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Chapter 1
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gobogobbogobooobbobonhiogoooobbobboobboo
gboooboobbooboobooobooboobbooboobboobon
gobodbbuoobbogobuogobboodbbuooobbuooboboobboo
goooo
gboboobbdogogoobobobbdooooooboobouooooooboboon
gobooboboobobooobbuoooboobboobobooobboobboo
gobogobobbodobboobooobboodbuooobboobbbobboo
goboboobboodgbbuoboboobboobbboobboobobobboo
gobooobbuooouooobbuoobooobbuooboboobbuoobboo
gogbbuoggbbuogobbuoobbooobboooboobbooobboo
gogobobuoonoanobogooboboooon
Doooboooobboob n0OO0O0D0DOO0ODLOOD VODOODVODODOO
oooooooobobooooooobooboboooooogoD “bobobooboo
oooooo’oboboobooooboob0obobobooooooboboboooboog
0000000000000OO(0000D0o0oOoooOoODOO0o0oDoOoooooD)
0000000000000 RODOODDORODOODDOODDODDO
gobogboobooboob RUODUOODOODUOODLDRODODDOODDOOD
gobobooboooobbuooobbuoobbuooobooobbooobagoboo
ggbobobooggbooboooon
nO00000000000000000000O000O00000O000ORODODLDODOO
gobbodobbotobbuoobbuooobuoobboobbuoobbbooobboo
gobbooobboogbbuoobooobbuooobbuoobboboobuoonooo
ggooood
O0ooooOooOoooOOO0O0OO,000,000001]joC0cC0O0b0O0O0O0O0O00O0
ggno

1.1 OO

AO0ODO (set) 0000aD ADDOO (element)D00O000000000O0ae A
00 A>¢0000¢0 AODDDOODODODOO agADODDODBDO ADDODO

bt
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(subset) DO0ODO0O BC AUDODOOOOODO B=AOOODOODOOOOOOOOO
0 BCAOO B#A00000B0O AO00OOO0OO (propersubset) 000000
BCAOUOOOD OO0 (emptyset) 0 00000

BCADOOD A-B={acA|la¢gB} 000D

AD000D0D0O (finiteset) 000000 |A|0O0D0 f(ADDOOOOOOODOODOOA
00000 (infiniteset) 0000000 |4 =co 00004l <000 ADDODODO
gboboboogooboboogooobon

O0.0000000000000 nO0OOOODOOODOOOO {a,a9, - ,a,} O
O0000000000000000000000 {ay,ae,---} 00000000000

ANB,AuB 000000000 (intersection)0 OO0 (union) 00000000

04 (i=1,2---,n)0000
N4 JA
i=1 =1

0000000000000 0O0O0O00O0O000oooD A4 (@=1,2,---)00000
mAZ-,UAiDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD AD

i=1 =1

0000000 Ay, (AeA)O0DOO

0000000000 DO0O0 AOODODDOOODODDOOoOoDObOOoOooooooooooag
goodooo
ggogobbbbbbbddogogobooooooooodn e
000 [-e,eq 00000000000000000000 () [-eq 0000
ac{beR|b>0}
guoodooooobooood ﬂ[—a,a]DDDDDDDDDDD

a>0

0 1.1.1. ([-a,a] O | J[-a,q) DODOO

a>0 a>0

000 (JA\DDOOA£XN 000 A4NAy=00000000000000
AEA
000000000 (disjeint union) 00000000000000 |JA,0OOO

AEA
U =214

U 4
AEA AEA

AEA
godd
A0 BOUOUOOUOOODAQOODO BOOODODODO (e,b)J00D000ODODDOO AxB
0000 AQ0O BOOOOO (direct product, cartesian product)dJ 00000000
gdn

<ooO0OO0ODOO0OO XNeATOOD |ANl <o OOO

Ax B={(a,b)|ac A, be B}
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0000 Ay\(AeAN)OJDODODODODOOOOOOODOODOOOOOOOOODDOOOO

ggbbobuooobobbuooooooobobobooon HA,\DDDD(ADDDDD

AEA
0000000000000 0000000000000000 (Zermelo’'s axiom of

choice) OO OOOO)

1.2 OO

0000000000000000
eN: 00000000
e7:0000000 (DO0OO0O)
e Q:00000D0DO (0OODO)
eR: 0000000 (0DOD)

e C:00000000 (DOODO)

o0 NO oo uououooboobobobobobobbobobo
goodoooobbobbboooooooooooooobobn

a,bezZ 0000000 /¢ezD00000b=a/000000D0 «aO0DO0ODOO
000 «0 000000000 |b000000000eO bO0O0O (divisor) OO
0000 «a00O0 (multiple) 0000000000000 O0O0OOOOOOO1I0O0OO
gboobgobobbobbobooboobon

O00000000000000000000 000000 ax(AeAN)DDOOOOO
000000 AeADOO0O ¢|a,00000 ceZOay(AeA)DOOOO (common
divisor) 0000000000000 ODOOOODODODO (greatest common divisor) O O
0000000000000 0OD0O00000 a,a,--- 0000000 (ag,a9,---)0
00 ged(ay,as,---)0000ged(a,b) =1 00000 «0 000000000000

peNp>10000 pO00 (prime number) OO00O00O0Op 000000 10
pO0000000000000O0p|eb 0000 plad00 pld00O0O0OOOODO
goooon

neNOOOOOOaebeZOOUOO n|e—b0000000e0 b0 n0O000
000 (congruent modulon) DO0O0000 a=b (modn) 0000

0 1.21. 00000

(1) 000 ea€z0000 a=a (mod n)

(2) a=b (modn) 000 b=a (mod n)

(3) a=b (modn) 00 b=c¢ (modn) DO D00 a=c (modn)

(0OO00 “%»0000D0DO0OOCOO”000 ZzOODOOOODOOOOOO)
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1.3 OO

A0 BOOOOOODADOOOOODOOO pODOODOOOODODOOOOOOO
0000000 (map) 000 A-BOOODOOOODODOOOOODO fOOODOOO
ooo0oD f:A—-BOOUOOOOfOO0OD0 ee AQOOOO BOOO fOOO a
00000 f(eDODDODODODODDOOOOOOODODODOOOOOO

f:A—= B (a— f(a))

0000000000000 f:A—-BOOOOODAD fO0O00OQO (domain)O B O
fO000 (range) DODOO
oooodo ftA—-B0Og¢g:C—-D0O00000O00A=COB=D0000O0O0O
00 ac ADDDODO f(a)=g¢g(e) DODDODO0DO00OO0DOODODOODOOO f=¢g0000O
00 f:A—-BOOOD

f(A) =Imf ={f(a) | a € A}

00000000 f00 (image) 0000C CcADDODOOO f(C)={f(a)]acC}
00000000 fO000 CO00OOOO0
00 f:A—-BO CcBOOOO

fHC)={a€ A| f(a) € C}

00000000 f000 € 000 (inverse image) 0000C = {b} 00000
(b)) 00000 f(H) 000000000

[7Hb) ={a€ Al f(a) = b}

0000b¢ f(A)0DO0D0DO0D f~Y()=00000000 () 00000000
0000000000 f'0BOO AUDODOOOOOOO

00 f:A— BOODO (injection) OO0 OO0 Ma#d 000 f(a) # f(a') 000
00000000000 f:A—BOOO (surjection) DO0000OOf(A)=B0O0OO
00000000 f:A—BOODOO (bijection) DO0DOO0O0O0OfO0000O0OODOOO
guoooooog
00 1.31.00 f:A—-BOOOOOODOODOOODOODO
1) fO0000000(#£d 000 fa)# f(a)0000)
9) fla)=f(@) 000 a=a' 0000
3) 000 be f(A)0D0O |f'(b)|=10000

(
(
(
(4

)
)
)
) 00O beBOOOO |f10)|<10000

00 1.3.2.00 f:A—»BOOO0O00O0O0O0OOOOOO0O

(1) f0000000(f(A)=B0000)
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(2) 000 beBOODOO fla)=b000 ac ADDDOODOO
(3 000 beBOOOD |fY(b)|>10000

BCcAOOOOOOOO t:B—-A(b—b 0000000000 BO ADDODO
00000000000 (inclusion) 000000 B=A0OOOOOOOO t:A— A
(a—a)0 ADDDOODO (identity map) 000 idy OODODOODO

00 f:A—>B0O g¢g:B—COO000000A—C (a—g(f(e)0000000
000 fO0 ¢gOO0OO00O0O (composite map) 000 go fO0DODOOO ¢gf 0000

