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Chapter 1

Jouood

1.1 0000

00 ADD0OOOO0DO f:AxA—AD0 ADOOOO (binary operation) 00000
fla,b)0 ab0 a+b000000
0000 (a,b) »ab 00000 (associative law) 0000000000 a,b,ce A
goog
(ab)e = a(be)

000000000000 0000000000000000000000 (semigroup)
good
00 AOO ed ADOOD (identity element) 000000000 a€c AODDDOO

ae = ea = a

000d0d000o0o0ooo0oooooooooooooonoonoon A0O0Ooo 1,00
0000 100000(@0Ooooo0g (eb)—ae+b000000000O00OOODOO
00,000000000)0000000000000 (monoid) OO0
0000 A00 «0O0O0O0O
ab="ba =14

0000 0000000 a0 AODDDOO (regular element)d 00 (unit)D 0000
00000000000 b0 «O000 (inverse element) 000000000 OOOO
000000000 « ' 00000000000 (a,b)—ae+db000000000O0
00000 -« 0000)0000 ADDOOOOOOOODOOOOO AOO (group)
oooo

0000 (a,b) —»ab 00000 (commutativelaw) 0000000000 a,be A
oood

ab = ba

00o000oooooopoooooU0odg (e)—e+b00000000CDOOO
goboboogbboobbboobobbuooobboobbboobbboobboo
O0000000000000000000000000000 (abelian group) 00O
goboooogd
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O0000000000000000000000 (additive group) OO0 O OOODO
goodoooooobobobobood

0 ADDOOOODOO0OOD (00)0 ADOO (order) D00 [A| 0D00DO
0 ADD0OCDOO0O0ODDO ADODOO (finitegroup) 000000000 ODODOOO
(infinite group) 0 0 O O

0 1.1.1.0 GODO a,b,q; OODOOOODOODODOO
(1) () '=eD00OO

(2) (ab)'=0b"la ' 0DO0DOOOO0O0O0O (ag--ap) t=a "t a7 0000

1.2 000

GO000OOobOoGoOOobooo0obob0 HO OoboUoboobooboobboHO GO
000 (subgroup) DOODODHOODOOOOODOODOOOOODOODOODOODODODOOO
gbobooboo

(1) z,ye HOODO aye HOOOOxze HOOO 2 te HODOOO
gdooouououoouod

(2) z,ye HOOO ay te HODOOO

oo

B)r,ye HOOO z'ye HOOOO

goodooooon

0 1.2.1. GO00000 GOO0 GOO0O0O00O0OOOOO0OOOOOOOOO0
0 {lg}0 GOOO0OO0O0O0O000000 ¢O0000000 (trivial subgroup) O 0O
00{lg} 000 100000

HO JUOOOOooooob ALCLGOo000no0nuUnDHeE <G00 HLGOD
HAGOOOOOOODOOOO
A BODO OOOOODOOOODO

AB = {ab|a€ A, be B},
At = a7l |a€ A}

000000000 ABC) = (AB)C, (AB)"' =B 'A"' 000000000000
00000000000000000000000000000000000

(4) HHCH,H'CH

(5) HH=' c H
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6) H'HcC H
HO GOOOOOOooooo
H=HH=H'=HH '=H'H

000000000
00000 A={a} 000 {a}B0 «BOOO0ADDD0O00000000

aB={ab|be B}, Ab={ab|ac A}
good

0122 H, KOO GOOODODOOOOHNKDO GOOOOOOOO0O0O0OO0O0OO
0000 {H\|AeA}0 GOOD0D0O0OOD0O0O(N),,,H\0 GOO0O0OO00O
ooooo

O Goooo
Z(G)={9eG|000 zeGOOOO zg =gz}
00000000 GOOO (ecenter) DOOOGOLODDOOOOOO Z(G)=GOOOO
01.23.0 G000 Z(G)O GOoOOOOOOOO0OOOO

GO00O0oOoooScGoUooo soooooooooooboooboooobooDooo
00000 GO SO0D0000000D0000oo Ssoooooooog (subgroup
generated by S) 000 (S) 000OO0S = {sy,-+-,5r 000000000 (sq,--+,8¢)
gooon

0 124.0 0000000 H, KOODODOOHK O GOhOOODbOoOoOoDO
HK=KHUOOOOOoOOOooOooOooboooooo

1.3 00000

GOUOODHOOODODODOOOOOabeGOOOO abeHOODOOOO a~b00
00000 ~O000000000 ~O0000b00b0oob0ooooogn eed
goooooo

aH ={ah | h € H}

0000000000000000 GO HOOO «O0O0O0O0O0O0O0O (left coset) OO
000000000000 G/HOODODOODOOOOOOOO0O0O0 {aH|XeA}OO
gogobobooogoobodo

G = UCL)\H

AEA
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0000000 GO0 HOOOOOOOoODOooOooooooooooooG/Hooo
goboboogobbbuooobbobooooboo

G:UCLH

acG/H

O000000000000GO HOODODODOOOoOOOOoOOo (bo)o |G:H|OO
OHDO GOOOOOO (index) 000000000 O0DO0O0OODOOD aeGOOOO
leH|=|H|OOOODODOOOOOO GUO0O0O0O0O0O0O0O0O0OOO0O0OOO

00 1.3.1 (000000). GOOOOODHOOOOOOOO0OO0O
Gl =G : H - [H|
00000000 HOOOOOOO GO0O00000000

O GUO0O 0000 «"=1000000 0000000000000 nDO0
0000000 «0D0000D0 o(e) 00000000

(a) = {1, q, at,- - ,ao(a)_l}

0 GOOOOOOO0OO0D00O o(e) 0 |G|O000000( 0« 000000000
O (cyclic subgroup generated by ) 00 00O

00 ~ 0O leHOOOOD e~ b0000000000000000O0DO0O
goooooooooooooad

Ha={ha|he H}

0000000 GO HOOO «000000000000000000000 H\G
0000000000D0000000000

{ax | eA}0 GO HOOODDODOOOOOOOOOOOOOOO {ax™'|AeA)
00000000000000000000000000000 (00)000000
00 (00)000o000

