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Theorem 1.1. [11]
���:�4�.��
#�O�4� ���P�Q�R�
���*�	S2T2U6D*VXWPN�Y6&�Z
!�[4\]�^%_ ` ���:a4b _ D%V*W�cedgf�Z�h.S
�
i����
j4�%�2� � =lk �6j &	@�m.D V*WPN

n !�GXH�!�o6p�q ] &2rX(*) st[X\ ]:^ _6` �u��a4b _ D%V%W�cvdLf�w = (yx{z |` V%W `X} n !#z�| `�~��l� M
cu(��Jx�c#��S���dlh6)4(%c:(�N�� ����� &O�.�
– �	�

[2, p. 123]
&:S

( �X� !��4�.SO��x ` )
s�T�U6�4���%�u!#[4\ ]�^*_ Su����aub _%� w =(�x���� ` V ��} n h���� ^X� D*V*WPN n4n DXS2���u�X����
����X� �v�L� �¡�
�2�%�!�[
\ ]�^*_ !O"
$.&�'X(X) ]6�X¢ ):(�W n = I�£u¤4¥JWBN�G	H =X¦ )4����a	b _ D%VW n = `�]6� h�f

Theorem 1.1
!�§u¨X© ` K�d�h } Z�xlD
c
ª�h�f#�.�

– �u� !4�O�J&« ¥eWB¬4� ` " ~>­ heWBN®X¯ S��X°.!#A6C�±�I�²´³¶µu· ¦ )�¸ ¢ M2N%Z:h�S#�X°.! ��¹�� dB!Oº%µ%»�I�¼ �½ )�¾�¿ } Z ¦ ) ^X�*À !�Á:ÂJI#r�Ã.( ¦ M �X¢ M � dÄD%V
WPN��:Å�!�� � dgSLÆJ&�ÇÈ c�É.c�ÊB¼ � ½ )2¾*(XM `	}uËuÌ#^X� &:S�Í´dBc�(�N n !�Î	Ï�&�'X(X).��Ð4Ñ ½ °6jc�ÒX°�S#Ó ¦ ³�S�Ô � c�(�N4Õ*Ö cedgfX×�Ø4ÙXÚ�c�Ê�I�»*)�Û ¦ (2N

2 Ü Ý Þ�ß à á â ã ä å æ ç è é êë*ì cJÊLS�í.&
Zieschang [15], [16]

}*Ë MXS��.�
– �	� [2]

= @Jî���!%I4I�Ø*(�WBN
2.1 ïñðóòQôöõ÷ò ø�ù úüûyýQõyþ
X
I#ÿ���� Ñ = ¥vWgN

X × X
!2q ] �%Ñ

g
I
X � !���� (relation)

= ( x N
	��
g!
�������

(adjacency matrix)
I
σg
D � ¥�Nu¥�c���� σg

S } ¸ }�� ?�&
X
D������ª�dlh6M�¸ � D } Z*!

(x, y)-
~X] S

(x, y) ∈ g
! = ¿

1
} Z�x�D*c�( = ¿	&

0
=X¦ ):|� dlh6M���!XD%V*WBN

S
I��6D*c�(4(ö³�' � !

X � !�	���!��%Ñ =X¦ }! !
"�#eI%$M�¥���! = ¥vWBN
1



(1) S
S
X ×X

! ]�& D*V*WBN
(2) 1 := {(x, x) | x ∈ X} ∈ S

D%V
WBN
(σ1

S�'2�
¸ � &uc6WPN
)

(3) g ∈ S
cvd�f

g∗ := {(y, x) | (x, y) ∈ g} ∈ S
D6V%WLN

(σg∗
S
σg
!�(*)	¸ � &c WgN

)

(4) ZS :=
⊕

g∈S Zσg
S,+JI:c�¥�N

n ! = ¿
(X,S)

I�-
.�/�0
12/436587:9�;<1�=
(association scheme)

}XË M
S�9�;<1�== (yx N
|X|
I

(X,S)
!
>@?

(order)
}
d = |S| − 1

I
(X,S)

!�A�B
9
(class)

= (�x N
g ∈ S

& « ¦ )
σg
SDC	¸ } C � &4@Jî���!

1
I%EGF�N n !#�eI

g
!

valency
= (X(

ng
= Ô´³ N+

ZS
` T�U�+6D%V*W = ¿

(X,S)
S
H�I6D%V%W = (�x N

Example 2.1 (
/@J�-�1�K�9�;�1�=

). X
ILÿ2���*Ñ =4¦

G
I
X � T�L�c
)uU�M = ¥W�N

G
I#Z2h@N2h%! ~4]	À�O Ø ­ ½ W n = &*� ¢ )

X×X � !D)�U�M = ».WÄN n ! = ¿!�P�Q.!��*Ñ�I
S
= ¥vW =

(X,S)
Su�
���%� = c%WBN n !��Jx�& ¦ )�K�dlheW��*����
I�/@J�-!1RK<9�;�1�=

(Schurian scheme)
= (�x NS &

X
=4¦ )

G TVU I = W n = I,WYXLh.f } ��
����X�6�ö�������*��� �4S�ÿ2�M�!,Z@[.!D\G]
D*V*W = WYX�dlhJWBN
Example 2.2 ( ^�_ A
`badc�e,Af7g9�;�1�= Cyc(5, 2)).