00 f:A—-BO0O0O0O0O0O0ODO0OO0OOO beBOOOO f(a)=b000 ac A
000000000000000 f'()={a} 00000000 ') 0 ac ADD
00000000 B—A(B— () 000000000 fO0000 (inverse map)
000 fO000000O0O0O0O0OO ffoooog

fof=idg, flof=ida, (f)'=f

good

f+A—-BOOOOO CCcAQOODDOOODDODOOO COODODOOOO
g:C—=B(c— f(e)) DODDODODODODOO fO COOOO (restriction) 000 fle O
O0o00oobo0obOO0ooooooooo0 v+:C—=A0O f:A—-BODOODOO fouO
gog

01.33.00 f:Z—»Z000000000000000000000000000
(1) f000D00000000000O0

(2) f000D0000000000O0

3) 00000 f(0)=-100 f(1)=10000

0 1.34. |[Al<coOD0O0OODOOODO f:A—-ADQ0O0D0ODOODODOOOOOODOOO
gogd

(1) f00D0O0000O0

(2) fO000D0O0O0

(3) fO0O0O0D0OOO

0135 f:A-BOg:B—COO00000O00O
(1) gof0000D0O0D0OO ¢00ODODOO0O

(2) gof0000D0O0O0ODO fOO0D0OODOD

01.36. f:A—>B0 g:B—-AO0000 gofO fogOOOODODOODDODODODO
D000 fO0000000CO00C0O0O0O

0137 f:A>B0g¢g:B—»CO00000000O000O000O00 gofO0O0O
0000 (gof)'=flogl000D0OODODOO
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0138. f:A—-BUOODODOO CCcAQOUOOOfle00D0D0OD fOODODOOO
0000000 fO000000O fleODOOODOOOOOOOO

00 f:A—-BOOOO0O0O0O0O0O0O00000000eecADDO0O f(ao)eBO
0000000000 |Al<coODODDOD0O000 acADDOO0 fle)000000
00000 A={1,2,3}, B={a,b} 000

11213

alalb
O0000000f(1)=a, f(2)=a, f(3)=b000000000000000 f:A—B
ooooooo

0 1.39. [Al=m < o0, |Bl=n<oco000 AD0 BOOOOOO0O0O0000000
0000000000000000

1.4 0O00O00OO0OOOOO

AD0D0OOD ~00000 AxAD00O0O0OOOOOOOO ~0ADO (@O)0
O (binary relation) 0000 (a,b) e~ 000000 a~b000000000
A0DOO ~0O

(E1) [D00]000 acADDODOO a~a0OOOO

(E2) ODO00O]a~b000 b~aOODOO

(E3) [D0O0]a~b00 b~cO0D0O00 a~cODOOO
0000000000~ 0000 (equivalence row) 00000000~ 00000
(equivalence relation) D000 00O0ae~b 00000 «O b0 (~000D0)0O0OO

gooboobon
AOO0OOOO ~DaecAODDOO

Co={bcAlb~a}
00000000 « 000000 (equivalence class) 0000
00 14.1. AD0O0O0O0O0 ~000000O0O0O0C0CODOOOO
(1) ecC, 0000
(2)beC, 000 aeC, 0000

3) C,#£C, 000 C,NC,=00000
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0000 ~0000000C0D0D0DODOO000000 {C,|AeA}ODODOOOOO

A=|]JC, (\#p000 CNC,=0)

A€A

0000000 A0 ~0000000000 ¢,0000000 0, 000000 ay
0C,00000000{ax|AeA}000 A={J,,C, 000000000000
000000000000000000000000000000000000000
00000000000 AD0DOOO ~000000000 A4/~0000

0142. 01210 a=b(modn) 0000000 ZO00O0O0O0O0O0O0ODO00O0OOOO
gogbbbouooobbboooobbbuoooobn

0 14.3. 00000000 nODOOOODOODOO M,(R)yDODOOOCOODOO
A BeM,R) 00000000000 POOOOO B=P'APOOODOO A~B
00o0o0oooooooooD M,(R)OOOOD ~000000O0O0DOODODODOO

0 14.4. ABe M,(R)D00000O0O0DODODODO POOOODO B=APOOOOO
A~BOOOOOOOOODOO M,(R)OODOO ~O000COO0OOO0OO0OODO

0 145.00 f:A—-BO0O0O0O0O0OOOOOOD0ADODODO ~0O f(a)=f(ad)O
00 e~d 00000000D0OO00O0O0ODO ~O0D0D0OO0OODOOOODOOOODODOO
gobood

1.5 00000 Zorn OO0

<000 A0D0D0O00000<0O
(01) [D00]000 acADO0OD a<a0000

(02) [0000]a<bO00b<ae000 a=b0000
(03) [D00]e<bO00b<cO00 a<cO00O

000000000 <000 (order) 000D0O(A,<)00000 (ordered set) 0000
00 <0000000 A00OO0OODODODO0OD00OO00e<bOb>aO0O0O0DOO
Oae<bO000e#b0000e<bhbO00 a<bODOODOO

BO0O0O0ODO ADODDOOODOOODOOBUO AODOODDOODOODDOODO

0 151. ROOCOOOO0OO0OODO0O0O0O0OQ,z0 ROODODODODOODO ROO
ggbbobuoooobbooogn

0000 (A)0000000000 a,b0000e<b000 b<aeOO0O0O
O0000< 0000 (totally order)d (A, <) 000000 (totally ordered set) O O OO
(000000000 (partially order) 0000 0)

0 1.52. A00000 P(A)0000000000000O0O0O0P(A) O ADDOO
O (powerset) 0024000000000 P(A)00000000 cO000O0O
0D00000AO0O0O0O0O0O02000000000P(A) 00000000000
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(A,)000000000e<bO00 be ADDDOOOODODODOOOOO a<b,
be ADODO e=000000000acA0000 (maximal element) 0000b< a
000 be ADDDODOOOOae ADDOOD (minimal element) 0000000
be ADDDOD b<aUODO0OOOae ADDDODO (largest element) 00 OO0 OO0
be ADDDD «<b000000ae ADDDODO (smallest element) 000000
(0)0D0O0 (0)000000000000000000000 (0)0000000
goooog

0 1.5.3. 000 (0,1)0000000000000000000000 (0,1)000
(0)0O0O0O (0)00000000

0 1.54. 00000000000 ADOOOO P(A) 00000 S={X e P(A)|
X+#A}0000000000000000000000000acA0000 A—{a}
0 SO00000000000000008 ={XePA)|X+£0}00000000
a€eAD0D0D0D0 {¢}0 $0000000000000000

BOOOODO AODDODOUODOODOece AD BOOODODODOODOODOODO be B
b0 s<eOOOODOOODOOBOODOODOODOO BOOODOODODOD
OoDAO0O0ODOOOO0OODODDADOOOODOOOOOODOOOODODOOOODOD
gooo

00 1.5.5 (ZomOOO). ADODOOOOO0OOOOOOO AODODOOOOOOOOO

zom0O0OOOOO0OO0OOOOOOO0O000000000000000000000
00000000000000000000000000000000

0000 (A,<)00000 (wellorderedset) 000000AD0D000000OOO
000000000000000000000000000000000000000
00000000000000000

1.6 0OQOQOO

A0D0DDDOO000 f:AxA—>AOQ AQ (OD)000000f000 (a,0) 00
fla,b)0 abD a+b 000000 000000000000D0000 ab0000
D00000e+b0000000000000000 «+b000000

000 a,b,ce ADDDDO (ab)e=a(bc) 000000000000000000CO
oooooo

ab=ba 00000 «0 p000000000000000000000000O0
N00000000000000000000000000000000000000
0000000000000000000000

0000000000000000 ADOODOO0O000 abyce ADDDODO

a(b+c¢)=ab+ac, (a+0b)c=ac+ bc

gbobogobooobobooobbuoouoobooobbooobboooobood
goboboooobbboooobbobooooboboan
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01.6.1. (1) zZ000000000000000OO0OO0O0OOOODODODOOOOOOO
ooooooooboboobD QR COOobOoUobooboobooboboboo

(2) z0O0OODODODOOOOOOOOOOOOOOOOOOOOOOOOOOO

(3) n>20000000 ROODnO000D0O000O0O0ODO M,(R)ODODOOODOOOO
0000000000000 00O0000ooooooooooooog M,(R)
gogboboboooobboboooobobboodon

A0D0000000 f:AxA—»ADODOODOOOOOOOOOOOOOOOO
000 (a,b) e AxADDODOO f(a,b) e ADDDODOO0D0O00000D |4| < oo O
000000000000000000000000000000000000000
A={a,b,c} 000

00 f(bya)=cO00000000D0ODO0OODOOOOOODODODOOODODOOOOOO
gobboooboobooobbooobboooobbuooobboobbooobboo
gogbobobooodgbbob