1.4 0O0O0O0OO

000 eeO000000OO0O0OOO0OOOCOO0OO0OOOOOOOOOOOOOO
aH = Ha

O0000000HO GOOO0OO0O (normal subgroup) 000 HIGOOOOH<G
0O HAQGODO H4AGUOOOODODODOODOODAHODODODODODODOOOoOooooooo
0000000000000 00000000000000000 (coset) DODODOOO
o000 o0bbo0lo GO goooooooooon
O U00000b0o0oboobooboobobobooooooooo

00 14.1.0 GOO0O0 HOOOODODOOOOOoOOooOOooDOoo
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1) H4G (00000000 ¢geGOO0O0 gH = Hg)

)

2) he H ge GOOO ghg'e H

3) 000 ¢geGOOOO gHg ' C H
)

(
(
(
(4) 000 geGOOO0O gHg '=H

00. (1) = (2). he H, gc GOODOOgH =HgOOOOghegH =HgOOODO
00 WeHOOOOgh=KgOOOOOOO ghgl=KeHOOOO

(2) = (1). g€ G000 gH=HgOOOOzegH OOOOOO he HOODO
0x=¢gh00000000 ghg"le HOODODODO

x = gh=(ghg ")g € Hg

0000000 gHCHgOODOOye HgOOODOO heHOOOO y=hgOO
000000 gthg=gh(gH)teHODOOOO

y=hg=g(g 'hg) € gH

0000000 HgcgHOOOOOOOOO gH=HgOOOO

(2)0 3)000000000000

(4)= (3)00000

(3) = (4) 0000g e GOOOOgHg ' c HOOODOOO g'e GO (3)
000000000 g¢g'Hgc HOOOOODOOOOOO ¢0000 ¢t 00000
HCgHg'O0OOOOOD (49000000 0

0142 H, KOO GOOOOOOOOOOHNKD GOOOOOOOOOOOO
00000000 {Hy,|AeA}D0 ¢0000000000000 N, 0 GO0
0000000000000

0143. HO U0DO0OO0O0 NO GOODOODODODO HND GUOOODODO
oooooobo0o H, KOO 0000000000 HK O GOOOoOobDoooo
googod

0144. HO GOOODOO NDO GOODODODOODOHNNDO HOODOODOO
ggbboobogd.

1.5 00000

GO0O0O0 H, KOOOOO GO00000000abeGO0000 axbd HaK =
HhK ODODODOOO0O0O000000 HaK ={hek|heH, ke K}0OOOOOOO ~
000000000000000000 «0000000 Hek 0OOOOODO GO
(H,K)0DOOOO0000 (double coset) 00 00000000000000 H\G/K
00000000000000000000000

G = LJ HaK

a€H\G/K



12 CHAPTER 1. 0O0O0OOO

00000000 HaK =JpeyghaK 0000000000D0 HeK O KOOOOO
gboobobboboobo0bil0 HeK O HOOODOODOODDODOODOODO
gooon

00 1.51. GUOO0O0O0OH, KOOOOODOOOOOODO eeGO0D0O0OO0DOODODO
HaeK O |H:HNaKe |00 KOOODODOODODOOOOOOOODO |HaK| = |H
HnNnaKa™'|-|K|OODOO

00. f:H/(HNnaKa™) - {haK |h€e H} O f(h(HNaKa™))=haeK 00000
gooooooooooobooo
00D00000000000000000A(H NaKa™) =k (HNaKa™Y) 00O
0000 ke KOODOO B =h(eka ) 00000000 KaK = h(aka™)aK = haK
Oo0o0oboOobo fOo0DboO0oboOoOoboOoOoO
fO0000D000DO0O0DO00O0000DODOODOfO0DO0ODOO0OOO0O0O0OhaK =
WaK,h, W € HOOOOOOOO a (W) ‘ha € K, (W)"'h € HNaKa ' 000000
0 h(HNaKa)=K(HNaKe ) OOO 0000000 O

HO GUOUOODOODOOOOO0OO0000DO HeK OOUOO HaK =eHK O0OODO
gbooboboob0 AKOOooobooboooboo

1.6 OO0
GOO0O0O0 HOOOOOOOODOOOOOoOooooooooOoooooO G/H OO
0000000000000 00000000000 FOooooooooooooo
0000 G/HOOOOOO
H<LGUOOOOG/HOOOOOODOooOooooo
(aH)(bH) = (ab)H
0000000000000 000000000000D00HF =1H 00000 'H
0 HOOODODOOOG/HOOOOOOOOO GO HOOOOOO (factor group)
HNERERE
N<HL<GUOOD NJIGOODODOOOOOOOO G/NOOOODOoOOo
H/N = {hN | h € H}
00000000 G/NOOOOO0OOOooooOoOoAKkeHDODOOO
(hN)(W'N)™" = (hN)((')"'N) = (h(h')"')N € H/N

O0000000ONSQHOODOOOOODOOODOOOOODOOoOoOOoOO H/NDODO
0000000000 A/NOODOOOOODOODOOOOOOOooooooooo
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1.7 DOoooognd

1.7.1 0O0OUO

X00O0OO0OOOre XOOOOO0OO0OO0 2'00000000 X '={z"1|zeX}
0000 ) !'=20000000000XuUX'00000000000000
(word) 000000000 22 000000000000000000000OO0
0000000000000000000 XuX-'0000 00000000000
00000000000 1000000000000000000000000000
000 1000000000000000 X000000000 (free group) 000
F(X)0ODOOoOoooooo

01.71(00000). X={a}0000F(X)={d'|i€z} 00000000000
0000000000000000000000000 Z0O0OO0O0000000000

1.7.2 ODOO0OOOOO

XO0OOOO F(X)OOOODODOOORCF(X)OODOROOO F(X)OODOOOO
0000 NOOOOOO ROOOOOODOO000000O0 FX)0O0OO0O00oo0
000000000000000000000 NOOOOOOOOO0O0O0 NOOOO
000000000 F(X)/NOOOODODOO0O00O0

(X | R)

0000XO0O000O0O0O0OROODDOOOOOOODOOODOOOOO F(X)OOO RO
0000000 1000000000000000 (X |RODODODODODODODROOO
rUb000r=100000000000000000000000000

0 1.7.2(00000). (e|e*=1)000 n0 (00)0000000@0O0O000
gooooooooooooooo (Cychcgroup)DDDD)DD nO0000 ¢, 0
goooooon