�
� ` ����D V*W���
����4����g��� �
���%�	S ]<h>­ h ):(X) } ^�_ A
`iajc
e6Ak7l9�;<1�= (cyclotomic scheme)=jm f#hJWX�O! = @Lm�&:c%W
[4, p. 66]

N!n�o�p�qirts�u�p�� �
���*�	Sg�X�
p
= p�v��

d
D � µ�&�| Ë´� } Z�h�I

Cyc(p, d)
= Ôö³ n = &O¥JWPN

(
��� &�ÿ2� _ � D�|�w ­ heWM � } ���*x�¿P�X��!.��! ` |!w ­ heW `	} n4n DXS����u�
��!��#!4!!y�WzX
WBN

){4_ �
Cyc(5, 2)

I#E
F &�|
¥�N

σ1 =













1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1













, σf =













0 1 0 0 1
1 0 1 0 0
0 1 0 1 0
0 0 1 0 1
1 0 0 1 0













, σg =













0 0 1 1 0
0 0 0 1 1
1 0 0 0 1
1 1 0 0 0
0 1 1 0 0













= ¥Xh.f
S = {1, f, g}

S	��
����X�6���#�����*�2�6� = c WgN n h.S��
�
5
!
}G~�M!
�<�*)uU �*� I,WzX } �X� 2 = (p− 1)/d

! T�� @�mJ& �uW6P�Q�D���I = ¢ M.��!	DV
WBN ��� &
Cyc(p, d)

S n !.�Jx�& ¦ )�K�dlheWPN
2.2 ���|�wö� �

ZS =
⊕

g∈S Zσg
S�+�I�c�¥�N

R
ID'2����I��
'XT�U�+ = ¥eW = ¿ } �
��+�I��� U�X2)

RS := R⊗Z ZS= r�¿ } n h�I
S
!
R � !��<����? (adjacency algebra)

= (�x N
R
=4¦ ),�	�

0
! _I = W = }%��� k �

RS
S ]!� juDXV4W n = ` �>düh%)�(6W

[15, Theorem 4.1.3]
NX� ¢ )
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p!'�� D.��V
WPN��X� _ =X¦ )��*��� _
C
I�WzX4WPN

Wedderburn
!2|!�

[5, Theorem
2.4.3]

& � �
CS
S

CS ∼= Mn1
(C) ⊕ · · · ⊕Mnr

(C)=�� ¸ � +�!��<�.&#Ô.ªXWPN n ! = ¿6C*�<� ~X]4À !,��� ` k �
CS
!�Æ�� �X� !X@��h ! k �@� = c%WPN �X� !�r����
�%I,�!� (character)

= (�x N �X� ` Æ��.D*V
W = ¿ }Z
!D���ó��Æ@�.D*V*W = (yx N
CS
!OÆ��@��� � _ !��%ÑJI

Irr(S)
= (�x ë%ì D � ¥�N

Irr(S)
=
S
D!�����vª�d¶h�M � D χ(σg) (χ ∈ Irr(S), g ∈ S)

I ~*] = ¥vW%��! I
(X,S)

!
�!�� 
(character table)

= (�x N
�<� � IB¸ � = ».W ¹ Ñ���V
WPN:T�U6�4����u!D��� � S��u�u¸ � &uc6WBN
Example 2.3 ( ^R_ A¡`ba�c
e�A¢7£9�;�1�=�¤��<�*  ). Cyc(5, 2)

!D�<� � S2E*FX!�¥� D%V*WBN�M Ì ¦
ζ
S

1
!�¦@§

5 ¨�© = ¥eWBN
σ1 σf σg

χ1 1 2 2
χ2 1 ζ + ζ4 ζ2 + ζ3

χ3 1 ζ2 + ζ3 ζ + ζ4

��� &
Cyc(p, d)

!D����!���S } � !���!.�ex�& 1
!
p ¨�© ζ

!
p
]X_

Q(ζ)
!*V%Wq ]X_4À !kr%���
�%& � ¢ )�K�d�heWBN

σg 7→ ng (ng
S
g
!

valency)
S

CS
!

1
 ! �
� }X� '<����D6V*WBN n hJI S

!ª,«�¬  �­G®���� = (X(
1S
D � ¥�N S ! T�¯ D%c�(�Æ*����� � _ !�� ÑJI Irr∗(S)

=Ôö³ n = &O¥vWBN
CS
S#¸ � + =X¦ )u|�w ­ h.)	(�W�!4D } Z ! Ë
Ë D �%� ID°zX�)	(�WgN n h�I S!��@±� �­ = (	( } ZX!��<�eI%��±��!� = (�x N���²!�!�Y³D´2µ�¶d·����!�

χ ¸
¹ ��º» '2³
χ ¸!¼
½*¾ (multiplicity) ¿�À�À mχ Á
Â@ÃDÄ T6¯�Å ��� 1G ¸
¹ ��º¡Æ 1 Á�Ç¶ Ä ∑