U l1e2. 000O0O0OO0OO0O0OOODDODOOOOODLDODODOOOOOUODbDObODbDOOOn
gogoood

1.7 OoOooooon

000000 AQODOUOODOO (COO0ODO0O0O0OO0)0D000ooOoooOon (ab)e=
albc) 0 ODOO0ODODOOOOO AOOO (semigroup) 0O OO

00 AO 2000 ay,ag,-+-,a, 0000 ((--- ((ara2)as) - -+ )an—1)an, O aras---ay
godbobobbboob3soooooooooobbbbbbbbooooooogoo
gooobooobboobobboobobuoobobuoobou souobboobobo
goooon

00 1.71 (00D000000ODO). 00 ADRO0OODODOOCOOOOODODOOO
ggbbobuooobobboooobbobuoooobboooon

O0. nO000000000000O0n<30000000O0n>400n—1000
O00000000oO000o0o00o0o0o0b000n0 Xyooooooox o -roooo
Oo0YOn—rO0O0Q00000O0O0O0OO
r=n—1000000000000 X =aas---a,, 00000 XY =aias---a,
oooo
r<n-—-2000000000000 X =aay---a, Y =a, 1042 -a, 0000
Oo00oooooooooooa

XY = (aaz2---a;)(@ri10r42 0 an) = (@102 ) ((@r41@rp2 -+ - Gno1)an)
= ((alaQ tet ar)(ar+1ar+2 e 'an—l))an = (a1a2 ce an—1>an

= a1G2-::0apn—10n
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gooo U

00 ADQOOODOODOO eb=be0000000O0ADDODOOODODODODOOO
gbbuddnbbO00oobbOoobbuogbbuooobbuooobboobbood
gooobod

OO0 ADO e00000 ac A0OO0O0ee=ea=a 00000000000
O000 ed AODOODO (identity element) 0000000000000 O0OCOOOO
(monoid) 00 OO

0172 (1) NOOOOOOD (D0)00000000 100000000000
gbboogo

(2) N—{1}000000000000000000000000

(3) zOOOOOOO (00)00000000000000000000000000
(4 NODOOOOOOOOOOOOO00000000000

00 1.7.3.000000000000000000

O00.e 0000000000000 0e0000000 ¢ =e/ 000000 €0
O0D00000D0 e=e/ 0000000 e=d0000000000ODOODO0OO0O O

0000000000000 0 ADODDOODOODOOODO 1000 1,000000
000000000000000O000000O0OO0 0000 0,000DO((mDODODOO
gttt ogdgggobooooooooooooood
gl bbob 1,000 oooooaaad
gugogdogoooogooooboodouuuuouyuduyyydyUuUUUUyg 4
0000000000 1000000000o0ooo0)

0000 AD0O « 0000 nO0000a=14,a"=a"t« 0000060 al
n O (a to the n-th power) 0 0 00O

0 1.74. 0000 AQUODOODOODOUOOUOOOOODOODOODOODOOO ae AD
mneNDODOOOOOOOOO

(1) ama = am+n
@) (@ =am
(3) ab=ba OO0 (ab)™ = a™b™

01.75. 00 XOO0OOODOXX0O X000 XO00OO0OOOooOOooOoooooooo
o,7€ XX 00000000 or0 (o7)(z)=0(r(x)) 0000 (cr=0c0o7000)00
000 X¥O0O000OO0O0O0OO0000000000 idy 0000

AODD0O00DODOwe ADDOOD w/=vu=1000J € AD000000
0«0 ADD0D0000000000 (wmit)JOODODODOOOOOOOO &0 w00
O (inverse element) 00 00O
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00 1.76. 0000 AODODOD «0OO0O0DOOODOOOOO

O0.J,w" 000000000000
ulzull:u'(uu"):(u’u)u”:lu”:u"

goon

000 w0000« ' 000000000 () '=w0000

01.7.7.0000 AO0OODO 1,00000 (14 t'=1,0000

0 1.7.8. uj,ue,---,u, JODODDOO0O0DODOOO0O0D0OO wue---uw, JOOODO

(g up) t=u, w00 0000000O
w 00000 AODO0OO0O0O0D0OO0O0O0 neNODODOO
u =1y w = (u )"

goooogooboooo mnezZzOO00O0O00ODOODO

01.79.0000 X*¥ (0 1.7500)00000ceX¥0000000000000

gboobgoboboboboboboobod






Chapter 2

[]

2.1 O0OO0OOOO

000000000000000000 (group) 00O0D0DDOO0O0DOOOOOOODOOO
oo Guo

(G1) [DDO0O0] 000 a,b,ce GOOODO a(be) = (ab)e 0000

(G2) [D0O0O000]00 eeGOOOOOO0DOOO0 aeO00O0O0ea=0ae=al
0000000 eO 1g0O0O0DOO)

(G3) [D0DDO0]|000 «aeGOOO0O0DODN beGOO000ab=ba=e00O
00@O000 b0 et 0000)

goboobobo0oob o0bobooboooo0boooobooboooooooDo
goooooooboboobooboooobob qooobooog

(G4) [DOOO)000 a,beGUOOOO ab=ba 0O0O0O

0000000 GOo0O0O000 (abelian group) D 000000 (commutative group)
goon

00 2.1.1.0 GOODOOOOODOOO

(1) [0000]Jar=ay 000 2=y 000000 za=ya 000 2=y 0000
2) f:G—G(x—21)00000000

3) e GOOD0OOOOO

go : G—=G (xr— za)
he : G—=G (v~ ax)
ke : G—=G (v a'za)

gbooobooooboon

17
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00. (Naz=ay00000000000 ¢ '00002=¢y000000000000
2) (z ) '=200 f2=id¢ 000 fO00000000(3) g0 gat = ga—10ga = idg
000 ¢ 0000000000000000 O

00 2.1.2.0 GO0O000O0O0O0»eGO 22=100000000G00O0000
gooo

00. 000 2€GO0000 2*=100 z'=20000000000 ¢beG00
00 (ab)'=ab 000000 (ab)'=bla'=be 00000 ab=ba 0000 O

0213 Q'=0Q0-{0}00000000 Q00000000000000000O0
10eeQ*0000 1/e0000R=R—{0},C:=C—-{0} 00000000

0214. (1) QUOO0O0OO0OO0O0OO0OOOOOOOOOOOOOOOOOOOO0OO
gbobobouoogon

(2) Z*=7-{0}000000000000000000000000000 200
0000000000

o0 215 MOOODOODOO UO MOOODOOooOooOoooboobooob o M
goboboogon

O0.ae,becU U000 e 000000 UDOOOOO0OOO0O 1ev OO vULOO
0000000eeU 000 «te00000UDODOOOO [l

00000 U0 UM)0D000 MOOOO (unit group) 0000

0 2.1.6. (1) QDO00O0O0D0O0000O0O0O00000000 UQ)=qQ=Q-/{0}
0000

(2) Z0OOO0O0O00000000000000000U((Z)={-1,1}0000

0 2.1.7(000). 0000 X¥ (0 1750000000000 UXX)0 X000
00 (symmetric group) 1000000 S(X)0000000008(X)000 X0O0O
X00O0O0O00O0O00O X 0000 (permutation) 00 0000000000000

s0020=( 0 )

000000000 |X|=nOOOOX={1,2,---,n}00000000ODODODOOO
0000000 S(X)0 S, 00000000 ~00000000S,000 n000
gooon

0 218. 30000 Ss0000000000O00D0ODOOO

(1 3> (1 23) (1 3)

1 3 ) 1 32 ) 2 3 )’

S = 1 3
)

W NN DO
—
~_
VRS
W =
— DD
N W
~
VR
LW =
N DN = DN
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ggbbooboggbbobod

123\/123) (123
31 2)\132)7\321

ggbobobuooodgboobo 1o0dbb 1-1=300000000000000

000000
123\ _(231) (123
231) ~\123)7\312

goboooboobbooobbuobobooobbuoobobboobuoobboo
ggooood

0219 500000000

0 21.10.»>3000 65, 000000000000000000 o1 #7000
o,reS,0000000O0OO0OO0OO

0O GOOOOO|G <0000 GOOODO (finite group) 000000 |G| = 0
000 GOOO0O0 (infinite group) OO0 OO|G] < oo OO0 |G| O GOOO (order)
good

0 2111.n0000 5, 0000000000000

0 2.1.12 (0000O0). ROOOOOO »n 000000000 M(nR) 0000
MnR)000O00O0O0OOODOOOOO0O0DO0DODODOOOOOODODODODOODOOOOO
RO »nO000O0O000O (general linear group) 000 GL(n,R) D000 M(n,R) 00O
00000000000000 GL(»R)OOODODDODOOOOOOOOGL(n,R) OO
goooon

GL(n,Q), GL(n,C) 0000000

(0000 M,(R),GL,(Ry0O0OD0ODO0DO)

0 21.13.n>2000 GL(»,R) 000000000 ODODOOCOOO

0 21.14. A000000DOOOO0O0ODOO0OO0DOOOOODOOOOUODOO 0 2,y,2€ A
0000 22=y2 000 x=y000000000DO00O0DOO0 AODDODODOODOO
o000 A0DOO00OOO0O0OO0O0O00oO00O0oO0OO0O0oDOoOoDOODOODO
goon