Cn,={1,a,a - ,a" '}

00000000000 Zzon0O0ODO0ODODOOOODOOOO Z/pZzODDOOODOOOO
goon

0173 (0000). (z,y|a"=y*=1, yr=2""1y) 000 2000000 (dihedral
group) O 0O0O0OO 2o 000000 Dy, DODOOODODODO

D2n = {171:7 27"' ,I'n_l,y,l'y,l’2y,"' 71"”_1?/}

8

ggon

ggobobbbbouoooobbbobboooooobboboboooooon
gobooogd
ggbobobuogoobbboogooobooooboboooooboboan

00 1.74. G={a|a"=1)0000
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(1) e»=10000000000 n|mO000

(2) o(a™) =n/ged(m,n) 000000 ged(m,n)=10000 o(a™) =o0(a) DOODO
a™) = (@) 0000

O0. (1) 00000000000000000000000000000000000
(2)d=ged(m,n) 00 m=dm/,n=dd’ 00000000 (@™ =a™" =100

000 o(@) |n DO0O0D00O0O [{(a™)]=0(™) <n 0000
D00000000000000000 2,y00000 a2m+yn=d000000

000
a® = a™"t" = (a™)"(a")! = (a™)" € (a™)
0000000 (@) c (e 0000000 oed)=n 000000000

n' = |{a®)] < [(a™)] = o(a™)
000000000 ofa™) = |{a™)|=n'=n/d0000 O

01.75. G000 n000000000000d|n0000 H{zeGlat=1}=d
000000000

0 176. NIdGUOO ¢geGLOOOOO0OOOO0OO G/NOOOO gNOOO o(gN)
Oo(¢g) DO0ODOOOOOOODODO

1.8 OO0

1.8.1 0O0OUO

gobooooobbooobobboobobbooobobooobo KOonOooboboo
Oooo000 M,(K)OOODOOM,(K)OOODODOOOOOOOOOOOOOoOooooo
0000000000 ((@CO00000 M(K)OODOOOODK O n0O0O00ODO (full
matrix ring) 000 000)

0 1.8.1 (00000 GL,(K)). KOOOODOOKOOOOOO 000000000
0000000000000 00000000000000000000000000
0000000 0000000000KOOOOO0O0 »0000000000000
000000000000 KO nOO0O0O0O0O (general linear group) 000 GL,(K)
0ooo

00 KO (000000000 F,00000F,00000000000000
000GL,(K)O GL,(¢) 00000

0 1.8.2. GL,(2) 000000000000 F,={0,1} 000000000
0 1.8.3. GL,(¢) 00000000

0184 (D0ODDODO SL,(K)). KO nOOODODODOOOOODODOODOOOO 100

00000000000 0oOo0o00oDoo00d GL,(K)Oooooooooo

0O KO nOOOOOO (special linear group) 000 SL,(K) DOOO
00000000000 SLy(F,) O SL.(q) D0D000
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0 1.8.5. SL,(3) 000000000000 F,=4{0,1,2} 000000000

0 1.8.6 (00O O(n)). T € M,(R)y DOD OO (orthogonal matrix) 0000 OO
'TT=T'T=FE (E0000D0)0000OO0 'T=T"'0000000000n0O0O0O
0000000000000 000000 GL,(R) 00000000000 00O
O (orthogonal group) D00 O(n) 0O OO

0 1.8.7.0(n) 0 GL,(R) 0 0000000000000,

0188 (000000 U(n)). UeM,(C)0DOODOO0OOO (unitary matrix) 000
000U =UU*=FE00000U*=0"'0000000000000 U= 0
O000n0000000O00O0OOOO0ODOODOOOOODOOO GL,(CO)ODOODODOO
000000000000 (unitary group) OO0 U(n) O0OOO

0 1.8.9.U(n) O GL,(C)00000000000O0O00.

1.8.2 0O0OU

XO0OOooooXxX oo X oooooooooooobooooooooooooo
000000000000 000000000000 XO0OOOO (symmetric group)
000 Sym(X)ODODODOSym(X)O0OOODOOO X0O0O XO0OOODOO XOooOoOOo
(permutation group) 000000 o O

. (a@))

ggbbobuoooobbbuoooobbbuoodobbobobbbooobobobob
00 | X|=n<ooOOOOX={1,2,---,n} 000000000000 O0COOO

O00O0Sym(X)O S, 0000000000005, 000n0000000O0RO

goboobooobobooboobo1loobob ,2,---,nb0bobboobooboobob

0oo
(1 23
7“3 21
000000000000000000000
12 3\/1 23\ (123
32 1)\213) " \231
0000D000D000D0000 1000 20000000000000
123\ /231) (123
2 3 1) ~\123) 7\312

gbobuobuogobuogbbogl1goboboobboobobboobobooboo
goon
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00 00000000 ay,ag,---,a; 0

o —Zsas—2s>a3+—2> - T —T>a

gboobooooobooootooooooooobooboooooooooooogoon
00 (aaz - a1 a,) 0000(000000COC0OO (a1,as, -+ ,a,-1,a,) 00000
0000)00000¢000000O0DOOOOOO0OOOOOODOOOOYO0OOO
Of0o0o /00000000 200000000000000 10O0O0O0O0OOO
000000000000 ()0booooooooooo

12 3 123 4
(2 3 1) =(123), (2 13 4) =12
0000

gobbbooogobobuogoobobuoooobbooooooon

b 1.8.10. 000 nUOOOoooobbbbbbO0ooooobbbbbboooood
gbobobooooboo

1 2
0 1.8.11. 00 (3 6

gobobobooogn

9

3456 78
s s 1o 794)DDDDDDDDDDDDDDDDDD
00 1.8.12. 000 »00000000000000000000000000

0 1.8.13. 0000 (12---)=(16)(1¢—1)---(13)(12)0000

U0 co00ooobboooobboodbobbooobbbooobbooon
00000000000000000000000000 (DO0O000O)00oooo
gbobot oooggn

[l by ], b=y >l > 1

oooobdoo¢g; =100 ¢ 0000D0DO0O0O0O0ODOODO

UZG S 2)2(123)(45)(6)

