gzy¢?£RKJL|G?�;KJLÒFHÓ�Ô ¼5½ T7Õ7Öf×|�P`�kAØ � [�¬�nÙfÅXv^§�¨�© �Ug�y�ÚÛ LPÜ

C ( Ý L 0
[�Ü

)
ÅE[;¢�£PKRL5GlÞnÕnßwvCx gX� FH¦�àÒ� � YRW gzyXá ÝL|[�ÜXÅP[R¢�£;KRL\G^ÞnÕlßÒFHGn�*��plW y �w�7��FrÓ5Ô ¼5½ T�I Ý L 0

[�ÜXÅ[9�X���râCãnänå�F�¤næfI á Ý L|[�ÜXÅE[A�X�5��çCèPénê�ëRä;å�Fz¤Jì yXá Ý L[^ÜXÅfv|`9¢�£XK;L\GlÞRÕJßÒFrp g ¶XOw¦Cx g ¦RI �X� vXG ~l� `ríwîXïXð7:^��ÒF�¤Jì � F?T e�gzy ¬J<3�476�8X:E6�=r>A@fB^:CDR[�ñfò^�P�<G ¼ _¡qws�© �YRW g ¦nI^Íf¬^\[A¶RO�G {Ró x {ºô q<sª© � YnWfpJW y<{;} í<îXïPð?:l�f�wG¬J<[A¶XO5TJ�;»nY|`^x {ºô q<sª© � YJVº�öõnIl�J�XS�G�÷ª`�øwjP»lYnWCplW�Fù »JY ¼ W y 3�4A6�8;:w6�=r>A@fB^:CDR[líwîXïXð7:l�X�<[^�^�PS|[�³fúw¦ªû Ývfx g�y3|4�678X:C65=H>7@XBA:fDR[9íEînï;ðr:��P�<T c�eUg SRüfI9V ¼ æ c�dPe5g SüºFR�«Y;G
[1], [2], [3], [4], [5], [8], [9], [11], [12], [13], [14]

p�ý�¦Px g�y `�þRÌAÿA��7�w[^íwî;ïXð?:^�;���R�w�^¬����nR�Ej�� À � �5g
Hecke

Ù<[�íEî;ïXð?:l�X�
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p*ý�` c��PeUg	��
 F«W\� g ¦;I ~l� �rG �R� T�\®R® � plW��P�«W } _n©?ÿfxgHy �zj���3�4A698X:w6*=?>9@fB�:EDR[^í<îXïXð�:l�P�\T c �zYPGJI��\[*F � ÌiXÂPMETJG�������������������F«W ½ [n¦9Ç<[�¾ ½ F � Ì�vfx gzy�E���w[9í<înïRðr:��;�\��3|4�678R:w65=�>7@XBA:CD;TH�f��� ¼U½ FR� } F�®T	�EW � e W"!ªFX�«YXG
• p-
íEîPïXðr:"#|�%$CÄEvC® g�y

•
ø�&�'�(wI

Cartan
'�(|p5ý«§^¨wvf® gzy

(Cartan
'�(\G7t")"'�(<vPx gzy

)¦fx g�y+* T	�wWwT<_�W"!ªF;�zYXG
• ,�-�. T0/21 eUg;¼ W9�X�w¦Xp^W y
•
ø�&fÜC¦�øEj���p�W y

• Brauer 3JÝ T�/21 eUg `7[n¦l§l¨wvC®^p^W y
•
6�4r: 5;øn�|p5ý

p-
5nøn�5T�/21 e5g `A[n¦Xp^W y

•
¢?£;KnL�G7t")RKJL<vPGRp^W y

• 6 Ü87w¦Cx {�ô:98; © � YJWfp^W yp*ýz¦Cx gzy �<W<T\_�W�!C[7±|¦l]º_bIPpnjfpnj�qwsC¦�<|ÿ;vnWEp^WªFzW ½ [;¦�8=EvCx gzyíEîRï;ðr:��;�E[9���RSU�r�\� gA}�> TJG^I ¼ W�? 6 ¦�@XoªF¯�\� g�y �E���[líwîXïXð7:l�P�wvPG�AB4DCEJ[�F;S|¦^m;oEvCx ô I�AG4HCEl[�FRS<vfG�I�JR�¦lm;owp -�K � 
|} �zYnW g�y 354A6A8P:E6�=r>�@PB�:EDPT c �zYPÓML\[ � F���U� ¼U½ FP��Y\`�6H4r:"5RøR��`H§l¨wvw®lplW�=+NEvfG5ý ½ TC`9pU�rp^W y ��j�OI"J^L
(
I"Jl�<[HÖ;Lwv�P {Cg L

)
T	/�1 e5g `�[RGA�\�<� �Ug [Jv;G;p�W ó Ì½ j y�� [ ¼U½ T7�5��I

3 Q v"RRkE[SI+TJL��A§^¨ e*g�y �|3�49698P:w6�=r>�@B^:CDR[7¶XO�TnG � [7L�G�I�JJL�F0U�VXÓUÔXW�Y5�f`�»lYnW g ¦nIl�J�|[l¬J<3496A8X:E6�=r>9@PB^:CDPT7tÒ�zYRI�ýH[ ¼*½ TI+JlL*�A§l¨ e*g [n¦ ¼ WPjfG7øjP»JYlWfp^W y