2.2 00O

O 000000000000 O0DOO00OOoOoOoOoDbO0oOoOOOOoOoOoDbD GO
00 (additive group)D0 0000000000000 OOOOOOOO 0000 0g
godudd e000O0 -« O0OOO0OOODDODODODOOOOOOOOOOOO0O00
ggn

(A1) [0000]000 a,bceGOOOD0 a+(b+c)=(a+b+c0000
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(A2) [00D0O00]000eGOO00000000 ¢eGOO000+a=a+0=a
0000

(A3) [00000]000 aeGOOOOOOObeGOO000a+b=b+a=0
0000([@O0000 b0 —a0000)

(A4) [0000] 000 a,beGOOO0 a+b=b+a0000
00 GOOOO a+(-b)0 a—b0000
0221.7Z QR CO (000000000)000000000NOOOOOOOO

neNOOOOOODO GO0 «e0n0000D000 neDOOOD0OO —alO nO
Oboob0bd —me OOOO0ODO Oe=000000000000000 mezUODODO
OmeO000O0D00ODOOOODOOOOa,beG,mnezd000

(—m)a=m(—a)=—(mae) 000000 (-l)a=-a0000

(m+n)a =ma+ na

3

(na) = (mn)a

000 (2),(3), @) 000000000000000000000000000C0

2.3 OO0

0 GO000000000 HO

(Bl) a,bc HOOO abe HOOOO

(B2) ac HOOO o 'e HOOOO
0000000HO GOO0O0O0 (subgroup) 0000

00 2.3.1.0 GOOOOO0OO0OO0OOO0 FOOOOOOOO0O0O0000
() HO GOoO0o0o0oo0oooon

(2) HO GO0O0O0O0O0OOOOOOO

(3) a,be HOODO ab ' e HODODODO

00. (1)= (2)HO0 GOO0000OO0O(BL) OO0 a,be HOOO abe HOODODO
0GOO000 HOOOOOOOOOOO0O0O0OO0 ¢GO000000 HOOOOoooo
00 HOOODOODOOOOO «00000000 (B2)00 ¢'eHOODOOOOO
0lg=a '€ HOODO 10 HOODOOOOOOODOOO(B2)OOOOO000OO
00000000
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(2)= (3) 0000000000000

3)= (1) HOOOOOOO ecHOOOO l=ae e HOOOOOOO ac H
D0000000 1leHOOe'=1ec'e HOOODOOOO (B2)D0OO0OOOO
0000 a,be HOOOO(B2) OO b'e HOODDDOOOOO ab=a(b) e H
000 (B)OODOOOO 0

00 23.2. HHKOOO 000000000 HNnKO GOOODODOOOO

00.abe HNKOOOOab e HNKOOOOOOOaee H,be HOODODODO
HOOOOOOODOOOOO b 'le HO0OO00OO0OO0 KODOOOOOOOOOOO
able KOODOOOOO ab'e HNKOOOO O

O GcO00000 A BOOOO

AB = {abla€ A, be B}
A = {at|ac A}

0000000 B={b} 00000 A{b}0 AVODOOODKLADDOOODOOO
Ab={ab|a € A}, bA={ba|ac A}
0 233. 0 GO00OO0O0O0O0O0O A B,CO0D00O0ODOODOOODOODOO
(1) A(BC) = (AB)C
(2) (A7) =A
(3) (AB)™* = B1A™!
0 234.0 GOOODOOOODOOOOO HOOODDODOODOOOOOOoOoooOOoooo
() HO 00000000
(2) HHCHOO H'CcH
(3) HH™'Cc H
0 235. HOO GO0OO0ODOOOOOO
HH=HH'=H'=H
gooooooooooo

O00.00000000000000000000000000 HH'=100000
00000 ([@Ooooooooooooog)

00 236.0 GOO00O0O0O0O0O0O0O0OO0 HOOOODO|H|<ccOO HHCHO
OO0 HO GODO0OO0OOOO
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O0. he HOOOO e HOOOODODUOOHHCHOO RPeHOODOOOOO
ooboooobobbneNOOOO AMreHUOOODOAODOOOOOODOOOOO
o0 A 000000000000 0O00000 mneNm<nUOOOOO A™=hA"
ooooooooobobooboobD prmm=10000n—-—m=1000 1=he H
O000AhA'=1e HOOOOn-m>0000 n—-m-1<000000000
ht=hmle HOOOO O

00 23.7. HKOO GOO00000000000O0O00O
() HKO ¢00000000000000000 HK=KHOOOO
(2) L0 HOODO GO0D00000000 (HK)NL=HKNL)0OOO

00. (1) HK O ¢G000000000000000 (HK)™'=HK 000000
H'=H K'=K000 (HK) =K 'H'=KHO00O0OO HK = KH [
0oo

00 HK =KHOOOOOOOODOO (HK)(HK) ' =HKK'H'=HKKH =
HHKK =HKOOOOOHKO GO0000000

(2)z e HKNLOOOOze HKOO he HO ke KOOOODO z=hk OO
D0ze L0000 he HCLOOOOOk=h'2elL 0000000 keKNL
D00z=hke HKNL)ODOOOOOOO (HK)NLC H(KNL)OOOO

yeHKNL)OODOOOO heHO ke KNLOODODOO y=hkOO0OODOODO
00 y=hke HKOOOOhe HCLOOOODO y=hke LOODOOOODOO
ye HKNLOODO HKNL)CHKNLOOOO

00000 (HK)NL=H(KNL)0OOO0OOO 0

0 GO000GOOD {1}0 GO0O000000{1}0 GOOOO0000 (trivial
subgroup) 0000000000 OO0 100000000000 GOOO0O0ODOO
00000 (proper subgroup) 0000

SO0 GGO0O000ooooa

niy, na

a;"tax™ - -a,"  (a; € S;n; € Z,r € N)

00000000000 UU0000D0O00O0O (S)Yoooosooooooo
00 (subgroup generated by S) 00 0OO0S 00000 {sy,---,s} 00000 (S) O
(s1--+,8) 00000

00 S={a} 000

<a> :{an ‘ nEZ}:{ ,CL_2,CL_1,1,CL,CL2,"'}

0000000 «000000000 (cyclicgroup) D00 « 000000 (generater)
0000000 () D0000 000 (order) D00 ofa) 0000

0238 (S)00000000O0O0O0OO

00 2.39.000 (¢ D0O0O0O0DOOODODOO
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(1) em=1000 meNOOOOOO (e OODOO0ODOOOODOe™ =1000
meNOOOOOOODDOO nO0000 n=90(e) 00000000000

(i) am=1<=n|m
(i) (a) = {l,a,a?---,¢" '} 0000000000000000000O

(2) () 0OODOO0O000OO

-2 —1 2
,a o, a 717a7a’7”'

00000000 () DO0O0ODODOOOOOO

00. ()00 e»=1000 meNOODOOODOOOODO ()a™=1<=n|m0O
000
a"=10000 m=ng+r,0<r<n00 ¢reZ0000000000

0000000000 »=000000002|mO0000n|mO00000000
00d o™= (@)™ =10000

()00 {(a) ={1,a,¢%---,a»}000000000D00000O0DODOO0OOO
00000000<i<j<nO0000d=d 0000d¢d " =1,0<j—i<nO00
n00000000000000D0D0O00D0D000 ofa)=|{a)=n0000

(2) ---,a%a " 1,a,6?--- 00000000000000004<j (i,j €7Z) 0O
000 ¢=¢ 000000000000 & *=1,0<j—-4i000 () 000000
O00000000000000000000 O

2.4 00O

HOD OOOOOOOOGOO000 ~0O00eHA=0bHOOO a~b0000000O0
o0 ~0 dO0O0O0DO00OO0OO0ODO0ODOO0

OO00000 eeGUOOOO aH=aHd O0OO0OO a~a 000000 a~b0
O00oO00o0oodfd eH=0HOOOUODO DH=aH O b~aO000O0O0OOa~b00
b~cUOO0OOO0OO eH=0H=cHDOOUOOO e~cO00000D00O0 ~0O0000O0O
goon

00 24.1. HOO OU0O0O0 HODOOOe,beGUOOOOODODODODOODOO
(1) a~b (0000 aH =bH)

(2) beaH

(3) a € bH

(4) a'be H
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00. (1) = (2)b=blebH =aH 0000

()z#BMEaHDDDDDDDheHDDDDDb=MDDDDDDDD
hleHOOOOOa=0bhtebHOOOO
— (4)acbHO0D0DO00O0 Re HOODOO e=0b00000000