000 [3,2,1] (000 [3,2) 000000

00 1.8.14. 00 ¢ 000 [f4,06s,--,4] 00000 c 000 o(0) O 6,0y, -+, 4, O
OoooooooO

00 1.8.15. (1) 00 o, 70000000 7or 00000000

(200 ¢0 ¢/ 00000000000DO0O0OO 700000 ¢ =7or 0000
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g 00 e bbbbobooooo
gddddoooooooooooooobobobbobobobbobobbbooouoououo
000(@O0O00000O000000O0000O00000ODOO00D)0D00DO0ooOOO
ggoboboooooboobboooobbboodn eobbboooobbbo 10
000000 -100000000sgn(e) 000000000000 0OOOOOOOO
0oboooobobgooobogoooobonD s, 00o0oboboooboooog nODO
00000 A, 0000n>50000n0000 A, 000000010 4,000
0000000000000000000000000000000ooooooot
(simple group) 00 00O

0 1.8.16. 00 (12345),(1234)(56) 000000000000
0 1.8.17. 4, 000000000

1.9 UO00Oogggn

MOOODOOOOOU(M)O MOODOOODOOOOoOoOOoOoOoOoooo UM)o MO
O000000000000000000000 MOOOO (unit group) D000

019.1.0 KOO nOOOOOOOO M,(K)OOOOOOOOOOOOOOOO
000000000000O0O000000o0o0OLODOO0O000 GL,(K)oODooOo

0 19.2. 00 XUOO X0OOOoooooooooboboooooooboboooo
oo oooao
Sym(X)ODOoOOO

01.93. 0000000 ROODODOODOOOOOOOOOOOOODODDODO UR)O
gobooboobobboboooboob RODODDODO

0 1.9.4.0 (00000)KDOOOOO UK)=K—-{l,} 00000000 KOO
afalulalululs

0 1.95 00000 z0O0O0OO0O U@Z)={1,-1}0000

HREENEN

g 1.96. DU00doboboooogbbbuoooobood

019.7.0 GUO0O0O0ODO 10 dUO000bDO0ObOD GUOOOODOOOoOobOOobDOoDO
ERERE

0198. 0 GUOOOOO ¢g0O000 ¢*=100000000000 GOOOOO
gogoobobooodon

0000000000 00000000000000000000 1980 000000000000
gob 200000000000000C0000O00DO00DOO0ODOOOOOOOOOOOOODOODOODOO
gooobooboooobooboooobooog
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01.9.9.GO000Z(G)000000000G/Z(G) 00000000 ¢OO0000
0000000000@O00000000 G=2(G)0000)

O 1.9.10.KDDDDDDM:<‘C‘ Z

a

C

0
000 M €GLy(K)0OOODOOO0DO00000000000 GLy(K) O GLsy(K) O
0000000000000 GLy(K)O GLy(K) 0000000000000 (@oon
00 m<nO0000 GL,(K)O GL,(K)0ODODOO000)

O

b 0
)GGLQ(K)DDDDM/: d 0
0 1

0 1.9.11. 00 X 00000 Sym(X) 00000000Y c X 0O0O0000Sym(Y)
000 X-YOOOOOOOOO00000 Sym(X)000000000000000
0 Sym(Y) C Sym(X)0O0O0O0O0Sym(Y)O Sym(X)0O0OO0O0O00000000(O
O0m<nO00 8,0 §,000000000000000000)

0 1.9.12. 00 800000 G=Dg={m,y|at=9y*=1, yr=2%) 0000
H=(yOOOOOGOD HOOOOOOOOOOOOOOOooooooooo (H,H)
goboboboooooboboood

0 1.9.13. Qs = {£1,+i,+,j,+k} 00000
P=2=k=-1, ij=—ji=k, jk=—kj=1i, ki=—ik=j

00000000 1000000-10000000D000DO0D0DO0ODO0O0D0 s0O
000000000000 (quaternion group) D0 00Qs 00000000 OOOO
goobooon

0000 800000 D U0DUODODODOODUODODOODORsO DgOO
dobobbooooobbbooooooo

0 1.914. V= (z,y |2y =yr, 22 =¢?=1) 0000V 0000000000000
O000O00(vooooooooOd (Klein four group) D0 O00)

0 1.9.15. 00000000000 GL,(C)0000O0OooO



Chapter 2

Joooudood

2.1 0O0O0OO

G,HOOODOODOODO f:G—-HOOOOO (group homomorphism)JO0O00000
oooooooooonD e, beGgUOOOnQ

f(ab) = f(a)f(b)
dodooooooooooooooooooodo o oo ggg
ad
fla+b) = f(a) + f(D)
doddoodoobodooooogoooogoooog

0 211.00000HOO0OD0O0OO0O0ODODOODf:G—-HOOODODODODO
gogd

0212 KOOOOOOOOOO GL,(K)DOOOOdet: GL,(K) —» K* 0000
0000000000000 det(AB) =det(A)det(B) 0000000000000
00000

0213. 0000 000000000 sgn(e)00000D0OODOODOOOO S,0
0000 {1,-1} 0000000000

0214 KOOOO V, WO K-000OODOOOOOOOOOO f:V —» WO
fo+v)=fu)+ f()000000000000000000O

0215 RO0ODO0O0OD0OD0O0O0O0 R*=R-{0}000000000000O0O0O0O0O
000 exp: R—>R*Oexp(z+y) =exp(z)exp(y) 00000000000 0OOOO
gogoooooo

0 216.GO0000 HOOOODODOOOOOOOOOOOOOOOO +: H — G,
Wh)=h000000000

0217 f:G—oH g¢g:H—KOOOOOODODOOOOOOOOOOO gof:G— K
00000000 O000000

19
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OO0 218, f:—-HUOODO0OODOOODOOOOOOOOOO
(1) f(le) =1u
(2) aeGOOOO fla)= f(a)™!