χ∈Irr(S)mχχ(1) = |X|,
∑

χ∈Irr(S) χ(1)2 = |S| ÁRÇ ¶ ÄGÈ�É S Ê<Ë�Ì
ÅYÍ6Î�Ï6Ð�Ñ¸ χ ∈ Irr(S)
³,ÒbÓtÔ

χ(1) = 1 Å�¸ Á ∑

χ∈Irr(S) mχ = |X| Á�Ç ¶ ÄÕ�Ö!×�Ø
Q Ù�¸<Ú6Û�Ü × QS ¸�Ý�Þ Ø » (X,S) ¸�ß!à�á (splitting field) ¿VÀiâ Ä ËÌ@ã�ä�å@æ (X,S)

³%ÒçÓèÔ�Æ Ï Ø K Ê�Ý
Þ Ø Á�Ç ¶�é ¿<¿ K Ê Ã<ê Ô ¸�ë
ì2¸%í χ(σg)
(χ ∈ Irr(S), g ∈ S)

»6î�ï é ¿ Æ*ð í ÁRÇ ¶ Ä�ñ ³ K = Q(χ(σg) | χ ∈ Irr(S), g ∈ S)Æ,ò�ó Ý<Þ Ø ¿�Å ¶ Ä
χ ∈ Irr(S) ¿èÝ�Þ Ø K ¸4ô�õ ð,ö τ

³,Ò÷Ó%Ô
χτ
»
χτ (σg) = χ(σg)

τ Á�ø
ù�ú Î
χτ ∈ Irr(S) Á�Ç ¶ Ä Ó É Ê@û Ô�ò�ó Ý!Þ Ø Æ Q ¸�ü<ý�þ*ÿ Á�Ç ¶ Ä Ü ×������ Å����¸ ·
	 ë�ì¡¸�¹�� º
Æ
�bÓ À Ä
Example 2.4 ( �����������
�������
�� "!
#�ß�à�á ). Cyc(p, d) ¸ ò�ó Ý!Þ Ø Æ p ÝØ ¸%$�Ý Ø Á Q Ù*¸�&
'RÊ d Á�Ç ¶�( ¸�¿ ÓtÔ ø�È ¶ Ä Ó É Ê*û Ô*) ú Æ*+ å�,"- ØÁ*Ç ¶ Ä

1 . Á�/@êRÉ10 â ³ 2 ÐRÑ2¸�Ë<Ì2ãRä�åRæ�¸ ò*ó Ý�Þ Ø Æ"+ å�,
- Ø43�5 ¿%À÷â768 Ê Ç ¶ Ê
9�Þ�: Á�Ç ¶ Ä é ¸"6 8 ³*;4ÓtÔ@Æ%<*= [14] Ê�>bÍ ú Ô À ¶ Ä
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2.3 ?A@ B4CEDGFH?A@+�I
J%K å JML�NGO ã�ä
åRæ (X,S) ¿ (X ′, S ′) Ê�P%Q (isomorphic) Á*Ç ¶ ¿ Æ Ï%R�ST
ϕ : X → X ′ ¿ ψ : S → S ′ ÊVU*W Ó%Ô Ï (x, y) ∈ g ¿ (ϕ(x), ϕ(y)) ∈ ψ(g) Ê ð í¿tÅ ¶�é ¿ Á*Ç ¶ Ä é ¸Y¿YX
����¸�ã�ä
å�æ Æ�Z
[]\*^�_ È�Á%` R ³Ya*biÓ�Ô À ¶ ¿dce�¶ Äa*f Ï"�*�G¸�ãRä�åRæ�¸�ÚDÛ�Ü × Ê�g
h�¸ Ò*i »Yj ù ÔRð�ö�³ Å�û Ô À ¶ ¿YX�Ï )ú Í Æ
k*l�m
n P
Q (algebraically isomorphic) Á*Ç ¶ ¿dÀ â Ä�Ã Å*o�p phfg Á ^�_ ø ×» Â�Ã (σfσg =

∑

h∈S p
h
fgσh ¿ Ã ¶ ) ¿qX�Ï�RrS T ψ : S → S ′ Ê�U*W Ó%Ô

p
ψ(h)
ψ(f)ψ(g) = phfg

¿6Å ¶@é ¿ ÁRÇ ¶ Ä ð�ö Å4Í6Î�Ü ×�� ³�ð�ö Á�Ç ¶ Ê�Ï a�sY³Yt�Æ�uwvyx É Å<À Ä�]�R¸<Ë<Ì2ãRä�åRæ{z ÒbÓ%Ô@Æ Ï�Ü ×�� z ð�ö Á�Ç ¶*é ¿�¿%Ï ) ¸Dë�ì Â Ê�|1}�Å~ ¿y��¸V� ê"� e Á a]b Ã ¶@é ¿ Æ�ð í Á�Ç ¶ [2, Theorem II.3.6 (ii)] Ä
2.4 Frame D+�I
J%K å JAL�N�O ã*ä�åGæ (X,S) z ÒbÓtÔ

F(S) := |X||S|
∏

g∈S ng
∏

χ∈Irr(S)m
(χ(1)2)
χ

¿ ´ À Ô Ï é ú » (X,S) ¸ Frame
l

(Frame number) ¿jÀ â ([1], [6], [8], [12]) Ä Frame× Æ Õ<Ö���× Á@Ç ¶ Ä Ø K Ù@¸�Ú�Û<Ü × KS Ê���S%� Á@Ç ¶�é ¿�¿dÏ K ¸�ì × Ê F(S)»�� v�� Í6Å<À é ¿ Æ�ð í Á�Ç ¶ [8] Ä
S
» Ë�Ìi¿ Ã ¶ Ä é ¸�¿qX F(S)