2 Z [�X� vPGn354A6A8P:w6*=r>�@fB9:wD5F ~ [R¢7£PKnL\[l§l¨U����I {;} í<î;ïfð?:�f�|T c9e*g h;iwMfp � F7� { F > YJV�_ y�\ �n_?GJIP3�4A698X:w6�=r>A@fB^:DXT c ��YXG
[15]
IlíwîPïXðr:^�X�|T c ��Y;G

[10]
�0]�^���Y�_5® } W y

X
�H�E��`XO�FR��I

G
�

X ×X
[7ø K F eUg�yJe pJ°Pþ G

[9o Û G
X ×X[�afvPp^W�5Rø�`fOEv

X × X =
⋃

g∈G

g, g 6= h =⇒ g ∩ h = φ
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vfx g `7[UF eUg�y
g ⊂ X × X

T?t���Y�b�cX[ ¼5½ Tl¢7£�'�(5�7§l¨ eUgzy
g
[d8e8f+g

σg

GlI'wI�( , Th`PO X
vSi�jC[k�l\� �C} �"F"mRLU��´Xø�F e*g '(wvJI ~ [

(x, y)-
´;ø|G

(x, y) ∈ g
[*F�®

1
vnI ~�½ v;plW�F�®nTJG

0
F�§ > ��E} `A[nvfx gzy

(X, G)
¦SnE[�o"pU�hq }9e F7®SrBs�t u9ëGtwv�xMy�znë�{ªF«W ½ y

(1) 1 := {(x, x) | x ∈ X} ∈ G.

(2) g ∈ G
pU�H¥

g∗ := {(y, x) | (x, y) ∈ g} ∈ G.

(3) σfσg =
∑

h∈G ph
fgσh

FHp g
ph

fg

¦S| } eUgzy
§R¨\j��r¢�£�'�(

σg

GS~�'�I�~�(�T
ng := p1

gg∗

È5[
1
�M�\Ë y��H� �

g
[

valency
F�W ½ y

S ⊂ G
Trt��«Y

nS :=
∑

g∈S ng

FµV�_ y Æ T
nG = |X|

vPx ô I��� �
(X, G)

[�+�ºF«W ½¿y3�476A8R:E6�=?>A@PB9:fDn[l§^¨<[�o8p
(3)
¼�ô I��ö \T

Z
Åf[7KnL

ZG :=
⊕

g∈G

Zσg

¦l§�¨<vC®9I d LXÙ��MT+����YRI�Ø � [
(
Õ9Öf×\���Pk

)
¬lRÙ

O
Åfv

OG := ZG ⊗Z O

¦n§^¨<vC® g�y���� �
(X, G)

[
O
ÅC[ d8e�� �ºFz¤lì y ¢7£�'+(

σg

GA�"F�mL���´Pø�F eUg '+(<vCx g ¦nI Æ T�����°��J_�plW�¶XO�TnGlI��EÕf[ }D>�� [ dL;ÙEv^��� g ¶RO5Tf`9Ó5Ô����|�rÄPW gzy
Example 2.1. Θ

�z�C�r��F e�gµy
θ ∈ Θ

THtº��Y
θ̃ := {(x, y) ∈ Θ×Θ | xθ = y},

Θ̃ := {θ̃ | θ ∈ Θ}
F�V�_ y�� [�F�®

(Θ, Θ̃)
GR3\476�8;:w6*=?>9@PB^:CDUFHp gzy{n}<� [R3\476A8X:C6�=r>A@PB�:CDJ[R¢�£;KRL\G5�ö |Tr�;KnL�FrÓ0��Tnp gzy� [ ¼5½ TA§J¨�� } 3�47698;:w6�=r>A@PB�:CDXT?t���YXGlI e+� Y;[

valency¦
1
TJp gzy�* T e�� Y;[

valency
¦

1
vfx g 3\4�6A8X:C6*=r>A@PBA:CD;G � [¼5½ T5��Y À � �*g�y���� �

thin scheme
F�W ½ y

Example 2.2. Θ
�H�C���ºFR�

C0 := {1}, C1, · · · , Cd

� ~ [ ,�-". F e5g«y Ĉi :=

{(x, y) ∈ Θ×Θ | x−1y ∈ Ci}, Θ̂ := {Ĉi | i = 0, 1, · · · , d}
FµV�_ y5� [5F?®

(Θ, Θ̂)Gl3w4r6?8n:X6<=µ>?@;B?:PD|Fzp g«yn��� �
Θ
[��rHs�tSu�ëHt�vXx	y8z^ë {�F¯W½ y �w3|4�6A8R:C6*=�>A@XBA:CDJ[n¢7£RKJL\G��b \TH�nKnL<[f¸�¹�FHÓM��Tlp g�y

3|4�678R:w65=�>7@XB9:fDJ[AäJåÒF�GJ¢?£RKnL<[M���n�X�PI e pR°Pþ�¢?£RKnLj��?x g nlL|[��'�(RÙ+�E[AKnL��wÓ0�|vfx gzy Æ T Ý L 0
[9ÜPÅf[7�X�\�?âPãä;å�F�WXWXI á Ý L\[^ÜPÅPvP[A�P����çEèPénê7ënä;åÒFzW ½ y<{;} �P�<[��h��:@C��� ��F«W ½¿y

OG
[M�+� 3JÝ �XÜw[0`PO5� Irr(OG)