00. (1) f(le) = f(lele) = f(16)f(le) DOODDDOODD0 f(leg) ' 00000
lw=flg) DOOO

2) 1y = f(lg) = flaa ") = f(a)f(«=)) DODODODOOO f(o)"' 00000
fla)'=flaH)DDOOO O

f:G-HODODODODDOOOO
Kerf ={a € G| f(a) =1u}
00000000 f00 (kernel) 000000

Imf ={f(a) |acG}
00000000 f00 (image) 0000

0 2.1.9. f:Z/AZ — ZJ/AZ 0 fla+4Z) =2a+4Z 000000000 f00000
000000000000000 f000000000

OO0 2.1.10. f:G—-HOOOOOOOODOOOOOOOOOO
(1) Kerf <G
(2) Imf < H

00. (1) 00 f(le) =14 00 lgeKerf 000 Kerf #0 00002,y € Kerf 00
OO0 flay™) = fo)f(y) ' =1xp 00000 zy ' eKerf OO0 0OKerf <GOOOO
reKerf,ge GOOOO f(grg™) = flg)f(x)f(g)t = fl9)f(g) ' =1yb 00000
grgl €Kerf 000D Kerf <G OODOD

2)00 1lg=f(lg) elmf 00 Imf #00000a,beIlmf 000000 z,yeG
0000 a=f(z),b=f(y) D0D0OOODO

ab~" = f(x)f(y)" = flay™") € Imf
00000 Imf<HOOOD 0

0 21.11. 000 S5, 00000 sgn O000ODOsgn ODO0O0ODOOO0OODOODOOODOO
A, 0000 (Ker(sgn) = A,)

0000 f:G—-HOOOODODOODOOOOOO 00000 (monomorphism)d
000000000 00000 (epimorphism) 000000 fO000O0D00OOCOCO
(isomorphism)0 00000000000 f000000000 f:G>HOOO0OO
0000 GO HOODOOoOOooOooooooOoGEO HOobOoboooooo ¢G=HUO
gbooobooboboob “coob"boobobooboboboboobobobon
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0000 GO00000GO0O0 GO00000000000000000 G600
0000 f: G- HOOOOOOOf00000000000000 f':H—GO0
00000000000 000000000 G®HOO00 H2GO000f:G—H
0g:H—- KOOOOODOOOOOODOOOOOOOgof:G—-KOOOOODODO
000 GX®HOO HYKOOO GKO000000

000 G={a,b}, H={z,y} 000000000000

‘a b ‘:Ey
ala b xlx y
blb a yly x

goboboooobbboo0 GO HOoOoooobooooooooooboooooooo
gobooobooooooobooboooboooboobooooDoboooobon0 f:G—H
U

fla)=z, f(b)=y
gobobooofoO0obooobbooobooobobooobboooboooboobooooo
ggbobuoooobbboooobbbooaooon

00 2.1.12. 0000 f:G—-HUOOOOOfOODOODOODOO Kerf=1000
gboogoooogd

00. f00000000001le €Kerf 0000z € Kerf 0000 f(z) = 1y = f(1g)
O fO00D0000O0O0O0O z=1,0000000 Kerf=10000

Kerf =1 0000f(zx) = fly) OO0D0DO0O1 = flo)f(y)™ = flay™h) OOO
xy_leKerf:{lg}DDDDDDD:c:yDDD fO00O0O00on ]

0 21.13. NIGOOOOf:G—=G/NDO flg9g=¢gNOOODOODODOOOOOO
00000000000000 (natural epimorphism) 00000000 Kerf = N O
000

00 2.1.14. f:G—»HOODOOO0OO0OOOO

(1) A<GOODD f(A)<HDOOOO

(2) B<HOOOO fY(B)<GO0O000

(3) B<HOODOO fY(B)<G 0000

(4) fO000D000000 A<KGOOO00 f(A)<HOO00O0

00. (V) z,yeADDOOf(a)fly)t=fleyH)ef(ADOO f(A)<HODOOO
(2)s,te f(B)0DOOOODOOO f(s),f(t) e BOOOOf(st™") = f(s)f(t)" € B
Do00st' e f~(B)00DO
3) f(B)< GO0OD0D00 (2)00000000g€eG, se fY(B)000O
fs)e BLHOOOOOOOO

flgsg™) = f(9)f(s)f(g)" € fFl9)Bf(g) ' C B
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0000000 gsgle f~Y(B)0ODOO

4) f(A)<BDO (1)00000000z€ f(A),he HOOOOOO acADDODO
0z=f(e) 0000000f000000000 ¢geGO0O00 h=f(9)00000
000

hzh™ = f(g)f(a)f(9)" = flgag™") € f(gAg™") C f(A)
nooo [

0 2.1.15. f:G—-HOOOODOOO AQGUOUOOO0OO0f(AKQHOOOODOODOO
gobobooogoboboood

22 UO0ooo

gbobobobobooboobooboobobbobboboboobooboob

00 221 f:G—~HOOODODOODOOONDO Keef 00000 GOOOODOO
0000000000 f:G/N—HOf(gN)=f(g)0000000000000O0
0000000

O0. 00 fO0000000000OODOOOOeN =bbNOOOOOO neNDODODO
Ob=en 000000000 OneNCKerfOUODO

f(0) = flan) = f(a)f(n) = f(a)lu = f(a)

ooooooo fO00000O0O0000O0
foboooobooooo

F((@N)(bN)) = f((ab)N) = f(ab) = f(a)f(b) = f(aN)f(DN)
Dooooo 0

00 222 (00000). f: G —» HOOODOOOOYF @ G/Kerf — Imf O
fg(Kerf)) = f(¢) 000DODD0O000O0OOODODO0O00OO

G/Kerf =2 Imf
00000000 fO00DDO0OQODO G/Kerf=2HOOOO

OO0. N=Kerf0OODO
00 221000000 f:G/N—H (gN+— f(9)) 000000Imf = Imf’ O
000000000000000000000 f:G/Kerf - Imf 00000000
D0000 ImfO000000000O0O0OOOO
f000D00000000OaN € Kerf0ODODODO f(aN) = 1pb 0000000
O fla) =1y 00000 e € Kerf 0000000 aN =1oN 0DO00O0DOO0O

Kerf=10000f0000000
0000 fO0000O00OO O



23 0000 23
gogoobobobobobbobouooooooobbobbobtbodgooouooooon
gobooboogogoon

0 2.2.3. f:Z/AZ — Z/AZ 0 f(a+4Z)=2¢+4Z 000000000 fO00000
0000000 (021900)0e+4Z0 a000000000f00000

Kerf = {0, 2} = 2Z/4Z, Tmf = {0, 2} = 2Z/4Z
Oo00ooooooooooooon
(ZJAZ)/(2Z/AZ) = 2Z,/AZ.
goooog