Æ Õ�Ö���×
�
Z Ù*¸�Ú,Û�Ü × ZS ¸Y�*�{�R¸Y� Òí�z �iÓ À é ¿tÊ
>iÍ ú Ô À ¶ Ä�È�É ë!ì Â » ~ ��¿�� Ô P ¿7����¿ (detP )(detP ) =

F(S) Á�Ç ¶ [2, p. 74] Ä
2.5 �A�w�����
Theorem 1.1 ¸Y�{��z Æ &G¸!ÿ�X!Å]6 8 Ê Ç{�%Ä
Problem 2.5. Ã@ê Ô
�Y�
� � Å�Ë!Ì2ã*ä
åGæ » Ý*  \ 0dÄ¡V¢ ÿ"£ �%¤¦¥%§{a]¨¦©�é
� 6 8�ªY« ÓtÔ Õ�¬ S]�]­ � Ý]  ª �"® Ó°¯*±³²´± â¶µ
(?)
ª¸· û Ô�± � ) ây¹�º �%» Ï é
� 6 8 z
� ±@Ô�© Þ
: �V¼¾½*¿%e{(´À Í ú Ô�±�Á�±0 â�z
Âro úM�ÄÃ

Problem 2.6. Å ê Ô
�VÆ ×*Ç*× ã*ä�åRæ ª Ý*  \ 0´ÃÆ ×*Ç@× ã*ä�åRæ ©q��� � ¹rº � � ¹�Ï é ú © Problem 2.5
�
È ù Ô ñ�É Á
Ê"[ ¹º ��Ã�Ë ¯ Õ4¬ ­1z¸Ì e � Á Í%Î Æ ×�Ç�×
Í4Î ­Ïz�ÐÑ}�Å � ²´±�e �°Ã Ó 3 ÓÄÁ » Í é� 6 8 ¹ ¿�er( Ï ` R Á Þ�: ©VÒ
Ó » Á*± 0 â°z
Â4o úÔ��Ã p ≤ 29
©VÕ]Ö�× z 0 û ÔÝV  »�Ø�Ù ¹ ± � [10] » Ï p = 31 z ©qÈ ù ÔVÚ � ��ð�ö   » º � é4² » Ý 3 û Ô�±�Ô Ï
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)�� Ý*  ©VÛ o@û Ô�±rÁ�± Ã é ú © p = 31 »�ñ �¦¹rº � ²´± â é4² ¹ ©"Á �jÏ é ú�0v ÿÏX Á Å ê Ô"��Æ × zY� ±@Ô Ï )�� Ý�  ©"Ü¸Ý ¹{º � ² Â�o ú Ô�± ��Ã Ó 3 ÓÄÁ » Íé ú¦Ë ¹{zq>iÍ ú Ô�± � Æ ×�Ç@× ã@ä�å�æ � Å ê Ô
� Ì ©VÞ*ß¦à{á�â°ã�äYàwO ã@ä
åRæ² Ü ×�� z ð,ö ¹{º �ÄÃ é ú z 0 û Ô & ��å{± 6 8 » À Í úÔ�ÄÃ
Problem 2.7.

Æ ×�Ç�× ã@ä�å�æ � Ü ×�� Á�ð�ö   ª Ý�  \ 0°Ã!ñ z ) ú ©�Þ*ß¦à�á�âã�ä%àæO ã*ä�åRæ ² Ü ×�� z ð�ö�Á�(
� z ¬ � 3 ª�ç
è \ 0´Ãé úr»%é Î �%ê��%ë�× ¹�º v Theorem 1.1
©�é ú z Ò Å � $�Ý � Á Þ ª
ì e � (Y�¹
º �°Ã Ý!Þ Ø �q^�_ ª�ç e � é�²�©�éY� 6 8 � ` R<Þ
:
í � Õ*î Á%ï�ð ¹{º � ² ç eÔ�± �ÄÃ

3 ñ ò ó ò ô õ ö ÷ ø ö ùûú üVý þ ø ÿ � � � � � � �
3.1 ����F
	��

é�� . ª¸« ÓdÔ (X,S)

ª Æ ×�Ç�× +�IqJ
K å JÏLÄN³O ã@ä
å�æ ²�Ó |X| = p, |S| = d+1² Å �ÄÃ Theorem 1.1
©����%\�� z�� ø Å �ÄÃ Ó°¯ » û Ô (X,S)

©�� Ì�¹rº ��Ã�Ë ¯
p = 2

�Ô² X © ô �
Á*� ¹ p
©��"Æ × ² � ø Å �ÄÃ Theorem 1.1

�����]�����4Á $�Ý ©
[9]
���� ª"! ±*Ô

[3]
� º � $�Ý ²$#&%@ð"' z À Í ú Ï)(+* �,' z a�s�-�¿ úÔ�ÄÃ

Proposition 3.1. K
ª

(X,S)
� Ý
Þ Ø ¹ Q Ù!ü�ý�þ�ÿ
¹
º � (��1² Å ��ÃYË ¯ K ′

ª
K
� $�Ý Ø ¹�Ï pZ Ù � º � Æ"ß&.4+ - » K ′/Q ¹�Ý0/ Ó�Á�±1(%�Ô² Å � (p

©
K ′/Q¹
Ý+/ Ó�Ô�( 0 ± ) Ã é%�Ñ² X Gal(K/K ′)