)
—hleHOOOO
)= ()00 he HOOOOO ¢« %=hA00000000 a=bh"!,b=ah0
ooooooo

000 e HOOOO ahy =bh*hy € bH 00000 o CbH O0O00O0O00O0
00 hy e HOODODO bhy =ahhy e cHOODDOO BH CeH 0000000000
oH=bH OODODO O

(3
1
(4

Ooo0oboobUd ~0 He=HbOOOOOODODODOODOO

aHO HOOOOO (leftcoset) 000000 0O0O00OO0OO G/HOOOOOO
0 HeO HOOOODO (right coset) 00000000000 OOO H\GOOOO

~O0o0b0ooooobobooogboboooobbbuooobobobog

G = UCLZ

obooobg

U 2.4.2.G:UielaiHDDDDDDDDDDDDDDDDDDG:UiGIHaflDD
gbobbooogbobboooobboboooooooo

0 24.3. 30000 Ss0000085 000

123 123 123
7=\ 23)’92 132) & (2 13)’

123 123 123
o= ( 2 3 1 ) B ( 31 2 ) 6= ( 32 1 )

0000
H={p)={g,¢}00000000000000

gH = g.H= {91792}
g3 H gaH = {93;94}
gsH = geH = {g5,96}

gboboboogobood

Hgy = Hgy, = {91;92}
Hgs = Hgs= {93795}
Hgs = Hgs= {94, 96}

gobobooggobobuogoobobboooobboboooobbbooooooboobo
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K={g)={g1,04,9s} 00000000000000

aK = gK=gK= {91794795}
@K = ¢K =gsK ={92,93, 96}

gogoooobon

Kg = Kgi=Kgs= {01,094, 95}
Kgo = Kgs=Kgs = {92,093, 96}

ggbbbuogogbbobuoooobbbuoooobbbouooobobbbouooobobn

Oob0ooobooobob0 Foooooooboooooooboooobooboobooon
oooobobobodbUded =HaOOOO eeGUOOODOOOOOOOHD GO
00000 (normal subgroup) 000000 GUOOO0O000ODOOOOOOODOODOO
gobooogd

0 24.4.GOO0D0D0O0 HOODOOOOOOOOOOO ¢€eGOO00 |aH|=|H]|
0000000000000000000000 |G:H|00000|G|=|G: H|H|
000000000(000 Lagrange 000000000 |G:H| O GO0O000O H
000 (index) 00000000000000000000000O0)

0 245.GO0O00000OD0z e GLOUOOO 20000 |G|ODODOOOOODOOO
000000000 GOOO000 0000 ¢ =1000000000000

2.5 00O

GOOOO NOOOOODODDOOOOO0O0O0O000000 eeGO0O00 aN = Na
go0oOo0oOOO0OOO00U0UOooUooUoOooooDOoOOOOOOODOOOO G/NOO
gooooooooonon

(aN)(bN) = (ab)N

gbooboobooboobobobobo

0000 eN=dNDOOO ¢ eG00000000000000 ¢ 00
0000D0000000000000000 (00)0000000000
000000000000000000000000000 aN=dNOO
PN =YNOOOODOOO ()N = ()N DD0O0D0O0O0O0000000

aN =N OO BN =0VNODOODOOOODODO ni,ne € NOOOOO & = ang,
V=0, 000000 bDN=NbOOOOOO nge NOODODOO mb=btn; 0000
goooogad
a't = anibny = abnzny € (ab)N

000 (@¥)N=()NOOODODODD00000000000000000
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D0000000000000D0D000000D0000000
(IN)(aN) = (aN)(IN) =aN, (aN)(a 'N)=(a"*N)(aN)=1N

000000000 G/NOOOO0OOOO0OD INOODOOO0O0ooooooOaeN OO
00 «'NODODODODOOOO GO NOOOOOO (factor group) 0000000 ODO
O0000000oooooo G/NODOOO

0 251.20000000reNOOOODOOOORO000000000 ()0 nO
obooboobooobbod nZz0000eczZzU00 nZ0000000

a+nZ={a+nl|lecl}
oooooo {o,1,---,n—1} 000000000000 0CO0OOODOOOOOO
Z/nZ ={0+nZ, 1+nZ,---, (n—1)+nZ}
gobobooooobooo
(345Z) + (4+5Z)=T7+5Z=2+57

gooobogd
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HEEEN

3.1 OOO0

00 ROODODDODOODODODODODODDDODOODOOOORODO (ring) DO0DODODO
(R1) ROODODDODDODODODODDOOOO
(R2) ROODDOODOODOOOOOOO

(R3) [00DO0O]000 a,b,ce ROOODO a(b+c¢) =ab+ac, (a+b)c=ac+bc 00
goog

000000000000
(R4) [D0OO0OO0] 000000000 1x+#0)000000

0000000O0ROOOOODOOOOOOO
(R1), (R2), (R3) 0000O000OO

(R5) [0000]000 a,be RODODO ab=ba 000000

00000000 ROOODO (commutative ring) 00 OO
O ROODODOODOODO0ODOODOOODOOOOD OpDD0OODRODOODODOO
gbooboobobboboobooboobuob1bbo 10000

0 3.1.1.0 ROOUOUOO 20000 0z=20=0000000000(00O0O00 R
boboboobo ogpbO0Ob000zezOOODLDODLOOOOOOOOODODOO
00D Oz 0 0z O0O0OO0OOODODDOODO)

ROOOOOODODDODOODODODRUOODDOODODODOODOODODDODDODODODOOOO
UR)DDODDODDOUR OO ROOOO (uitgroup) 00O0O0DOO0O0O ROODO
0000000 (uit) 0000 (0000000000000 OOOOOODOOOOO
oooooo)

0000000 ROODOOD0O0ODO0D0O0O0ODO0O0DOO00OD0OOOD ROOO (skew
field, division ring) 0000000000000 (fieldD00O0O0O0OO (commutative
field) 0O OO

27
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0 3.1.2(00). 000000 «00D0000 a+a=a,ea=a000000000
gbobboooobbbogoboboobobbboooobobboo

0 3.1.3(00000).Zz000000000O0OCOO0O000O0D0DOODODOOOOOO
0000 (rational integer ring) 00 OO

0314 (00000000000 0OO). QR COO0O0O0O0OOOODODOOODODOO
0000000000 (rational number field)0 000 (real number field) 00 00O
(complex number field) 00 00O

0 3.1.5(0000). RO (00000OO0O0O0)00000RO0OOOOO0OO nO0O0O
N0000000000000000000 RO 2000000 (full matrix ring) O
00 M(n,R)O0DO00O M,(R)OOOOROOOOOOOO M(n,R)OODOO0O000OO

RODOUOUOO0#ae€ RO ROOOODO (left zero divisor) 00O DODODOODO
0#be ROODDOODO «b=00000000000000#ee RO ROODOOO
(right zero divisor) 00000000 0#b€ ROODOOO ba=0000000000
000 (O)oOoOooOoODOOoOoOoOoOooooo

00 3.1.6. 0000000 ROOOUOODOO (0D)OOODOODOODODOO ROODOOO
0O RODO (0)O0OODOOODOOOO

O0.«0000000000000D0D0000O0O0O0DO0OO0O#AbeROOOO0O ab=0
ooooooon
b=1b=atab=a"'0=0

OoObs£0000000 [l

rROODODODOODOODLOO eOOO0ODODOODODOODODODOODODODOD
0000000000000 000000000 «000O000O (zerodivisor) D000

000000000 ROODO (integral domain) 000000 ROOOOOOOO
obooboon

0 3.1.7.0000000000O0DO0O0DO zOoOOoooooooboooo

O 318 A0000O00O0DOOU0OOODLDOOOOOOODOODLUDOO AODDUoooo
gobooo

0 3.19.00000 ZzOoOOOOO M(n,Z)yDOOOOODOODOOOOOOODOO

UgbbbbbDU0aer =y U000 z=yU000000DOOO0O0O0O0O0O0O0OOO
OO000DO00O000000DO0b0bD e#00000000000ODO0ODODODOO

00 3.1.10. ROODODOOOO0#a€R, 2,y c ROOOD ar=ay 000 2=y 0O
000

O0.ar=ay0000a(z—y)=00000e#4#00000000000000O0OO
bbb z—y=00000000 z=y 00 [

0 3.1.11. 0000 CO00000 M2,C)00ar=ay 0000 24y00000
oboobog
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3.2 U0O0OUOO0OUOoboooooon

neNn>2000000000000000 e,bez0DO00D0D00O ezO0OD
00 a—b=n/00000a¢=b(modn) 00000000 (O 1.21)0000000
ggbbobuoooobbbd etdogoboo

a+nZ={beZla=b (modn)}={a+nl|lecZ}
gogoooooobobobbooooo
Z/nZ ={0+nZ, 1+nZ, ---, (n—1)+nZ}
00000 2510 Z/nZ000 Z20O00O0OD0OD0 nZ200000O0O0O
(a +nZ)+ (b+nZ) = (a+b)+nZ
ggouoobbobbbbbooooooououooono
(a +nZ)(b+ nZ) = ab+ nZ