2.3 0O0O0OO

000000000 (00O 222)000000000000000O000O0O0OOOOO
goobo

00 23.1(0000). HO GOOOODONDO GOOOOOOOOOOOOOO
HN/N = H/(HNN)
0o0ooon

00.00 f:H— HN/NO f(h)=hNOODOOODOOOOODOOOO0OO0OO
00000000 z€e ANOOOOOOO he HOneNOOOO z=hn 0000
eN=hnN=hN=f(h)00O0 f0000000

f(W=hN=1INO he NOOODOOOKerf=HNNOOOOOOOOOOO
000 HN/N~H/(HNN)OOODO O

0232 G=72 H=47Z,N=6Z00000000000000H+N = 4Z+67Z = 27,
HNN=12Z00O00O0O0000000

97./67 = 47,/127

O000D00000f:2Z/6Z — AZ/12Z, f(a+6Z) =2+ 12Z 0000000000
gogbobouogoooo

00 233 (0000). NO HO GOOOOOO0OO0O N<HOOOOOOODO
G/H = (G/N)/(H/N)
000000

00.f:G—G/HOODODODODOOOOOOOKerf=H>NDOOOOOOOOO
g:G/N—G/H, ¢g(xN)=xHOOODOOOOOOOOO0O0O0O0O0O

Kerg= H/N OOOO0OOOO0O0O0O00000000 G/H = (G/N)/(H/N)O0OOCO
000 O
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0 2.3.4.0 2230 (Z/42)/(22/47) ~ 27/4Z 0000000000000000
(Z/47)/(2Z/47) = 7Z/22 00000000000000000

727, = 27,47,

O000000000f:Z/2Z —2Z/AZ, f(a+2Z)=2¢+42 00000000000
gbooboobon

NG OO
p:G—G/N
oo0oo0ooooooO0Y 0 GOODO0OO0 NDOOODOOOoODooOg 0O G/N
0000000000000H e #0000 H/N=pH) e Z0000X € T O

O000p(X)e00OODOODODO0ODODODOODOODOOOOODOOOOOOOOODO
goboboooobobooad

00 235. NJdGUOOOOODOOO GOO0O0OO NOOODOOODODOOOO G/N
gbbuogboboodbbuoobobboobbuoooboobboobooobboo
gobooodag

0 2.3.6. 00 2350000

24 0O00O0OO

GOOOO0O0O0OGUOO GOO0O0O0 GU0O0000 (automorphism) 000G OO0
O000000000000000000000000 GoOO0O000 (automorphism
group) 0 00 Aut(G) 0O OO

0 24.1. 000 GF(2)00 200000000 VOOoOOoOOooOoOo

V ={(0,0),(0,1),(1,0), (1, 1)}

00000000 V—{(0,0)}0000000 vOO0O0O00000000000 Aut(V)
S, 000000

geGOO000
fo:G— G, x»—>gxg’1

ooooOoOD0f, 0 GoO0oouooooooooonD quooooooooooooon
00000 (inner automorphism) 0 0000000000

f:G—=Aw(G), g—f,

O0000000000000000000 fO000000000CO0DOOO0OO0O0 Aut(G)
O00000000000000000000 Inn(G)0DD0O0OO0f00D0000Og € Kerf
0000000f,=ide 0000000000000 0 2€eGO0O0O0 gzgt =200
0000000000000 Kerf O GO0O0O Z(G)OooooooooooooOo
gobobooboooon
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00 2.4.2. Inn(G) = G/Z(G) 0000
000000000000
00 2.4.3. Inn(G) < Awt(G) 0000

00.0 € Inn(G), 7 € Aut(G) 000000 g€ GOOOOO0O0Oz € GOOODO
o(z) = f,(x) =gogt 0000000 f,000000000000yeG 0000

(ror () =97 ' W)y~ ') = (g)yr(g9)~"

0000000 707! = fr €In(G) 000000 O

Inn(G) <Aut(G) 00000000 Aut(G)/n(G) 0000000000 G OO
000000000 Ow(G)OooOoooooo

ooooboobooGEUoOo0b0D FO Ub0oob0opobobooobooon oe
Inn(G) O0O0O0O ¢o(H)=HOOUOOOOUOOODOUOODODOOODOOOODOOOO
O0GOO0O0O0 HO GUOOOOOO (characteristic subgroup) 000000000
ccAut(G) 0000 ¢o(H)=HOOOOOOOODOOODOOOOODOOODOOOOO
gogoooooobbobbbooooo

000 AAG, KLAHOOOODO KGOUOUobhoobooobooooooo

00 244. HIGODO KO HOODODODODOODODO KLAGOOOO

00.keK,geGOOOOgkg=f,(k)0 H<IG OO f,cAwt(H) 000000
KO HOOOODOOOOOOOOO gkgle KOOOO O

00 245. HO GUOODOOODOK O AFODODOODODOOOOOD KO GOoOOOO
goooo

O0.c€Aut(G) 00000|g e Aut(H) 000 o(K)=(olg)(K)=KOOODO O
0 246. 0000 Z(G)O GO0OO0O0OOODOOOO

U247 00000000000D0O0O0DOOODODO

oo

0 248. G, HODOUODO f:—-HOOOOOOOfO0ODODOOODDODODO
ffA"H—-GOO000000o00oo floooooooooooo

0249.¥000000000000DO0¥Y 0000OO00OO0DOOODOOODOO
OO0 O00O0OO00oDooOoooooooo

024.10. G, HOOOO f:G—»HOOODOOOOOgeGOO000000 ofg) < oo
00000000000 off(g9)) <co OODOD0(f(g) 0 o(g) 000D OO0O0000O
00O fO000000 olg)=o(f(g) 000D)
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0 24.11. GO00000a,beGOO00 [a,bl=aba bt 00000000 a0 b
0000 (commutator) 000G OOOO0OOOOOOODOOOOOOOO GOOOO
O (derived subgroup) 000 D(G) 00O [G,G] 0000

(1) [0,b]=1000000 ab=be 0000000000000000000
(2) D(G)0 GOOO0O000O0O000OOOOO00

(3) NGUUOUODOOG/NOOODODODODODOOOOO D(G)cNOODDODODODOOO
gbooooboobo

(4) M<G,NJGOOOG/M,G/NOOOOOO0O0O0000000000 G/(MNN)
000000000000000

0 2.4.12. GO000DODYG) =G 0000000 D*Y(G)=D(D™G) 0000
D"G)O n~-00000O0O0ODOU0OODDODODO nDODODODO DMG)=10000ODDOGO
000! (solvable group) 0 0 00