F��ª_ y Æ T d L;Ù�F;�

3



Y Ú Û LfÜ
C
�?�5� } F7®

Irr(CG)
��Õ|T

Irr(G)
FX��_ yRÚ Û LfÜPÅf[;¢�£XKL

CG
G^ÞnÕJßEvfx gX� F�¦9àÒ� � YnW g

[15, Theorem 4.1.3 (ii)]
y

MX(O)
�%'EI%( , Tr�C��`;O X

v�i"jf[�k�l|� �C}
O
ÅP[M�8'8(nÙºF e�g�y

ΓO : OG → MX(O)
�

σg 7→ σg

vl§ >�� ¥ �«� G?�X�<TJp g�y*��� �h���nänåºF¤^ì y Ý �^�;�wTrt^Ã e5g�� OG-
Ñ;���

(   )
�+�S¡���FµW ½ y ÑX�<G9òCT � ÑX���� e*� FnFR��IM��¢ Æ T�£��zp�W y Ý �AÑX�w[5�ö wp�h8¤�FR�«Y0`fO X

�M¥ g� F�¦;vC® g [JvnI ��� �
OX

Fb� e7y Ý �l�X�w[ 3JÝ � γO

F��XWXY������ �F«¤^ì y�¦ �«jPT
γO(σ1) = nG, γO(σg) = 0 (g 6= 1)

vPx g�y�Ú Û LXÜ;ÅP[ Ý � 3Ý γC

[M���Xø8&
γC =

∑

χ∈Irr(G)

mχχ

�7���9I � [*F�®J[�~��+�;´Pø
χ
[9m Ú+§

mχ

�7Õ<T
χ
[�¨�©Hª¬«h�XI"®B¯

mχ

«°²±³����´�µ+¶·
χ ∈ Irr(G)

¯M¸º¹	»
CG ¼H½¾�¿�À�Á+Â�Ã�Ä�Å eχ Æ�Ç8È ¶�É�· eχ Ê�Ë ¼�Ì´ ÍBÎ�ÏOÐ�É+ÑD« Æ�Ò ÏOÐH»8�É [15, Lemma 4.1.4 (ii)]

·
eχ =

mχ

nG

∑

g∈G

1

ng

χ(σg∗)σg

Ó Ê Irr(G)
´nI�Ô Ê G

´SÕ�Ö8×2Ø�ÏOÐ�Ù Ó Ô
(χ(σg)) Ú G ¼SÛ Ü�Ý «°²±Þ·

Example 2.1 ¼Hß ±�¯àSáº¹°Ù�âGãäå�æDäèç	éê+ë�æDì (Θ, Θ̃) ¼�í î µ ÊMï Θ¼�í8î µ¬«°ð"ñ�¶èÉ	·�Ù�òó¹�I�ôGõ ï ¼�í8î µ ¼ Ô Êï ¼�Å ´�Õ�Ö8×èØ�É�öHØS´Ê+÷�ø I"ù ¼ú Æ ð�ñ�¶wÉ�Ù�û�ü�ý�þG´SÕ+Ö"×�Ø�É	·Bâ2ã�ä�å+æ�äwç0éSê�ëSæ�ì¼ÿ�� Ê üSý�þ2¯����M¶2É���� ÷	��
�Æ�÷ �Ù�û G ¼SÅ ¶ Â » Ú�BÃ�8Â É ¼ ´� É%·
p Ú��� «�¹�I������Sà ¶�É	· (K, R, F ) Ú p- ������� ��! « ¶èÉh·�¶ ÷ ö#"

R Ê%$'&)(�* × ú,+ ´nI-).�/�0Dâ21 (π) Ú)3 "AI K Ê R 465 ´8ù ¼0î�� Ê 0
I

F Ê	7)8 5 R/(π)
´"ù ¼Mî,� Ê p

´ � Éh·�9�Ù
K
«

F Ê':�; ¯%. Ã ø I�Ñ+Ñ´=<�Î�Éh¶ Â » ¼>6�B¼ ;�? 5 ´ � É 3�¼ «A@�à�¶2É%· ν Ú K ¼ × ú ´ ν(p) = 1ÚCB ÙS¶ 3¼ « ¶èÉ%·
ν(ab) = ν(a) + ν(b), ν(a + b) ≥ min(ν(a), ν(b)), ν(0) = ∞

´ �ED ISô�F6G � n = pem, p - m
¯M¸¬¹h» Ê ν(n) = e

´ � Éh·
R ⊂ K

«IH�Ð�J
R = {a ∈ K | ν(a) ≥ 0}

´ � É�Ñ+«0¯ 3LK�M ¹�»=N ø ·DÑ ¼ O à Ê ôDõ ï ¼2P)Q�R�S æ�µ�T�´ ß øAU ö�Ð�É3�¼ ´ �VD ICW¬¹ ø	Ê [10] Ú�X,Y ¹°»Z Ã Ù��· [�ÐD»  ÷  ÿ�� Ê (K, R, F ) =
(Qp, Zp, GF (p))

«]\_^"» 3C` ¹ba�Î ÷  (
Ñ ¼Gß ±°¯	@�à8¶wÉB«]<�Î+É >���¼ ;? 5 ¯ ÷ Ï ÷  Æ I�Ñ ¼2c ´ Ê2d�e ¿ ´ Ê+÷  )

·_f2g >�� KG Ê%d�e ¿ ¯ CG
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«%hVi+«I<�Î�» ß ø I"ù8Ð Ê�j�k�l ´ � É0·�9+Ù Irr(KG) Ú Irr(G) = Irr(CG)«h�ð�m�¶èÉ	·onqp ÷'r h s R → F = R/(π)
¯ ß É r ∈ R ¼2tèÚ r∗