©
Irr∗(S) z ��1 z�2 ! Å �ÄÃ Ó´¯ » û Ô d©

p− 1
ª � v��wv Ï ô � ¹ ÁV±�3�	 ë�ì ��� ��4 © Å ê ÔV�bÓ � (p− 1)/d ¹�º �°Ãé ú z 0 û Ô ÐRÑ � 1 6= g ∈ S z Ò ÓtÔ Ï )�� valency

(
(p − 1)/d ¹{º � ér² »Ý 3 �ÄÃ (0* k = (p− 1)/d

²65 � Ã ô � ¹ Á�±)� �+4 ² valency » Å ê Ô k ¹�º v Ï3 � S » � Ì¦¹�º � ér² z 0 v Frame
× ©

F(S) = pd+1

²�Á �ÄÃ(+* K
ª

(X,S)
�Dò@ó Ý<Þ Ø ² Å �ÄÃ Å Á orp K = Q(χ(σg) | χ ∈ Irr(S), g ∈ S)¹{º �°Ã4Ë ¯87�á
+ ­ Gal(K/Q)

ª
G
² �A� Ã K ′ = Q

²�ÓtÔ
Porposition 3.1

ª | !Å ú Î G
©

Irr∗(S) z �91 z,2 ! Å �ÄÃÏË ¯ ρ ∈ G » Å ê Ô���3�	 ë�ì ª): ø Å ú Î
K
� Å ê Ô�� ' ª): ø Å � � ¹ G

©DÒ&; ­ Sym(Irr∗(S)) ∼= Sym(d)
� $�Ý*­1z ð�ö ¹º v Ï Ó´¯ » û Ô p′- ­�¹{º �°Ã P

ª
pZ Ù4z]º � K

��Æ]ß8.4+ - ²�Ó Ï )���<)= ­ ª
T
² Å �°Ã Hilbert

� Ý>/V­Ïz ; Å � Ö&? z 0 v T © Í�Î ­ ²ÄÁ � [17, ø Ö 3.2.14] Ã P� *4z�º � KT

��Æ
ß&.¦+ - © Ý0/ Ó�Á�± 3 Í Proposition 3.1 z 0 û Ô T
©

Irr∗(S)z �91 z,2 ! Å �°Ã
χ ∈ Irr∗(S)

ª a � : ø Ó G z 5�@ � χ
� : ø $�Ý]­ ª H

² Å �ÄÃ T » �91 ¹ H» a>A�� : ø $�Ý]­CB 3 Í G = HT ¹�º ��Ã ρ ∈ H ∩ T
² Å �ÄÃ ÐRÑ � ϕ ∈ Irr ∗ (S)z ÒbÓtÔ Ïrº � τ ∈ T » º�û Ô ϕ = χτ ¹rº �ÄÃ T » Í4Î ­¦¹{º � 3 Í

ϕρ = χτρ = χρτ = χτ = ϕ

5



²�Á v Ï Ó°¯ » û Ô ρ = 1 ¹�º �°Ã
T
©�a � ��Æ"ß&.4+ - ��<&= ­�B 3 Í�Ï )�� �V� ª ² û Ô¦( Ù ²�ð"'Ï�,D ? » uwvx � Ã (�Ù 0 v & ª À �ÄÃ

Proposition 3.2. Ð�Ñ � ρ ∈ G z
� ±*Ô & » uwvyx � Ã
(1) G = HT ρ

(2) H ∩ T ρ = 1

(3) d = |G : H| = |T |

(4) T ρ
©

Sym(d)
� $�Ý]­ ²�ÓtÔ Ï9E ¿ d

� Í4Î�F8G ¹�H u¾¿6I � Í4Î ­¦¹{º �ÄÃ
Z
ª

P
�,J�K ­ ² Å �´Ã pZ ��L+M º � KH

�
Æ*ß9.0N$O¾²
G
�

(H,Z)
M�P ��Q$RS�T&U�V ²XW+M�©�Y)Z>Y V Z�[ » º+\ [17, ]9^ 3.2.10] Ã Z ⊃ T

Á V ¹ G = HT = HZ²�Á`_bacP�d8e
pZ
V L�M º0\ KH

V Æ"ß8.CN�O�©�f8Y�g ¹rº+\ Ãih I ª p
²65kj Ãl0m

K/KH

M�5c@ \ P
V <&=�npo

T ∩ H = 1 qiri\ [17, ])^ 3.2.6] s P�d8e po
K/KH q J /9t ��a P

V
K/Q

M�5�@ \ J /9u&v�w d q+r+\>x0y MiPz_ pOKH
= pdq0r0\"skx>x,q OKH

o
KH

V,{ v�|}y�~�\�s P�d8e Dedekind
V��>� ]8^ [17, ])^

3.5.4]
Pc_

KH

V��&�+�
d(KH)