0 Z/nZ00000000000000000ODODOOO
a+nZ=d+nZ,b+nZ=V+nZ 000000 (VezZDODOO0O o =a+nt,
V=b+n¢ 00000000

a't = (a+nl)(b+nl") =ab+n(al +bl +nll') € ab+ nZ

00000 &b +nZ=ab+nz00000000000O0O00OODOO
Z/nZz00000000000000 1+2Z200000000000000000
000000000000 00000000000D00O000O00 Z/nZz00O0O0O0O
00000000000000 nO000000O0O00 a+nZeZ/nZ0 a00000
00000Z/pz00000000O0ODODDOCODOO

0 3.2.1.7Z/92000000000000000000C0O0O0O0O0OO

0123456738
0({0 00 0OO0O0O0OO0O0
110 1 2 3 45 6 78
2/0 246 81357
310 36 036 0 36
410 4 8 3 726 15
5(0 516 27 3 8 4
6/0 6 306 306 3
710753186 4 2
810 8 76 543 21

g l1gggooobobobbobtoduddud ogooooooooooobbobo

gogbobobuooooboboooobon
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gbobobooogbbobuoooobobbooon

00 3.2.2. a,beNOOODOged(a,b)=d 000000000 z,yecZODOO0ODO
axr +by =d
oood

O0.e>b000000000000000OOOOOOOOOOOD=1000
ged(a,b)=102=0,y=10000000b>10000

a=bg+r, 0<r<b

b gqrezZUO000000

ged(a,b) = ged(h,r) D0O0DO0O0DO0d | b 00000000 d|a000 d |
a—bg=r000000d|r000d|bg+r=a0000000 d0 @,b00000
000006 r0000000000000O0O0O00000O0 ged(a,b) = ged(b,r) O
gooadad

r=0000 ged(a,b) =ged(h,0)=b02=0,y=10000000

d=gcd(e,b) 00000 <rO0000 b>r000 br0000000000O0OO
00000000 2y ezO00000 b+ry=d00000000

d="bx'+ry =bx' + (a —bq)y' = ay’ + b(2' — qy)
00000 xz=y,y=2—q/ 0000000 ]
000000000000 Z/nZ0O0O0O0O0O0O0000oooooo

00 3.23.¢+nZ0 Z/nZ0000000000000000 ged(a,n)=1000
gbobobouoooon

U(Z/nZ) = {a+ nZ | ged(a,n) = 1}
godgd

00. ged(a,n) =1 0000000000 32200000 2,y € 200000 az+ny =
1000000000 n000000000 az=1000a&0000000
000000000000 beZ00000ab=1000000000 ¢€Z0O
O000a—-1=n/ 00000000 1=ab—n/ 00000000000 ged(a,n)
000000000000 10 ged(e,n) 00000 ged(a,n)=10000 O

00 z/nZ 00000000000
00 324.0#4a€Z/mZ0000000000000000
() a00000000

(2) a00000000
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(3) ged(a,n) >1 0000

00. (2)«= (3)000 32300000000000000000000 (1) = (2)
ooooong

(3) = (1) ged(a,n) =d>100000000 n=d/0000 1</{<nO0000
a=dd 0000 /(4£00000al=¢dn"=00000000 ¢00000000 O

00 3.25.Z/,Z0000000000000000
(1) Z/nz 000000

(2) Z/nZz 0000000

(3) n0000000

00. 000000 (1)< (2)000000

3)= (1) 0000000000 1<a<nO0000ged(a,n)=100000
a000000 z/,nzZO000000

(1) = (3)Z/nZ 000000000 1<a<n0000ged(a,n)=100000
000 0000000 0

0 3.26. 0000 My(zZ/2z)OOOOODODOOOOOOOOOOODOoOOOO

3.3 Ugn

ROODODODOORODODODOO SO ROOOO (subring) 00O0ODO

e abecSOO0Oa—-be S, abecSOOOMO
oo0ooooooooSO ROOOOOODOO SOoOoO ooooon
03.31.Z0 C,RQUODOOONODO
0 3.3.2. R=M(n,R) 0000

aip G2 - QAin

. . Qg -+ Q2p
S:{<(Iij)€R|Z>jDDD CL,'j:O}: . . a/ijER

0 Ann

0000 SO ROODOOO000000O0O0O0O00
A=(ay),B=(y;)e SO0000A-BeSOO0000OOOO ABeSOOODO

D0O0AB=(c;) 0000
Cij = Z it b
k=1

0000i>;j0000i>k000 a3, =00 k>, 000 b; =00000000
i<k<jO00000 aghy; #0000000i>j 0000000000 AOOOO
aixbr; =0 000 ¢; =00000000 ABeSOO000O
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OoooOo Ssbooboobobooobooboboobooboobooooboooboooo
obooboboobooooboobobooboobbh ROOODOODDOODO
ROODODOOOOOOODOOOOOODOOOOOOOODODOODODOD SOoOO
gbbuogbboodubbuoobboobbodobbobbooobboobbood
gbbodgbbugobobobbooobbuoobbuooobboobboobobood
gboboboooobbbooooboboo

0 333.000 zZ/6Z20000000O S={0,24}000000000 SO0O0OO
0000z/6Zz0000 1000080000 400000000000000000
gboboboobooboobd

0 3.34. R=M(2,R) 00000

O ROODODODOOODOOODOO

3.4 UOU0OUOOOOO

0 GO00000000 NOOOOOOOO G/NOOOOOOoOOoOooooooooo
0RO ‘00000000000 IDDODOOOOOO R/IODODODDODODOODOOO
gbobobobooboo robgooboboboboobooboobon

gbboodbobbooboboooboobuoobbuoobboooobon
gboogobogbbuogbbobogbooobooboboobobogn
gbobodbuogobooooobboobbuooboboooboobbon
gboboboboobooboobooboobobboo

O00OR/I0D000DO0O0O0DOOD0OOOOOOOOOOODO a,beROODODODOO
Oae~b0Oa—-bel/0000DO00O0O0O0~O0OO00ODODOOOOOODODODO

e 100 e RUODUOUO a~aeUDODOODOOOO=a—ael0000O0ODOOO

e Ja~b0O00 b~ad00O0O00OO00O0OO0Oa—-bel000 —(a—b)=b—ac€ IO
OO0Oo0oboOobobo0obo0bo0obtdbbeel 000 —eaelDDOOOOOO
goooo

edan~bb~cO00 a~c000000000a—-bel,b—celOO0O
(a—b)+(b—c)=a—cel000000000000000O0O00OOGE€E I,
belOODO a+bel0000000O000OO0

0000 ~00000000000 70 ROOO0O0D0D00000000000000
0000000000 R/I={r+I|reR}0000000
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I0 ROODDODOOODOR/IDOOUOOOO
(s+D)+(t+1) = (s+t)+1
(s+1)(t+1) = st+1

gobooboboobobooobbuoooboooobbuoooooobbuooboboo
gboobgobobboboobuoobooboobobbobooboon

e s+I=5+1t+1=¢+10000st+ =5 +100000000000
00004/ elDD0O00 §=s+4,t'/=t+7/ 00000000

St = (s+1i)(t+14) = st+ it + si’ + i’

O0D00:=00000 &« €1 0000000000¢=000004telOO
gboboboboboobobobouobooobobuobOobddseRiel 0O
ssel0000te R, el 000 e 00D 0O0O0OO0OOOOOODOOOO

D0000R/I00000000000000000000
(I1) a,be 1000 a—bel 000D

(I2) sec R, icI000 sicI 0000

(I3) se R, icI000isel 0000

000000000000000000000000000000000000000
00000000000 R/ 000000000 RO 1000000 (factor ring) O
000000000 /0 ROOOOO (ideal) D0D00O(I1), (I2) 000000 700
0000 (leftideal) 00000O(I1), (I3) 000000 7000000 (right ideal) O
00000000000 (0)000000000000000000 (two-sided ideal)
00000

00000000000000000000000000000000000000
0000000000

0341.neNOODOnZ={n/|¢cZ}0Z00000000000000O(00
0000000 Z/xz0o0o0o0)
beR}

0 3.4.2.
a b 0 b
R_{<O c) a,b,cER}, I—{(O O)
gboog 70 ROODODODOODOODOODOO

0 ROOODODOROOD {0g}0 ROOOOOODOODOOOD RODDOOOO
O (trivial ideal) 0 0 OO

0 343. 0000000 ROUDDUOODLO I10b00b0I=RUOODOODOO 151
gogbbobooobobobooooboo

0 344. ROOOOOD e ROO0OOaR={ar|reR}0 ROOOODOOODOO
0000000 RO «0000O0O0O0O0O0O0O0O (principal ideal) D0 00)