« � ø ·
RG → FG = RG/πRG

¯ ß É a ∈ RG ¼%tu3 hvi ß ±�¯ a∗
« � ø ÑD«M¯M¶èÉh·ô�õ ï ¼ µ,T «	hVi ß ±�¯%��w ¼Bß ±�¯�x�y#z%{ Ú àSá�¶èÉ+ÑD« Æ ´ Ã Éh·

(X, G) Ú âGãMäå"æDä�ç%é�ê�ë�æ�ìG«O¶�É%·'��w ¼�|���¼�} ¯ Ê n~p ÷ ��k2�Æ � É	·
(1) RG ¼D½�¾+¿�À�Á�Â�Ã0Ä�Å � 5D¼	|�� : {eB}

(2) FG ¼D½M¾�¿�À+Á�Â�ÃMÄ�Å � 5H¼	|)� : {eB
∗}

(3) RG ¼6�2� /�0Dâ%1¬«�¹%» ¼��2����� ;�� 5H¼�|�� : {B = eBRG}

(4) FG ¼6�%� /�0Hâ%1¬«+¹°» ¼��=����� ;�� 5H¼	|)� : {B∗ = eB
∗FG}

RG ¼6�%� /60Hâ1 «+¹°» ¼'�2����� ; B Ú (X, G) ¼_�,���	� «%"RI eB Ú�����C�=������� «�º±Þ· B, B∗ Ê ùSÐ��SÐ eB, eB
∗ Ú k%� Å «O¶2É >6� ´ � É%· G¼ x_y#z%{ � 5�Ú Bl(G)

« � ø ·�9"Ù BK := eBKG
« ¶èÉ%·

χ ∈ Irr(G) Ê χ(eB) 6= 0
´ � É�« Ã B ������ «��ö�Ð�Éh·6� M�¼ ���+í8îÊ�� ð�� ¼ x�y�z2{8¯ ��¶�Éh· Irr(B) := {χ ∈ Irr(G) | χ(eB) 6= 0}

«�NBØ�J
Irr(G) =

⋃

B∈Bl(G)

Irr(B)

´ � Éh·
χ ∈ Irr(B)

¯M¸º¹%»
χ(eB) = χ(1), χ(eB′) = 0 (B′ 6= B)

´ � É	·
eB Ê

KG ¼SÅ «IH�» 38½�¾+¿ Â�Ã0Ä�Å ÷ ¼ ´nI ½�¾+¿�À�Á+Â�Ã0Ä�Å ;�?GÆ � É Æ I"ùÐ Ê
eB =

∑

χ∈Irr(B)

eχ

« ÷ ^"» GÉh·
σg 7→ ng Ê G ¼ 1 Ë ¼ ��� µ,T ( í8î )

´ � Éh·�Ñ%Ð Ú G ¼�� �,�SÝ�� ( ÛÜ ) �I  ± ·VnC¡ ÷ í�î�Ú�¢�£ x�y�z�{ Ú G ¼'¤��,�=���v�I 6  B0(G)
98Ù Ê B0�]� ø ·

BK ¼+½	¾ Z(BK) ¼C�6� µ6T Ú <BÎ8É�· χ ∈ Irr(B)
¯	¸ó¹�»

ωχ : Z(BK) → KÚ
ωχ(a) :=

χ(a)

χ(1)´"à�û�Ð�JnIGÑhÐ Ê Z(BK) ¼�,� µ)TD´ �¥D I {ωχ | χ ∈ Irr(B)} Æ ù ¼ � 5¦�÷ É%· ωχ Ú Z(B) = RG ∩ Z(BK) ¼ µ�T � H�É�Ñ ��3 ´ Ã Éh·óÑ°Ð Ú F
¯=N �¹	»'<2Î�»

Z(B)∗ ¼ ��� µ,T ωχ
∗ Ú	§ É	· Z(B)∗ Ê�¨�©�ª � ���,� ÷ ¼ ´�«�¬+ ´ � É	· ß ^�»JI�ù ¼	��� µ,T Ê�� ð���´ � É%· ¹%Ù Æ ^�» χ, ϕ ∈ Irr(B)

¯M¸¹%»
ωχ

∗ = ωϕ
∗ � ÷ Éh· ωχ

∗ Ê χ ¼ ��¶2É=x�y�z%{ B ¼' ¯ ß ^ »�à)9HÉ ¼ ´nIÑ	Ð Ú ωB
∗ ��� ø Ñ � ¯�¶�É�·_9�Ù χ ∈ Irr(B), ϕ ∈ Irr(B′) (B 6= B′) � ¶wÉ �

ωχ
∗(eB

∗) = 1, ωϕ
∗(eB

∗) = 0 ß D ωχ
∗ 6= ωϕ

∗
´ � É�·�Ñ ¼ Ñ � ª Ï Ë ¼=®,¯èÚ§ É%·
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Proposition 2.3. χ, ϕ ∈ Irr(G) Æ hVi�x�y�z2{�¯�+¶èÉSÙDû�¯ Ê I� MB¼ a ∈
Z(B)

¯�¸¬¹%»
ωχ

∗(a∗) = ωϕ
∗(a∗) � ÷ É�Ñ � Æ2°�±�:�;�²6³ ´ � Éh·

Remark.
ð�´2¯

Z(B)∗ = Z(B∗) Ê � Dbµ Ù=¶ Z(B)∗ ⊆ Z(B∗)
´ � Éh·º¹ ª ¹

Z(B)∗ � Z(B∗) Êv· "GÏ 3 «�¬ + ´nI8ù ¼ ��� µ,T Ê nbp�¯�¸�¸²¹%»   É	·
(X, G) Æ6¨�© ´ � É ÿ�� Ê ωχ = χ

