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Chapter 1
oS &

COEBETIIHHMARRBFOREMEL 25 THE]. R, Kl OEH. B I UEARKRMEE
PHEMET S I EHEL TS, INHIE, BICEAZRBZFE 2 FZSEBZITTRL,
B2y, MY, BWAlE, WHZEZR YDAV TIoH I NG FHARR), NWOEELE
DTH5,

RECE., HBDEEVIELSEFE. 1ITBWTIE, HBE3RNEDE DHEARKBME DA
HHU, TOMERZ T E2ZX-EmE2EEL, T2 TCHELON-HmE TORMEIZSHET
50O FENRE NG, Fo2<EDNRN, HUDOWE%2E DA, Tt
OMEZFIZEH U TCELNFERIT, TOLELLICEFEHATES, LR >2TELD
WNENEOWHEEZZ R, TEHT L —KinEEEL T E. oM A®EFIZA < 2
D, TOHEBEWRIIETILIZIRD, ZOLIBEBINLERIN, HEINTIAZED
WHTIED THE], TER], K] REBHBZDTH B,

R %2 E R LD, HIZIE n IRTGRYZ MVEKOES V 2& 25, V IZIXINE
RIIENTEREIND, UL UEE, RIEZEEINL, £ T DNELBIENTEX
NTVBREEIZOVWTO—RHZHEEL THITIE FAHOMEZE 2L 02 TIZ#EM
T2, 2O (B THB, (ZOEHRIFEMTIEROA, FELIFBTER, )

RIZ n IRDIEE ST REOES R 2E X2 LD, RIZIFIMELFBENEZ>TWVWS
DT, ZNIHETHD, LU RIIEFEEEEE>TWD, R ZHIZINEICET D8
ERTWBZIT TR, TOERKICETIHERITEONRN, T I TIE, BiE FTED
TFEHoTWDE0D% () LEDD,

n RIEFITHNZIE, —MRIZHITHIDGFIET D DI TIER VDT, RIZRIEZED D
Z2IETERY, ULAULARNLEHBER, EHek, #EREERRED LS ITRED
EZZ26N5EL0EDELITE, TITIDOESIZUAIFEENTZ %% TR L&
HBEDTH 5,

ZOEFK/ — MEEIC TREF, KEN, HaEIE] [1] DE—FE22F 1L TEK
L7

1.1 %4

AZESE (set) 95, a N ADERH (clement), HDWIEIL, THdILzac A
72l Asa &EL, a P ADERTRNILiFag ALEL, B» ADHIES

bt
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(subset) THBD L I B C A LEL, ZOLE B=A3LF T LIFERLTEL, K
WBCAMD BAATHdLEBIFADERPES (proper subset) THD &N
BCAEL, £/ ZEE (empty set) 1& 0 TET,

BCADEZT A-B={acA|lag B} £9%,

A DERESE (finite set) THD L X, |A] £/21F 1A TTOEIRDMELEZKRT, A
MERES (infinite set) THD & FITIE A = 00 EFEL, |4 < 00 1T A WEREAT
HdDLEIILEE®RTIEDNDLTD,

AR, ARESIE. EYLIFEBE 0 & BEYBHFSNTITE LT {ar, a9, ,a,} &
HEIRTIENTED, LML MBOMERESZ {a1,a0, -} LEHELDIFRY TH 5,
AN B, AUB IZZTNZTIHBESD (intersection), FHIES (union) THD, —MIZHE
HA (=12, ,n) ITFLT
i=1 i=1

T %M%Mﬁ By, MEGERT, NAEERMEOES A, (1=1,2,--+) IZD2WVWTIE
FP%LL4@8@£?%%W5# —OMILES ICOVTIE, EYRFRTES A &
%Pf\%é%AAQeA)tﬁb‘

RELEL, ZOBEINZIE A PVEREETEHVD MR TESZ 2D, REPHAN
Rk TH B,
T OB  #iPHZ Y IZEKT DL EZ W, HlZIE, RTOEDFELK a IZDWVT,
AR [—a,a) OIEBS £ RTICE, EROBANHRE (] [~aa &HEIA
ae{beR|b>0}
ETHIN, EBICEEBLUT ([—a,q) BLEES LB,

a>0

M 1.1.1. ([-a,a] & | J[—a,a] G0

a>0 a>0
ﬂ%éLﬁ%KBDTA#XE%EAJMN:@ﬁﬁUjOE%\:@ﬁ%ﬁ%%
AEA

WBERD & £ 72 R WHIER S (disjoint union) & W5, FIESE U A\ IZBWT U A,
BHIE, TRTDANECAIZDNT |4y <00 THD, HIZ 7I/L7’J>ij2 4553\75:‘67170@\%[]
FHTHZLLE | A =) Al TH2.