0 3.4.5. ROODODOOOOOO ac ROODOO{rar |m,m,e R} 0 ROOOOO
ododoododododod egooooooobooooooooooooood
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3.5 QOO
ROOOOODODDODDRUOUODUOUOUOUOUUOUODL U
flz)=ap+a1x+ - +a,z" (a; € R)

020000 ROOOOO (polynomial) 0000 f(z) 000 fO000002z000
0 (indeterminate) 000000000000 0000 ROODOOODODOOOOO
Rz} 0000

Rz] 0000000000000000C0O0D0O000000000000000

@) =ao+ax+ - +ap2", glx)=by+bx+--+bua™

gooo
¢

f(x) +g(@) = (a; +b)a’

1=0

0000000 =max(n,m) 0000000000000 0O0OOOOOOOO

n+m

f@gle) = aa®, o= Y ab

i+j=k

0000000000 Rx|OOD0ODOO0OOO0OOOD 20000 ROOOOOO (poly-
nomial ring) 00 00
flx)=a+ax+---+a,2" 0000 a,#400000n0 f(x) D00 (degree) O
00 deg f(z) D00 deg f 000D f(z) =0 0000000000 deg0= —o0 00
OO000D0 dbO000 d=—-oco 0000 —0c0<d, —00o+d=—0co 0000
0000 ROOOOOOO f(z), g(z) € Rlz] 0000

deg(f +9) < max(degf, degg)
deg(fg) = degf +degyg

00000000 f(z)#£0,g9(x) #0000 f(z)g(z) #00000R[z)]0000000
deg f(z) =0000 f(z)0000 f(z)=00 ROOOODOOOODOOOOOOO
0 RCR[z00000

0 3.5.1. 00000 RO deg(fg) <degf+degg DODODODODO f(x),9(x) € Rlz| O
gooooooood

00 3.5.2. ROOOOODOOf(x), g(z) €Rz)] 0000 g(x) 00000000 RO
000000000000 ¢(z), r(z) € Rz]00000

f(z) = g(z)q(x) +r(x), degr <degg

obooboobon
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O0. flx) =ag+ax+---+az”, g(x) =bg+ bz +---+ b,z 000000 ¢x),
r(z) D000 n=degf 0000000000Og(x)#000000 degg>000
O0n=—-0co0000 n<mOO0O0O0 ¢x)=0,r(z)=9¢g(zx) 0000000n>m O
000A(z) = f(z) — apbm 2" ™g(z) 0000 degh<n 0000000000
hz) = g(x)q(x) +r(x), degr <degyg

00 qi(z), 7(z) € Rlz) 0000000000

f(x) = h(@) + apby 2" " g(x) = g(2)(q1(2) + apby 2" ™") + r(@)
godooooooooooon

gooooooon
f(@) = g(x)q(x) +r(z) = g(x)¢'(x) +'(z), degr,degr’ < degy

gogooboobooodan

9(=)(q(x) = ¢'(x)) = r'(z) = r(x)
O0000¢q(x) # ¢(x) D0DO000000O000O0O degg OODODDOOODOOOOOO
degg 00O0O0O0OD0OO0O0ODOOOO ¢g(z) =¢(x)0000 r(z)=r'(x) 000000
ggboooboooooo [l

gooboodd
e ROUODODODODO

e g(x) D0IUDODODO 1000000

0000000000000 100000000000 (monic) DODOODOOODO
00 3520 g(z), n(z) 000000 f(2) 0 g() J00000000000000

00 r(z)=0000 f(x) 0 ¢g(x) DCOODOOOO0OOg(x) | f(x) DOODO
flx)=a+ax+---+a, 2" €Rz]0 ac ROOOO

fla)=ap+aa+---+a,a" € R

0 f(x)0 0000000000 f(e)=000000 o0 f(z) 00 (root) 000
oooo

00 3.5.3. ROODOO f(z)€R[z,ac ROODODOOOOOOOOO
(1) [0000]00 ¢x) € Rx] 00000 f(z)=(z—a)g(x)+ fla) 0000
(2) [0000] f(a)=00000000000000 z2—a f(zx)000000000

00. f(z) 0 g(z) =2 —a 000 352000000000 g(z), r(z) € Rlz] 000
0O
flz) = (z —a)g(x) + r(x), degr < deg(x —a)=1
goooogd T($)=T€RDDDDDDDDD aOO0O000 f(a):TDDDD
gooooooooooono
ooooooooooooobooboboobono O
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00 3.5.4. ROOOODO 0 f(z) € Rlz],deg f=n 00000000 f(z) 0000
000 0000000

O00. n00000000000n=00000 f(z)=r4A00000 000000

gbobobooooboo
n>10000f(x)00000000000O000O0O0O0O0O0O00 f(x) OO0OO

gbobbooodbblebb0oooobbboooon

f(z) = (z = a)g(z)

000 g(z) €eRz] 0000 degg=n—-1000000000000 ¢(z) 00000
n—1000080 f(z)000000

0=f(B)=(8—a)g(B)

O000ORUOODDDODODODODODO p—a=0000 g(p)=00000000 f(x)O
00 « 00000000 ¢g(») 000000000000O0O00O f(x)0OOOOO nO
gooo [l

00 3.5.5. f(z) € Rz 0000000000 f*:R—R(aw fa)DOD0OO0OOR
00000000000000000 f(z)#g(x) 000 ff#£¢0000000

00. h(z) = f(z) —g(z) 0000 R(z) #0000 h(z) 000 degh 000D O00O0
000 ROOOODOO0DO0O0DO hle) #0000 e ROOOODOOODOO
0+ h(a) = f*(a)—g*(a) 000 f*4¢* 0000 0

0 3.56.p00000 R=%Z/pZz 0000 ROOOO00000000 flz)=af—=x
0000000 acROOOO f(e)=00000000 f=0000000000
0000000000 f(0)=00000a#000000 a e U(Z/pZ) O U(Z/pZ)
000 p—1000000 24500 o> =10000000 f(@)=a?—a=00
000

00000000 Rley,as,---,2, 00000
R[l’l, Loy« 7xn] - R[xlax% e 7xn—1”xn]

(R[zy,--+,2,4)] 0000 2, 00000000)00000000O0O0O0OO

f(xh Xy ,fL‘n) = Z aim...inxlilxgh < e l‘ni", (ailiz.“in € R)

000000000 zy,29,-++,2, 0000 ROODOOO (polynomial) O 00 Oayysy..i, #
0000 gyt 20?2, 0 f0 0O (term) 000 4y +ip+---+4, 00000
(degree) DO OO

00 3.5.7. ROODDOOOO Rlxy,20,--+,2,] 00000000000O00O0OOO RO
gbooboobo
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00. ROOODOOO Rz 0000000 Rz, 2] = Rz)jz,] 000000000
000 Rz, 2, .2, 0000000

UR)=U(R[z)) 000000000000000 Rlay, 20, ,2,] 0000 RO
00000000f(z) € Rx000000000 g(z) € Rz)]00000 f(z)g(z) =1
00000000000 degf+degg = 000000 degf = degg = 00000
0 f(z),g(x) e ROODDOOOO f(z) D ROOOOOO U(R[z]) c UR) 0000
UR)CU(R[z]) 0000000 UR)=U(R[z)) 0000 0

00 3.58. ROODOODOODOOODOODOODOO

(1) f(z1,29,--,2,) 0000000 f*:RxRx---xR— ROODO0000000O
00 f#¢000 fr#£¢* 0000

(2) 91,92, ,gr € R[z1, 29, ,2,) 0000000 i€{1,2,---,7} 0000 ¢ #0
0000000 f € Rlzy, 20, ,2,) 00000 i€ {1,2,---,r} 0000

gi(a17a27 e 70511) 7é 0

000000 (o,a-,0,) 0000 flow,qe,-+,0,) = 00000000
f=00000

oo. (1) f40000 4000000000000 0000nOO0O0DODOOOO
O00On=10000000000f0 R[zy,---,2,1) 000000 2, 00000
g

f(xh e 7']"11) = Zgi(x17 e an—l)xni
=0

0D000f#0000000i0000 ¢#0000000000000 giag,--,0n1) #
0000 (v, ,0m1) ERx---x ROODOODOOOOO000# f(ar, - ,0n1,2,) €
Rlz,) 00000000 a, e ROOOOD fla, - san1,00) 00000000
400000

(2) 00000000 fg---g.0 Rx---x ROODOOOOD 00000000
()00 fg--g.=00000R[xy, - ,2,] 0000 ¢,£000000 f=000
00 O