´ � É ª Ï Proposition 2.3 Ú Ë ¼Gß ±°¯�GÃ� ¶wÑ � Æ ´ Ã Éh·
Proposition 2.4. (X, G) Ê�¨�© ´ � É � ¶wÉh· χ, ϕ ∈ Irr(G) Æ hViCx�y�z2{"¯��¶èÉ�ÙDû�¯ Ê I%� MB¼ g ∈ G

¯0¸ ¹%»
χ(σg)

∗ = ϕ(σg)
∗ � ÷ É+Ñ � Æ2°)±�:�;²6³ ´ � Éh·

3 ¹ º¼» ½ ¾ ¿ À Á
Ñ ¼%Â ´ Ê (X, G) Ú ¨�© â�ã�ä�å+æHäwç0é�ê�ë�æDì � @Dà ¹zI G ¼ x�y�z%{�¯  ø � ª ¼2Ã�Ä��2Ú à á�¶�Éh· 6 ÂG¼%Å�Ú H ÷ Æ Ïb<�Î�É � F ? ¹ÇÆ�¶  ¥� \ ± ·

B ∈ Bl(G) � ¹ B∗ ¼ � ð�� ¼ ��� µ,T ωB
∗ Ú <�Î�Éh·

s(B) := max{ν(ng) | ωB
∗(σg

∗) 6= 0}

� N ø · ωB
∗(e∗B) = 1 ÷ ¼ ´ ωB

∗(σg
∗) 6= 0 � ÷ É g ∈ G ÊÇ"È ¹�I ß ^ » s(B)Ê�È�É�÷�ø à�á�´ Ã Éh· Ë�Ê à á ß D ¡èÏ ª ´ � Éh·

Proposition 3.1. s(B0(G)) = 0.

Ë ¯�x�y)z2{ Â�Ã0Ä�Å eB Ú <2Î�Éh·
eB =

∑

g∈G

βB(g)σg (βB(g) ∈ R)

�]� ø ·�Ñ ¼V��Ã
s′(B) := min{ν(ng) | βB(g)∗ 6= 0}

� N ø ·�Ê6Ë�G � `
¯M¸ ¹%»

I` :=
⊕

ν(ng)≥`

Fσg
∗

� N�Ø6JlI I` Ê FG ¼ /�0Hâ1�¯ ÷ É [5]
·�Ñ%Ð Ú	Ì)  É �

s′(B) = max{` | eB
∗ ∈ I`}

�]� ø Ñ � Æ ´ Ã É%· ËDÆ � Dbµ ��·
Theorem 3.2. s(B) = s′(B).
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Proof.
9 ¶

ν(ng) > s′(B) ÷ ÏIJ ωB
∗(σg

∗) = 0
´ � É"Ñ ��ÚLÍ ¶�·SÑ Ð Æ Î Î°Ð)J

s(B) ≤ s′(B) Æ � DÏµ �· B∗ Ê «%¬ + ÷ ¼ ´9I � ð�� ¼ -�.'/'0�â�1;I Jacobson ÐÑ I Ú�3 ��· eB
∗σg

∗ Ê�Ò ¼ /=0+â�1 eB
∗Is′(B)+1

¯ ¢ 9�Ð�É ¼ ´ B∗ ¼ Jacobson Ð Ñ¯ ¢ 9MÐBÉ�· Jacobson Ð Ñ Ê ���'Ó ï Ú�Ô'Õ ¶BÉ ¼ ´ 0 = ωB
∗(eB

∗σg
∗) = ωB

∗(σg
∗)Æ � Dbµ � ·Ë×Ö ωB

∗(Is′(B)) 3 ωB
∗(eB

∗) 6= 0 � ÷ É ¼ ´ s(B) ≥ s′(B)
´ � Éh·

Ø�Ù Ú�Ú k_Ö ¶èÉ�Ù�û
Bl`(G) := {B ∈ Bl(G) | s(B) = `},

G` := {g ∈ G | ν(ng) = `}

� N ø · Proposition 2.4 Ê�Ë ¼BßvÛ Ö	Ü�Ý ÕßÞ Ð�Éh·
Proposition 3.3. B, B′ ∈ Bl`(G), χ ∈ Irr(B), ϕ ∈ Irr(B ′) � ¶�É�· B = B′ à � ÉÙ�û ÖSÊ Iá� M�¼ g ∈ G` Ö ¸ ¹X» χ(σg)

∗ = ϕ(σg)
∗ � ÷ É�Ñ � Æ °�±':�;6²=³ à �É°·�â Ö {(ωB

∗ |G`
) | B ∈ Bl`(G)} Ê F ã ð Ë=ä µ à �vD I ß ^�» |Bl`(G)| ≤ |G`|Æ � Dbµ ��å

Proof. {(ωB
∗ |G`

) | B ∈ Bl`(G)} Æ F ã ð Ë�ä µ à � É�Ñ ��ÚÍ�æ J :,; à �ÉCå ∑
B∈Bl`(G) αB(ωB

∗ |G`
) = 0 � @Dà�çwÉCå B ∈ Bl`(G) Ö ¸º¹%»nI ν(ng) > ` ÷Ï	J

ωB
∗(σg

∗) = 0 à �èD I ν(ng) < ` ÷ Ï	J βB(g)∗ = 0 à � É�å ß ^ » � MG¼
B′ ∈ Bl`(G) Ö ¸¬¹%»RI