V
p- � J�o pd−1 q0r+\Xs�&�+�

d(KH) �"�0]�� P�� s���� {χ(σg) | g ∈ S \ {1}}
o

Q
L&Y&����� q0r+\�xy6w�u)�>�p�$�c��\>x0y M0P,d9e�Ji� \�s ��M������ v QS

V J�K �$�c� I���a S V9�G�� Pz_ h I�o,� V9��� M8��  q a �)�i¡�¢ o Irr(S)
V � vC£9¤�¥ U M$Z9[ ~�\¦s)§�¨N,n w Irr∗(S)

M ��© M�ª�« � e8¬ \�x0y �®­ QS ∼= Q ⊕ F y°¯z± e dimQ F = d q0r\6s²x&x�q F
V

C ³ V,´cµ�¶>· �"¸c¹ M)º ]»� e,¼8½ QS → F
�®­

QS → C � ª&I��a x I�op¾�¿ q>À ¬,Á�Â �>Ã��,Ä���\¦s��¦Å&w d�e x I � χ q+r�\CyÇÆ+]`� e�ÈÊÉ�ËÀ ¬ skx IcMCPc_
F ∼= Q(χ(σg) | g ∈ S) = KH

q+r+\�xiyXw JC� \Xs �8� J)K
QS ∼= Q ⊕KHM�Ì�¬>e

ZS �$�c� Ii��a h I�o Z⊕OKH

M ´cµ$¶ � I \�s |d(ZS)| = F(S) = pd+1 qr�\ ��­ |d(KH)|
o h V Â v�q p ÍpÎ�y"Ài\Xskx I �&q V,Ï>Ð �®­ |d(KH)| = pd−1 qr _Ña p o�Ò�Ó v}yÔÆi]�� e8¬ \ V q Stickelberger

V ]�^ [17, ]�^ 2.2.1]
MCPp_ba hV,Õ0Ö È

d(KH) ≡ 1 (mod 4) q�]0�C\Xs× L �9�²y µ e9� �"Ø�\�s
Proposition 3.3. (1) pOKH

= pd q0r+\�s
(2) |d(KH)| = pd−1 q0r _ba Õ0Ö o d(KH) ≡ 1 (mod 4) q)]+�C\Xs
(3) K/KH

o�Ù&J0Ú9l+m q0r+\�sÛ È6Ü ��Å ¬ x0y o G w N9Ý9Þ&O�ncM À0\+x0y�q+r+\�s h x�q a x V Å µ�V �"ß Àà)á ���²y µ e)Ì�j s
Proposition 3.4.

L�â V â ÖiV8ã q × ã o��$ß q0r+\�s
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(1) G
o&N�Ý�Þ�O>n s

(2) H = 1

(3) H CG

(4) T = G

(5) T CG

Proof. K
o
KH ��ä�å Û�æ V�ç&è l0m qCr0\�x�y M�é�ê ~²\"s (1) �"Æ�])~®\zy (2),

(3), (4), (5) w�ë _Ô�)g xCy o8¿®­¦� q+r�\Xs0�&Å (2), (3), (4)
V Y&g w,ë _Ô�>e�� (1)w,ë _Ô�8g xCy È x I �&q V�Ï�Ð ��­�¿�­�� qir0\Xs (5) ��ÆC])~®\Xs`x V y�Î pZ

VL�M r+\ K
V�ì ê V Ó�í&î�N�O V�ï � nzo

T y�À _bacP9d)e KT/Q q o ~�Í e V Óv�w J+Ú ��À ¬ s Minkowski
V ]�^ [17, ]�^ 2.8.8]

MiPz_
T = G q0r+\�sð M�¬`j6gi� V JC� \�xCy����®y µ e)Ì`j s � V�ñ>ò o)a x I ��q V�Ï>Ð yÔu&���V�ó>ô��CV

P- õ>ö ß � é8ê)÷øj°ù&ú ~²\�xiy MiP9d)e Ø ­ÔI \�s
Proposition 3.5. r�\ g ∈ S w�û)ü}� e χ(σg)− k

o,� v d
V
p-Eisenstein ý�þ �iVÿpM Ài\Xs��� Ý��

(X,S) w����
	���
��0q0r+\Cy o)a ì ê V g ∈ S w g∗ = g ���zÅ�~�xiy� ¬
� s Y��²M ��� ��� Ý�� (X,S)
M,Z � e�a g ∪ g∗ �����
y°~²\ Z�� ��� Ý�� w)]��� � \ [2, p. 57] skx � � (X,S)

V
symmetrization y ¬ � s

Proposition 3.6. KH

o"!�#+a �8Å o"!�$ qir+\�s
Proof. (X,S) w&% Z�� À��'��� ÈXg yÔ~²\�s�x V y�Î a h V symmetrization

È�Ó v�(v ��� Ý�� qCr0\ �`­�a 1 q0À ¬ ~+Í e V ���cw�% Z�� qir0\�s g ∈ S w Z�� À ­"�&aì ê V
ϕ ∈ Irr(S)