GO000000000000O0O00O0O (D00U0oUooogo)ooooooooo
goooooooo

0 24.13.n-00000 DYG)0O GUOOO0OOOOOOOOOOO

0 24.14. GODOOO A, BO GO0OO0O0ODOO AnB=10000000000O0O
OecAO0 beBOOOO ab=bae 000000000

0 2.4.15. G, ADDD0DODODOOOD p:A—Awt(G) 00000000000 OOO
000000000000 xAQOUOOOOOOOODOOOOOO0g,hed,abe A
gooo

(9,a)(h,b) = (gp(a)(h), ab)
00000000000 0000000 GxAQDDODOODOODOODOOO @O0 GO
AO0000O (semidirect product) 000 GxADOODODO)
U 24.16. 0000000 0ODOOO0O0OOOOO 200000000000004

0 24.17. 00 n00000000000000000 on)000000O0OO0O0O
0 ¢n)0000000000OORO0O0DOOCOO0OO0 nO00O0OOODDOOOOOOO

0000000000000 0000000D0D0 500000 4,0000000000000 50
oooooooooooboooobooboooogooboo



Chapter 3

oo

3.1 0000

XO0O0OOO GOoO0000000 f:GxX—>X0000 f(g,2)0 gxr 00000
0000f000000000000 f0 GO XOO (D0O00) 00 (action) O
ooo

(Al) 000 z€e X OOOO lgz=2000000
(A2) z€ X,¢9,heGOOODO (gh)r=glhe) DO0O0O0O0O

0000 fO00O0OO0 GO XO (OOO)oOOOOOODOOoODOoOoOooDooOD XO
0 G-000000000b000bo00bbo0bbo0bbbo0obo0D zgoO0DOOO
gobooboooboobooooooboobooo gp000bO0O0DO0ObD g0bOObOOO
rOO000O0O00CO0ODOOO0OOOOODOOODOLOOODODLOOODODOOOOD
goboboboogbboobod

gogoggbobbbbooooooobobbbl gz zg0U000d920 2200
ggboobuoooooo

ggobobbbbboooooobbbbboooooobbbbobooooaon
gogbooood

0 3.1.1. KOOODODOOOOOOO GL,(K) (0 181 00)00o0ooooo K»
gbooboooobooboobokKkrboboobooboobobooboon
gboooboRKrogobobooboooboobobooobooobooboboboobnoon
gog

0 3.1.2. KO0OOODOOOOOOO GL,(K) O M,(K)0OOODOOOOOOOO
MeM,(K)O PeGL,(K)ODODOO

PM =PMPY, MP=P'MP

0D00000000000000000000000000000000000000
00000000 (A1)000000 (A2)000000000

POM = (PQM(PQ)™ = PQMQ™'P™! ="(QMQ™") = "(°M)

27
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Oo000 PM=PMP'O00000000CCOOO

MP9 = (PQ)'M(PQ) = Q' PT'MPQ = (P"'MP)? = (M")?
000 MP=pP'MPOOOOOOOOO

0 3.1.3(00000).0GUOO XOOOOOOOOO geGU zeXOOOO
gr=x000000000000000O00O0000000O0O0O0O00O0

0314 SOROO0,000000000000000(R O 20000000 (O
186 00)0M eSO TeOrOOO0 M =TMT-'000000000 O(n)
0 S000000000000000000

f:GxX—>X0O0GOOO X00O00O0O0OOygyeGOOOOOO0OO0OOOO
fi: X =X, f(x)=¢x000000000000 fy,ofy1 = fyr0f,=ide 00000
000f,000000000 f,eSym(X)000000000000 F: G — Sym(X),
F(g)=f,000000¢,heGOO0000000 zeX 0000

||
A
\_/
||
/\
/\
8
S~—
N~—

F(gh)(z) = fa(x) = (gh)x
= Flg)(F(h)(x)) =

00000 F(gh)=F(g)F(h) 00000000 FOOOOOOOO

00000 F:G@—-SymX)O0OOOO0O0O f:GxX —» X 0Ogr=f(g,z) =
F(g)(z) D000 GO XOOOODOOODOOUOODOOOOO GOOO0 X0OO0OOoOoOoo
000000000 G — Sym(X)000D0D00D0000000000 G — Sym(X)
00 GO XOOOOOO (permutation representation) 0 00 00O

0 GO00 XO0Ohooooooooooooooooooooooopoo f:G—
Sym(X) OOOOGO XOOOO0OODODO (faithfu) DODDO0OOOf0000000O0O
godd

0 315.0GUO0OO0 XOOOOOoooooooobobooooooooooooo
() 0D GOUO0O XODoooooooooo
(2) geGOO0O0O0O0O0O00 zeXUOOO0O gx=2000 g=10000

0 GOODO XO00OO0O0OOOooooooooooo f:GG—Sym(X)O0OO0OO
0000000000 G<Sym(X)O0OOOOOooooooooooO Sym(X) OO
000 X 00000 (permutation group) 000000 S, 0000000000
god

00 XO0OOOO 0000 Xobhoooooooooob o Xoobooo
0000000000 f:G—-Sym(X)O0OOOODOOO0OOO G/Kerf 0O0DOOO0O
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3.2 U0OO0OOO0O0OO

O GU000 XOO00OOoooooooobdz,yeXOOD0ODO 2~y 0OO0OOODOOO
O0geGUUUOO0y=gx:0000000000DOOOOOOODOODOOOODOO

0321 ~0 XOOOOOOOOooOooobooo

0000000000000 X0 GOO0000 (orhit) D000 G-000000
reX 00000 (0O0O)C, O

C.={g9z|geG}

ooooobooooob0 oobobb0 Xobooooooooboooooboo
0000000000000000000 ¢,0 GeOOOOO(M@MOO 92,2000
000000 %,2000000)g0 GOO0ODOO0OD GeOOODODO GOOO
gooooooooooooboooboboOobobooooobooooooOoDOooD oo
ooboobooooooooboobooooog gheGGOOOOOO0O0 gze=Re 000000
O00000gr=hr0000O

r=1r= (9 'g)r =g '(gz) = g '(he) = (g 'h)z

Oooo0oo
G,={9€G|gr=n2a}

00000000 0 GUOOOO0O0OOOOO (stabilizer) DOO0O0OO G, 0 GO
0000000 (G, 0 GeOOOOOOODOODODODOOODOODODODOODO)