0 =
∑

B∈Bl`(G)

αB(ωB
∗ |G`

)(
∑

g∈G`

βB′(g)∗σg
∗) =

∑

B∈Bl`(G)

αBωB
∗(eB′

∗) = αB′

à � É�å
î r Ó ï FX Ú	Ì�  » 3vÛ ð�� ¼=Ã�Ä���Ú à á�ç�ÉCå B ∈ Bl(G) Ö ¸¬¹°»

dimF FXeB
∗ = rankRRXeB = dimK KXeB =

∑

χ∈Irr(B)

mχχ(1)

à �ED I�Ñ ¼�ú Ê eB, eB
∗ ¼ Ó Ô � ¹%» ¼�S é6{ Ö Ä ¹   å ( ¨�©�é Ú @Dàó¹h»  É ¼ à χ(1) = 1 à � É Æ I�Ñ ¼%ê ; ¼ ë�ì Ê Ê ¨'© ¼�ÿ�� Ö 3q� DAµ � ¼ à χ(1)ÚLí#î�æ ¶ Ö �,  »�N ø å )
Ñ ¼Mú Ö �   » ËDÆ � D~µ �6å

Proposition 3.4. ν(dimF FXeB
∗) ≥ ν(nG).

Proof. βB(1) =
(∑

χ∈Irr(B) mχχ(1)
)

/nG
à �¥D I�Ñ%Ð Ê R ¼�Å à � ÉCå

Remark. ß D ð'´ ¿ ÷ ®�¯ Æ [7] Ö � ÉCå
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ÑhÐ Ö ß D
t(B) := ν(dimF FXeB

∗) − ν(nG)

� N�Ø6J t(B) ≥ 0 à � ÉCå t(B) = s(B) à � É+Ñ �Ú�ï�ð ¹°Ù Æ I ù Û à ÷  =ÅÊ Ù ø Þ�ñ � ÉLå=â Ö%ò x#y�z { B0 Ö ¸ ¹°» 3 t(B0) > 0 � ÷ É Å Æ � ÉLå�ó ø¼%Å ª Ï Ë ¼�ô õ Æ'ö iÉCå
Problem 3.5. s(B) ≤ t(B) Ê=÷ ¹   ª ?Ñ ¼�ô õ Ê'ø_ÖË ¼�ô õ Ö ð�´ ÕßÞ Ð�É�å
Problem 3.6. ν(βB(g)) ≥ s(B) − ν(ng) Ê2÷ ¹   ª ?

3 ¹ Problem 3.6 Æ'÷ ¹�Ø�Ð�J g = 1 Ö � Ì ¹%»
t(B) = ν(βB(1)) ≥ s(B) − ν(n1) = s(B)

� ÷ D Problem 3.5 3 ÷ ¹   å
Example 3.7. Ë ¼ÿ�� Ö"Ê Problem 3.6 Ê2÷ ¹   å

• ï â�ãä�å�æHäwç0éê�ë�æDì (Example 2.2)

• Johnson scheme G = J(v, k), 1 ≤ v ≤ 40, FG Ê�j�k�l à ÷  Sÿ�� ( ù�ú�ûÖ ß É�ü�ý )Ñ ¼ ÂB¼þ � Ö Ú k à â�ÿ ÷ ÿ�� Ö ¹ ª � Ì à Ã ÷   Æ Iô Ì à � É � \�ö�ÐÉ�ð�� ¼ ¸ Ì�Å2Ú���� çwÉCå�f2g >�� Æ6j�k�l à � ^8» 3�P�Q�R,S æ��,T Æ ý Öµ � Å Ö 3 ÷ ^ »   ÉCå
Example 3.8. (X, G) Ú FG Æ�j6k'l à � É ¨'© âGã�äå�æDä�ç	éê+ë�æ�ì � çÉ�å�ç ÷ ö�" p - nG ª � ∑

g∈G ν(ng) =
∑

χ∈Irr(G) ν(mχ) à � É 3�¼u� çèÉ ([2],

[4])
å

(p - nG ¼V�Ã I ð�´ Ö ∑
g∈G ν(ng) ≥

∑
χ∈Irr(G) ν(mχ) à � É�å )

Ñ ¼V�Ã I� M�¼ ` Ö ¸¬¹h» |G`| = |Bl`(G)| Æ � D~µ ��å_9�ÙRI � M�¼ B ∈ Bl(G) Ö ¸¬¹»
s(B) = t(B) Æ � D~µ " Problem 3.5 Ê2÷ ¹   åóÑ%Ð Ö ß ^"» í8î � ¼�� Ö8Ê�  
	 õ Æ ÍGÎGÏ Ð2É+Ñ � Ö8÷ ÉCå

4
� �  ¾ � � � � � ¾ � �

3 Â�������� I�� � ôDõ ï � ��T ì ª Ï § Ï�Ð�� ï âBã�äMå�æDä�ç%éê+ëæ�ì � xy�z2{ Ö �   � ;#ª �"! ��Ú ð�´ � ¨�© â�ã�ä�å+æHäwçMé�ê�ë�æHì Ö�#%$ � <'&( 3�� à � �Lå)!�! à I ù �*���,+ ü�ý $.-0/%$ ( Ã�Ä�� s(B), t(B) �213� ��TÖ N34"�2x�y�z={ �=Ã*5�6o�7�*8�9:+�; ¡2ç)��å ( ¨�© ) <>=�?A@*B�?DCFE�GIH0BJ �LK3M N�O Ö�#%$ �'Ã*5L6,+ -P/Q$ (�R:SUT & � R �
VRIAW � S !LXIY RPZ"[�]\P^I_�`A� RIa
R å�b (Ac"d
e <f=�?�@�B ?'C7E�G*HAB J*g #h$ �fi s(B) + -
8