M,g>¬>e
ϕ(σg) ∈ R q+r _Ña g ∈ S w"% Z�� À ­X��a r�\ ϕ ∈ Irr(S)M,g�¬�e

ϕ(σg) 6∈ R q0r+\�s~+Í e V �"��w Z
� q�ri\8À ­$�>a ~+Í e V u�� V ß w # v²À V q KH

o)!�# qr�\Xs
1 qiÀ ¬ ~+Í e V �"��w�% Z
� qCrC\zy6~®\$s È � ϕ ∈ Irr∗(S), g 6= 1

M�gi¬0e
ϕ(σg) ∈ R À ­X�9a §�¨ N,n V9��© � �®­ ì ê V ϕ′ ∈ Irr∗(S)

M$Z � e ϕ′(σg) = ϕ′(σg∗)y�À0\�spx � o �*� �
� Ý�� V u)�>�Cw ç�+&ó&ô q+r�\>x0y M-, ~�\�s P$d9e KH

o.!$ q0r+\Xs
x�x,q��p�9Å ¬�/.0 � � v � V /.0 y>� e �²y µ e)Ìkj s

Problem 3.7. p �21)^ Ó v a d o p−1
V Â v�y ~p\¦s � v � F

o
d
� V

p-Eisensteiný)þ � q)] �3� � \ È V q a*!�#+a ��Å o"!�$ q0r _ba ���+��V54 Z8ß |d(F )|
o
pd−1

q+r+\ È V yÔ~²\�s²x V y,Î F
o

Q
V N9Ý)Þ&O&l+m�M�6 \ � �$��7�� a ë _ � Å>À ¬V q0r � �",�8 � É ë>t P s

x V P�� À5% N)Ý�Þ>O�� w9û8ü ��Å®y>� ezÈ�a h � M�9 �;:�< t É�= w�û8ü0~²\ �> �Ê�>o ��V /.0 q+r�\�s»� � ��x V Pp� À � w N9Ý9Þ&O>�zM�6 \ V q+r � ��Ó v�(�v�
� Ý���o ~�Í e�?8íA@ ¨CB�D&E @GF ��� Ý�� y � vC£ M8�$  q+r+\Cy ¬ ��\Xs × ã>VH q*I � À.J <LK,g>¬>e V ��7z� ó � w a h x�q&M�Íp\ ñ&ò o�:�< t É
= �8q���Nø��ÅÈ V q0r _ba Problem 3.7
K�g>¬�e V�ñ�ò q o À ¬ s
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3.2 OQPSRUTQV
x�x�q È (X,S)

o ��� ÝW� q |X| = p
o9Ó v a d = |S| − 1

a
k = (p − 1)/d y°~YX�s

p, d, k w&I � À ßAZ J <[K.\C� X�x0y�� â ~�s â Ö o x � �&q�y �[]�È"Z �'^ � s
Proposition 3.8. d ≤ 3 À ­�� (X,S)

o�?&í_@ ¨3B2D�E @SF ��� Ý�� y � v�£ K&�" q+r�XXs
Proof. d ≤ 2 À ­X�.`��&n w�a Ý9Þ�b&n À Z q8§�¨5a n�È-cø� q+r
X¦s d = 3 yÔ~LX�s po�Ò�Ó v�q�r�X Z q d(KH) = p2 q+r�X�s�d�e5f √

d(KH) ∈ Q q+rhgji G = Gal(K/Q)o)k)��n
Alt(3)

K äc� � [17, l 0 1.7.1] ik�XÅ�w
e�f�a Ý)Þ�b�n q0r�X�s
Theorem 1.1 ynm�o [13] �.p&tWf � w,ëGg ��q s

Proposition 3.9. k ≤ 3 À ­"� (X,S)
o*?�íA@ ¨rB'D�E @sF �
� Ý�� y �$  qir�XXs�8Å k = 4 q S w g∗ 6= g À�X*�-����ä µ � (X,S)

o&?&íA@ ¨rB2D�E @tF ��� Ý�� y�"  q0r�XXs��o�ù8ú�uvK d�Xn(�v Z æ�� ¬ ��� Ý���Z)\�w ñ>ò [10] À > �k­x\C� XXs
Proposition 3.10. p ≤ 37 À ­�� (X,S)

o&?8íA@ ¨3B2D�E @yF �
� Ý�� y � v�£ K&�  qir�X�s p ≤ 37
��q

d 6= 2 À ­"� (X,S)
o�?>íA@ ¨zB'D�E @sF ��� Ý�� y ��  qr
XXs

x � �>q K.{ ­ � f ¬ X ?&íL@ ¨rB'D�E @sF ��� Ý�� y �,  q�À ¬8Ó v�(+v ��� Ý�&o ~>Í�f d = 2
Z�È)Z q0rUgji c�Z Û+æ (�v o p = 19 q0r�X�s d ≥ 3 q ?�íA@ ¨CBD5E @rF �
� Ý�� y �"  q>À ¬)Ó v�(�v ��� Ý�� w�û)ü�~[X � > � ��o"\0� e)f ¬ À ¬ s

3.3 |z}3~����z�h���� H Z��.�LK dAgji ?&í_@ ¨CB�D�E @yF ��� Ý�� y � vC£ K8�$  q0r
X�x0yXw \�� e�f¬ À ¬ Û�æ Z J <�o (p, d) = (41, 4)
Z J < q+r
XXs�x � K"q�¬ f ù8ú*u � «+¬ Å #�� �ó e8Å�s [17, l 0 2.7.1]