3.6 0O0O0OO
KO0O0OOOOleKOOOO
1, 141, 14141,
00000000001, 2 3,--- 00000, -1, —2=(=1)+(=1),--- 0000
F={-,-2-1012--}

gooobo FO KOODOOOOoOoKObO4ooooboboo FOODODDOOD F
0000000 FO0O00000 10000000000000000 Z/nZ (n e N)O
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000 Zz000O0O0O0OO0ODODOOOO (00 2390000000000F=2Z/nZ00
000 FOOOOODOOOOOO nOD0O0O0OO (OO 325000000 KOOO
(characteristic) DD OO0 F=Z00O0O00 KOOOD 000OOOOOOOO p(#£0)
obobbOd p=00000000 00OOO0ODOODOODOODDOOO

0 36.1.QRCOD0D0000D0O00Z/pZ (p000)000 pOOD0O0O0
00 3.6.2. KOOO p(#£0)000000a,be KO0000

(a+0)P =a’ 4+ 0P

goooog

p
DD.DDDDDDD@HWVzE:CDdWiDDDDDDDO<i<pDDDD
1
=0

()=

gobooobb pbbODbO0O0O0O0O0 pbbbLbOO0OOOLODO phOOO0OO0
KOogoooooooo [l

0 3.6.3. F=Z/520000neNO0O0D0OOOf,:F—FO flaj=a" 000
00n=234500000/ 000 (00)00000000000000

0 3.64. p00000 F=2Z/pZz0OOOOOOO ac FOOOO e»=a00000
gooo

0 3.65 (0000 QOOO0). 00000 ZOOOOOO QOO0O0ODO0Z =
Z-{0}(000000000)00000000 ZxZ* 000 ~O00at=bs000
(a,8) ~ (b,)0 000000000000 00000000(e,s) 0000000 a/s
00000000000000000 (ZxZY)/~0 ROOODOOOOO0OO0OROOO
0000

a/s+ b/t = (at+ bs)/st
(a/s)(b/t) = (ab)/(st)

0D00000000000000000000000000000000000000
0000 ROOODOOOOO0O0000 1/10000 0/10a/s (a#£0)0000 s/a O
00000000 ROODOOOOOOOOD0O000000 QOOOO0

0 3.66.0365000000000000000
(1) ~00D0D00000000
(2) 0000O0O0O0000000000O00

(3 D000O00oU0UOoUOOUOOOODOODOOOOOODODODDODOODOOOOOO
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03650000 2000000 bOO0ObOOO0 pOO0bOobOobLOoOoboOobOoOooDoo
00000000000 DOOO (quotient field) DO OO

0 3.6.7 ROODODODODODODOOROOUOUDOOD Rz)]00000O0ORx)OOOO

f(x)
g(x)

0000000 ROODDDDDDD0D0D R(x) 0000
ROOOO KOOODOODOOOOOO0OOO0OO K(z)=R(x) 0000

ﬁ@%o}

meZOODODO00D0000Om=¢*000 ¢€Z00000000000mMEZ
00000 (square free) 00000 0Om#£0,10000m 00000 1000000
O000000000000mO000000000000000000000 /m OO
gogbboboooobboboooobboboood

0 3.6.8. 3,15, -6, —105 000000000000, 1,-4,9, 12000000000
g

mdO000000000
Qvm] = {a+by/m|a,beQ}

QWm) = {% abedeQ c2+d27é0}

goodg
00 3.6.9. Qy/m|OODODOOO

00.00 R=Q[ym|cCOO0O00000O0DO0000O0OO0D0O0001leROOO0O
a,€ RO0O0 a—B,0c ROODODOOOOOD ROOOODODOOO

0#£a+bym(a,be Q0000000 DNDNONONONDNDNO00O0OOO(a+bym)(a—
bym)=a"—b*m 0 mO0000000 00000000a+by/mO000 COO
0000000000 ROOOOOOOO000000000

1 - a_by/m = - — b m m
atbym  (atb/m)(a—bym) o —bm S, Ve Qvml

0000000 R=Q[y/m 000000 O
0 3.6.10. Q[y/m] =Q(y/m) 000000000

Q[ym] 0000 (quadratic field) 00000000000 Q#0000 (22—m)Q[z]
0000000000000000000 Qf]/(2?2—m)Qz] 00000000000
gogon

000 f(z) eQz] 0DODODO (DODOODOOOOOOOOOOOOOOOO
0)0000000000000000000 Q[z]/f(x)Qx 00000000000
00000 (algebraic number field) 0000
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RODOOOOOf(x) € Rz 000 (irreducible) 00000000 g(z), h(z) € Rz]
0000 f(z)=g(z)h(z) 000000 g(z) 000 h(z) 0 Rz) 000 (000 RO
00)0000000000000000000 (reducible) 0000

KO00OODDOODOOO f()eK[x]0 (K0OOOOOO0O0OOOO0)00000
000000000000 (0000000)0f(2),9(z)e Kz]0000000000
000000 f(z)0 ¢(z) 000000000000

0000000000000000000000000000000000000
0000000000

00 3.6.11. KOOOOOOf(z) 0 ¢g(x) 000000000000
f@)h(z) + g(x)l(z) =1
000 h(z),l(z) e K[z] 000000
000000000000000

00 3.6.12. KOOOO f(z) € K[z)]00O000O00000000000 K2/ f(x)K|z]
000000(K=Q,degf(z)=n 00000000000 000000)

00.0+#£g(x) € Klz]/f(z)K[z] 000g¢(x) 000000000000000g(z)#0
00000 g(z)0 f(x) 000000000 f(z) 0000000 f(x) 0 g(z) 000
00000000 3.6.1100

f@)h(z) + g(z)l(z) = 1
000 h(z),l(z) € K[x) 000000000000000 Kfz]/f(x)K[z] 00000

g(x) Uzx) =1
000 g(z) 0 Klz]/f(x)K[z] OODOOOO O
00000000 QU nO0D0O0O0OD0O0O0ODOO0O0ODOO0ODOO0ODO0O0ODO nOOOO
gogdobbobbobobibobobbbbobobobbbobbobbbbooooood
guoooooooobobobbood
fl@)=ap+aiz+ - +au" €Zjz] 0000000000000 00D0000

0000 1000000000000 f(z)€Zx] 00000000 «000000
g(x) 0000 f(z)=ag(z) 0000000000

00 3.6.13. f(x) = > "gai’, g(x) =377 (be/ O Zlz] 0000000000000
0 f(z)g(z) 00000DOOOO

O0.p0000000f(x)0 g(x) 000000000
p’a[b p|a17 T p‘aiflv p"’ah
plbo, plby, -+, plbi1, Pl
0040000000000 f(z)g(z) 0 ¢ 0000
aobiyj + arbiyj—1 + -+ ai1bje1 + aibj + a1 - - - + @iy jbo

000 pO0000000000000 f(z)g(x) 000000000000000000
flx)g(z) 0000000000 O
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00 3.6.14. f(z) € Z[z] 0 Z[z) 000000000 Q] 00000OO

00. f(z) #0000000f(x)0 Zz) 000000000Q[z] 00000000

i
00 f(z) = g"(x)h*(x), deg g*(x) > 1, degh*(x) > 1 000 g*(x), h*(x) € Q[z] DO O
DDD@DDDDDDDDDDDDDDDDDDDDDDDZDDDDDDDDDD
000000

af(x) = g(x)h(z)
00 acZO g(z),h(z) €Z[x) 00000000000 « 000000000000

00000000000000000000 «000000e=1000 f(x)0OOO
gogobobooodn

9(x) = ago(x), h(z) = Bho(x), . € Z

0 go(x) O he(z) D0DODO0O0Da#10000p|e00000 pO0O00D0
p O af(z) = g(z)h(x) = afgy(z)ho(x) OODODODODOOOOOOO0O0O0O0O go(x)he(z)
D00000000 p|ef0000p000000 p|al00 p|A0000000
00000 pla0D0OO

gf(x) — <%g0(x)) (Bho(z))

0 Zz)O0OOOODODODDOOOODOO «000O0O0ODOOO [

00 3.6.15 (00000000 (Eisenstein) 00000000). p0000000f(x) =
ap+amzr+--+a, 2" +2"€Zz) 0000

plan-1, plan-s, -, pla, p|as, p°1ao
00000000000 f(z)0 Q0000000

O0. f() 0 Zz)DODO00DO00O00O000000f(x) = g(x)h(x), g(z) =Y bia’ €
Zlx), h(x) =3, g2 € Zz) D00 0ag=beeo D00 pO by 00D 00000
000000p|by, ptce 0000

plbo, plby, -+, plbiiy, pibi
O00:0000000<i<m<nO0000f(z)0 220000
boci + bici1 + -+ -+ bi_1c1 + bicy
godoo pdoobooooooooogoon ]
gooooogoooooogo

U 3.6.16. pdddb n>100000000 22" —-p00000O0O0O0OODOO0O
Un>10000 0000000000
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1) 000,000,0000
2] 0000O0,000,0000

3] 0000,0000,000
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