/%$ (PR VJIf!kj i'l b�m R `0� RIa
R0n t(B) � 3 of� Z*[qp -
/r$ ��s�t a
RS.u v j,�AVnI
t(B)

Y>w i s(B) � Z V
x�y a]z�{ 6 p | � SUT & � R � n
Θ +�}�~�1 S�� � n 1L�'+ thin scheme �L�F����6 S \I� I <f=�?�@�Bq?,C7EGIHAB J ����� SF�'�2� � +���l n B ∈ Bl(Θ)

g #r$�� IL� �]�I�����
d(B) := min{ν(nΘ) − ν(χ(1)) | χ ∈ Irr(B)}p -
/h� j�� nD� � SF� IF� 6 pd(B) � | � p- ����1 (

z 5�1 )
V]���¡ �I KfM NO���¢ £>¤]¥ m.¦ ~ � � ��S V
§r¨�j � R �
VnI z 5L1 V K>MqN�O0�A¢I£'¤'© �b p�ª�« � _"��¬� g ����_I` � RIa0R
n

Θ �LKfMIN�O�*® Bl(Θ)
S 1�<>=�?�@*Bq?)C�EAG"H
B J (Θ, Θ̂) �LK�M N�O
�*® Bl(Θ̂)

S �L¯ g �'°�± a *²]³ V | � n B ∈ Bl(Θ)
S

B̂ ∈ Bl(Θ̂)
V�´0µQ  �R � S�� � n�� � SF� }�~F1���¶�· g ^ R � §¸¨2j � R ��¹Lº [10, Lemma 3.6.27,

Theorem 5.10.1] _ ¨
s(B̂) = t(B̂) = ν(nΘ) − d(B)V�»¼w�½�¾
¿ 1f<>=�?
@*B�?ÀCFE�G H]B J �A��� g � Problem 3.5

V0Á%  R'��SV �q_ � n bLÂ [10, Lemma 3.6.27 (i)]
Y>w

Problem 3.6 i Áh  R]n}�~�1���K3M"NFO7ÃLÄ'¤0<3=�?�@�Bq?)C7E�G"HAB J"g�Å ÆÀ AY l S   � R � v4]Ç�V�¿
3 of��È�Éf� d
e <3=�?�@�Bq?'C�E�G"HAB J*g ^ R � �]Ê T>Ë � R � nf�j � c*dAe }q~F1��PK�M*N�O0¤ ¿7Ì]Í d]e�a 1�<f=�?�@LB ?�CÎEFG"H�B J ¤ T3Ë ���S g�Y ` ��Ï�Ð l S   � R � � p | � n ÌPÑ � c d�e <'=]?A@"Bf?)C�E]GIH0BJ gF´r  � � ¿�� ��Ò�Ó V <>=]?]@*Bf?)CFEAGqH]B J �����I�L6 SFa ` � R a�R� p ¿ � � Z"[ p]T>Ë � � S � pq�0a
R]n   _   grou-like [6]

S�Ô V�Õ�Ö pPR �
�"� g ��}3~�1 SF��× �AØ*Ä V pq� � n ÌPÑ �]��� g ©�� Y l g T�Ë � _"� W*Ù��ÚPt p | � n

5 Û Ü Ý Þ ß à á â ã äd�e <'=]?A@"Bf?)C�E]GqH]B J �LK3MqNAO gF´Q  � ¿ }3~Aåf�*K3M N�O g�´ � �z"æ 6 g�ç)è � � i��q¤AéPê  �Â R
n � � Â « g �,©�� Y l a�ëIì ¤ i]` Â i��¤ zLæ 6 S ÕPí � V
îfè _q¤ T�Ë ��ïIy V | � n}�~�å���K�M"N�O
� zLæ 6 g ^ R � ¿Að �
¥ R ¹Lº�V | � n }q~�å���KfMIN�Og ^ R � ð � ��ñ3pI| � n
(1) d(B) = 0.

(2) |Irr(BK)| = 1. (
� � S�� |Irr(B∗)| = 1 i »òw�½ ^ n )

(3) B∗ �
²0ó��L6 nd�e <>=A?]@"B�?DCFE]GIH]B J ��K3MqN�O g�´r  � i (2)
S

(3)
V �Fñ3p | � �S � Á¸ Pmô¿ � j ¤ d(B) = 0 � Â « �AõPö SôT>Ë � ���'°�± pI| � n   _  k¿ �
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j ¤�÷ Â � Y l a d(B) � Ì
Ñfø a é0êf��· � � S]� X �q_ ¨ a
R]n���a�v ¾ (2)�AõPö)¤�÷ Â � Y l a KfMqN�O*¤Àl b�mUù�ú"û�ü"� � S �"ý�þ � R a
R0nb�Â c"dPe ���L��¤ T>Ë � S (2) ¤�÷ Â)  � i (3) ¤�÷ Â � a
R Y l aFÿ VA�� � � nf� j � B∗
VA´�� ��6 p*a
R3� S V���� pI| � n��	� ¿ }�~Få���K�M*N�O� ´�� ��6 p"| w ¿ <3=�?�@�B ?'C�E�G"HAB J ���L� p i B∗