Z �c�'�²� «0¬ XXs��� Proposition 3.5
K d�g χ(σg) − k w0r�X d

�WZ
Eisenstein ý)þ � Z�ÿ[K À�X�s�8Å�� �LK |ϕ(σg)| ≤ k q0r
X [16, Corollary 9.3.2] svd)e�f |ϕ(σg) − k| ≤ 2k w ì êWZ

ϕ ∈ Irr∗(S)
K5q�¬ f,ëyg ��q s}��Å&w�e�f�i c�Z Eisenstein ý8þ � �

f(x) = x4 + a3x
3 + a2x

2 + a1x+ a0

y Ì ± � −80 ≤ a3 ≤ 80, −2400 ≤ a2 ≤ 2400, −32000 ≤ a1 ≤ 32000, −160000 ≤ a0 ≤
160000, 412 - a0, 41 | a0, a1, a2, a3, q0r
XXskx Z à)á �2�zÅ9~�~�Í�f Z ý&þ � �"��ë ��ic�Z �8��� i�§�¨5a n � ù8ú ~[X>x0y K d5e�f&� µ X à)á ����Å�~ �Co û)ü �XÀ ¬ xiyw \�� XXs ù�ú[K8o GAP [7] � «C¬ Å�skx Z�ù�ú[K8o�c � À�g Z���� w �>� e�f ¬ XZ q�iix Z d � À.���0q�x � dAg ÈXm Î ¬&8 � ù&ú ~[X Z�o Ã # £�q o À ¬ d � K"�iË� XXs
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4 � � �G�
x)x�q)M�Í0Å ���zo i c
Z�� yn� > w Ó v p

K �,~[X È"Z q+r
X�s Û8æ \��+� w�a Ý9Þb>� q0r�X�y ¬}� xiy,� ñ>Ð öp±
X K8o p
×�� Z9Ó v²������X2���0w0r�XCy �iË � X�s8 � � q � p y �CÀ�X Ó v}y�~hXCy,Î&i"(+v p

Z ��� Ý���Z
q � �
  q Z�Á�Â ��Ã Z¡ ¢ o5\C��­ À ¬ skx � w*¢�£ K�\C� � ��� ��³ Z&¤ Î)À&¥0w � g K À�X�y �CË � X2¦

References

[1] Z. Arad, E. Fisman, and M. Muzychuk, Generalized table algebras, Israel J. Math.
114 (1999), 29–60.

[2] E. Bannai and T. Ito, Algebraic combinatorics. I, The Benjamin/Cummings Pub-
lishing Co. Inc., Menlo Park, CA, 1984.

[3] R. Brauer, Investigations on group characters, Ann. of Math. (2) 42 (1941), 936–
958.

[4] A. E. Brouwer, A. M. Cohen, and A. Neumaier, Distance-regular graphs, Ergebnisse
der Mathematik und ihrer Grenzgebiete (3) [Results in Mathematics and Related
Areas (3)], vol. 18, Springer-Verlag, Berlin, 1989.

[5] Yu. A. Drozd and V. V. Kirichenko, Finite-dimensional algebras, Springer-Verlag,
Berlin, 1994.

[6] J. S. Frame, The double cosets of a finite group, Bull. Amer. Math. Soc. 47 (1941),
458–467.

[7] The GAP Group, GAP – Groups, Algorithms, and Programming, Version 4.4, 2005,
(http://www.gap-system.org).

[8] A. Hanaki, Semisimplicity of adjacency algebras of association schemes, J. Algebra
225 (2000), no. 1, 124–129.

[9] , Locality of a modular adjacency algebra of an association scheme of prime
power order, Arch. Math. (Basel) 79 (2002), no. 3, 167–170.

[10] A. Hanaki and I. Miyamoto, Classification of association schemes with small ver-
tices, published on web (http://kissme.shinshu-u.ac.jp/as/).

[11] A. Hanaki and K. Uno, Algebraic structure of association schemes of prime order,
to appear in J. Algebraic Combin.

[12] D. G. Higman, Schur relations for weighted adjacency algebras, Symposia Mathe-
matica, Vol. XIII (Convegno di Gruppi e loro Rappresentazioni, INDAM, Rome,
1972), Academic Press, London, 1974, pp. 467–477.

9



[13] M. Hirasaka, The enumeration of primitive commutative association schemes with
a non-symmetric relation of valency of at most 4, Standard integral table algebras
generated by a non-real element of small degree, Lecture Notes in Math., vol. 1773,
Springer, Berlin, 2002, pp. 105–119.

[14] A. Munemasa, Splitting fields of association schemes, J. Combin. Theory Ser. A 57
(1991), no. 1, 157–161.

[15] P.-H. Zieschang, An algebraic approach to association schemes, Lecture Notes in
Mathematics, vol. 1628, Springer-Verlag, Berlin, 1996.

[16] , Theory of association schemes, Springer Monographs in Mathematics,
Springer-Verlag, Berlin, 2005.

[17] §�¨&©�ª)« , ¬�­�®*¯�­�°�±�² , ³�´�µ , 1975.

10