0 322 G, 0 gO0O0O0OO0O0OOOOOoDOD

0 3.23.5,0000 G=1{(12), 34)={(), (12), (34), (123400000
GO X={1,2,340000000000000000 XO0GO000000O {1,2},
{3,4}0000X 00000000

X ={1,2} U{3,4}
goooooooooo
Gi=G:={(), B4)}, Gs=Gs={() (12)}
oo
goooooooon
gr=hr <= 1= (¢ 'h)r <= ¢ 'heG, = ¢G,=hG,

00 3.24.0 GUOUOD X UO0ODOOODDOOODDOOUOxz e XOODODODODO
o0 f:G/G, = Gz, f(9G,) = g 0000000000 |G : Gy < 00000
IG:G,|=|Gz|0ODOD
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00.000000000 ¢G, =hG, 000 ge=hs 00000 f0000000
000000G: 000000 geGOO00 g2 000000 f000000000
flgG.) = f(hG,) 000 gz=hx 00000000000 ¢G,=hG, 0000000
;00000000 0

XO0O0ODODODoOOoOOoOooooooGEoOoooooooo (transitive) 000000
OO0 GO XDOO0OOooooooooMmooD z,ye XOOODODDOODO geG O
0000 y=¢2x00000000000000000 X0OOOO G-00 (transitive
G-set) DO OODO

000 GO XO0OOOOOOOxeXUODOOODO GeOOOOOOGO GeOOO
O000000000DO0DLO0D0000 f:GxX—-X0OO00OODOhooo f0 GxGe
O0000000000000 Im(flgxe:) CGz 000000000 f:GxGx — G
00000000 GO0 GeO0OOD0OODOODODOOODOODOODODODOODOO

000do0o0o0ob0o0 G-Ooobobooobooooo G-ooboooooooo
O00000O00b0000 G-OoObo0obooboooobooooooboooo
goddoooobobbbboooooooooooobobbbon

0 3.25 (00 G-00).GOO0O0O0OOGUOOOO GOOOOOO0O00O0OO0OOO
000000 (g,2)—gx000000GUOOOOODO G-O0OOOODOOOO (O0)O
O G-000000

0 GOO0 XO0OOOOOOOOYcX0O GoOoOo0ooooooooooo
yeY D geGOOO0 gyeYOODOOOODDOOODOO yeYOODODOODODO
00 YOOOOOOOOOOD YOOOOOOD GO0000000000000000
00000 GO YOOOOOOOOOOOOoOOO

3.3 OJUo0oooooon
GO0O00 HOOOOOOOOOOHOOOOOOOOOO
G/H = {aH | a € G}
000D00GO G/HOOOODO
glaH) = (ga)H

000000000000 00000000000000000 oH,bH € G/HODO
00 bH = (ba Y )(eH) OO OODODO
0000000000000000000000000000000000000
0000000000000000 “0000000000007000000000
00000000000 000000000000000
0 GO0 XOYODOOOOX0O YO GOOOoO0oO0oO0ooooooodo
f:X->YO0OODOOOzeX,geGOOODO

9f(x) = f(gz)
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oooooooboboboooobognD fO G-OobOoboOoOooOobDOoobobooboo
000'0000000000X0Y OO GOOO0 “0000000007000
goooo

GxX—X

idcxfl if

GxY—Y

00 3.3.1.G0 XO0OOOOODOOOOODzeXOOOOODOOO f:G/Gy— X
0 f(eG,)=ax 00000 f0 G-00000000ODOOOO

ooobobobgoboo g-ooobobbobobobooobobOooo G-ooo
gogooodg

O0.aeG,=0G, 0000000000 acx=0b 000000000 fOO0O0OO

O000Do0b0ob0b0d0ar=0bx000 oG, =0G, 000 fO000O0O00ODOGOO

goo00ooOobO0obOo0ob0O0 fO0D0ODODOODOODOO fODODODODOO
geG,aG, € G/G, 00000000

9f(aG,) = glax) = (ga)r = f((9a)G.) = f(g(aG.))

oooonD fO G-OOobDObDOobOOoOoboOon [

3.4 UOOOOOOO

GUOOO0OOGEO O000goobooboboboobogbogeGUO zeGUOOOO

v = grg™!
00000 GO0 G-00000000000 GO GU0O0O000D0000 (action by
conjugation) 0000 OO0

9 =g lag

OGO GFUO0O00D0o0ooonooon

00000 (0)00000000000000zxeGUOOOgeG, 00000
Or=9%=grg"' 000 2g=gr 0000G, 0 Ce(x) 00000000 GOOO
0 200000 (centralizer) D000

Ca(z) ={g € G| xg = gz}

ScEdoodoono
Ca(S) = [ Cals)
ses
l0gooU0oO0U00000000o00o00o000oo0n0 A0OOOOO0 BOOoOOoooooo

goboooooooboooooobooooooboooboooboobooboooboobooooaoon
oo
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00000000 GO00O00 SO0000D000000 Ce(G)O G000 Z(G) O
gobooo
O00ooooboob ze0O00000

Co={"|geG}t={grg™" | g€ G}
O000000 GO 2000000 (conjugacy class) 0000

00 34.1. GOO0O0O000 ze GOOOOz000000 000000000
IG:Cq(z)|DODODO

ob. 00 3240000000000 U

O GOO00OO0bOO0 NOOODOOobobobooobobo NO GUoooooooo
O0b0o00O0o0b0o0ob NO GOOOOoOoOooboooboobooboooboooo
gbbbbooodobbbuooodgbbboooobbboooobbbod

GOO00OO000OO0o0GoOO0ooDo0ooOoobOoDooooDoobOooDoooDoooDOon
0000000 GOOO000000{z,=1,2,,---,2,} 0000000000000
G=C%,U%%U---U%,

O000000ooooooooon
|G| = Ca1| + @] + - + [Ty

000000000 GOO0O00 (class equation) 000000 Cg(l)=G 00000
6| =|61=100000000 |%;|0 |G:Ce(x) 0000000000 |G|O0
00000000000000

0 3.4.2. |°|=1000000 z€Z2(G)00000000000000000

0 3.4.3.30000 S;00000
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