V�´
� ��6 S.R l��é��
 p � (2) _ ¨ (3) ¤�� m ��S V pq� � n <'=A?A@"B�?ÀC�E]GIH
B J"g ^ R� � (3) �A� w�g
(4) dimF Z(B∗) = 1.SÎR l õ�ö,¤ T'Ë j���Y R Y l g u v j,�AV�¿"bLÇ | b w T'Ë � � RIaPR
n

6
�

� Ù'g
3 o3�*È�É,¤�¶ �Lÿ ¤��   �PÐ m n Johnson scheme J(17, 7) ¤��*6 p = 2p
T>Ë Â i�� p | � nb��L¿L� �����I¶3�




1 945 70 7350 1470 5292 4200 120 1
1 201 38 −490 238 −84 40 56 119
1 486 53 210 −672 −1134 1140 −84 16
1 −21 14 119 −35 −42 −56 20 1700
1 −9 −2 −65 −23 54 40 4 6188
1 −30 5 5 40 −51 40 −10 3808
1 45 25 −35 −35 189 −155 −35 544
1 21 −7 35 7 −21 −35 −1 7072




p | � n
Johnson scheme �A��� g ��� S�� g °ô± g éPê � j,���! �V | ��V�¿ ���p � � � �	 p � a mU¿ |>S ��;#" VD %$ �qR Y l g'&)()* Ë � | � n	+ 1 ���°�" a �
� p ¿L� � ñ � valency ¤7¶   � R � n bLÂ � � valency

V
2
p�, w� j a]R iF� ¿.-0Í 1 / , w � j�� iF� ¿ · · · ¿ S � ü � ¿�0 �21 p!3.4 ` � | � n� Ù � � ���5�'� x)6"Í pq| � nÀ� �]¶ (

x)6"Í ¤87 R Â iA� ) ¤9�;: 2
p0T,Ë

� ¿
ð ��¶�¤�< � n



1 1 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 1 0 1 1 0 0 0
1 1 0 1 1 0 0 0
1 0 1 1 0 1 0 0
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1




−→




1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 1 0 1 1 0 0 0
1 0 1 1 0 1 0 0
1 1 1 1 1 1 1 1
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R m ^*_��.� V�Ì8= � �FV
¿ôÌ�=: UÂ ��� �3� K�MPNÎO g.> � � (Proposition 2.3)
nx)6 � � �D¤�? R Â i�� VA@)g�B R � | � � �fpq| � n ð>g �)� g�´�µ � � Ò�Óø'�!C	( �2D!E

eχ =
mχ

nG

∑

g∈G

1

ng

χ(σg∗)σg �2F;:,¤ &)( � ð �A� � ¤�< � n
0

B

B

B

B

B

B

B

B

B

@

1/19448 1/19448 1/19448 1/19448 1/19448 1/19448 1/19448 1/19448

7/1144 67/51480 19/5720 −7/17160 17/17160 −1/10296 1/17160 49/17160

2/2431 36/85085 53/85085 2/85085 −32/85085 −3/17017 19/85085 −7/12155

25/286 −5/2574 5/286 17/12012 −25/12012 −25/36036 −1/858 25/1716

7/22 −1/330 −1/110 −13/4620 −23/4620 1/308 1/330 7/660

28/143 −8/1287 2/143 2/15015 16/3003 −17/9009 4/2145 −7/429

4/143 4/3003 10/1001 −2/15015 −2/3003 1/1001 −31/30030 −7/858

4/11 4/495 −2/55 2/1155 2/1155 −1/693 −1/330 −1/330

1

C

C

C

C

C

C

C

C

C

A

� ��¶ g �A�)G V�H :>�fi]� V | w ¿ � � b"b �!: 2
p
T,Ë � ��S � pq�Pa�R
nKfM N]O ( �2D!E eB =

∑

χ∈Irr(B)

eχ ¤2< �AÂ « g �,� KfM NAO gA> � � i�� ¤ b S« � n"�faLv ¾]¿Pð � βB(g) ��¶ p | � n
0

B

B

B

@

15/2431 148/109395 41/12155 −1/2805 38/36465 −1/21879 4/36465 106/36465

2/2431 36/85085 53/85085 2/85085 −32/85085 −3/17017 19/85085 −7/12155

58/143 −32/6435 6/715 −1/715 −106/15015 23/9009 4/2145 18/715

28/143 −8/1287 2/143 2/15015 16/3003 −17/9009 4/2145 −7/429

56/143 424/45045 −12/455 8/5005 16/15015 −4/9009 −61/15015 −8/715

1

C

C

C

A

� j ¤9�!: 2
p
T�Ë � ¿0ð ��¶,¤�< � n




1 0 1 1 0 1 0 0
0 0 1 0 0 1 1 1
0 0 0 1 0 1 0 0
0 0 0 0 0 1 0 1
0 0 0 0 0 0 1 0




I!J p ¿ ���LK3� � ���!: 2
p �A� � V
M ^�< ¨�j�Â n � ��« ��� � � | � �,¤@ _ ¨ \ � ¿ � �F« � 0

p"a m a � ��� S ¿)M ^ONÎ�*�A� � ¤9P>_ ¨ \ � ¿ � �« � 0
p"a m a � �L� S V
Ì
= � � SkR lô� V Theorem 3.2

p | � n �Pj I8Q �¹�º5$ sFt i ¿ � � ÿ ¤ Y m \ ��R ü�� Ã
S pq� � _UT u l n
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