A€A A€A

At BEHELGLETD, ADue B DILOIEFTX (a,b) DERENORDIESEEZ Ax B
EENT A & B ODBEREES (direct product, cartesian product), F7zIFHIZER L
W,

< 0

Ax B={(a,b)|ac A, be B}
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FAHEDE Ay (Ve A) ITHLTH, EEAENL —DFTOHEED, TNERILLTIHEES

rEH/L., INEEREALVD, TOL IEREGE HA,\ LEL, (A PERES
AEA

DLGEITIE, ERESVETRNI & 2RGET % 72O IR RAE (Zermelo’s axiom of

choice) ZHE L9 5, )

1.2 EH
ZD#HRTIFLLTDE S Z2HWD,
o N: HRBRIKOES
o 7 : BB IRDES (AR
o Q: HERAKOES EIBIA)
o R: FHAKOES (EHUE)
o C: EFBEKOESE (BFIUK)

ARBERDOESG NIZ0 25D 5580H20, ZOHEETEEORVEDLT D,
Z OHiCIFRHITEBEUCE 4 S AN 2 E L 5l 5 28l d 5,

a,beZIZHUT, HDLEZ WFIELT b=al 7252 X b X a TEYYNS,
Fld a X b 2EBYIZ L 00 | b EEL, ZOEE o ld b OFE (divisor) TH
%, blE a OEH (multiple) THD, LEWVD, 0 IFEAZKETEEDYN, 11xEA
BEEEVY L, FLADEEZEZDILNTED,

ARRE, FZIZEEMED, DR<LEHE =215 0 TROVEE ay (A€ A) BER 517z
EEEBEDANEANITHUT clay WERWDALD c€Z % ay (A€ A) DAKE (common
divisor) &\ D, DRBD D bEHERKDE D% KA (greatest common divisor) &
Do BRBUIHRRAKBOKBTDH S, BT ay, a9, -+ DERRANERE (a1,a9,--) &
721 ged(ar, ag, - ) £EL, ged(a,b) =1 TH2E X a L bIFEWIRTHD LV,

peN,p>1IZRUT p MWHRE (prime number) THd LIk, p DIEOKBMN 1 &
p ULDBRWZeedd, ZHE Tp|lab RO pla E2Ep|b) BWEVIDZ L
[FfETH 5,

neNZBEETD, a,becZIIRHLUTn|la—bMNKIILDEZa & bidn ZEEL
THAMA (congruent modulo n) THH LW a =0 (mod n) &<,

RS 1.2.1. &Rt
(1) T3P a € Z IZH LT a=a (mod n)
(2) a=b (mod n) A 5IE b=a (mod n)
(3) a=b (mod n) D b=c (mod n). &5 a=c (mod n)

(ZHZEYD “p ZIKELUTHRATHD” D Z EOBRRIXFEERERIZR S, )
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1.3 EBE&

AL BREALTEH, ADTE DOREDDE BOAN DOELELTE, DL X
ZORIEE B (map) LWV A — B REEEL, BEIZAE. BIRIE L 2T
YEIZE F A BRELEL, fIt&oTae AILHET S B D% fICLD a
DIEEL VO fla) LB, CORABERTHENME2HELAVSEIIE

f:A—= DB (a~— f(a))

RELELZLE DD, B f: A= BIZDWT, A% f ODFHE (domain), B %
[ DOfEE (range) WD,
“ODEH frA-BE g:C—oDMWELWEIE A=C, B=D THh>T, {&
HDae AITHUT f(a)=gla) £B8BDILeTD, /-, 2D E f=g9 £EL,
B fA— BIZXHUT

f(A) =Imf ={f(a) | a € A}

LENT, Iz f OB (image) &\, C C AIZDWTE f(C)={f(a) |a € C}
EBWVWT, IhE fILLDd C DV,
B f:A—-B¥X CCBIZXLT

fHC) ={a€ A| f(a) € C}

EENWT, IThz fIcLD C DOFFR (inverse image) £V D, C = {b} D& FITIX
“L{b}) DRDOVIT f7U) EEFEL, T8DD

[ b) ={a€ Al f(a) = b}

Thd, b f(A) BHIFHLMNZ f71(b) =0 THBD, TIT f71(h) LWVIEFEZHD
TWBMN, —fRIZZOD fHiX B S A NDEHBTIERN,

BB f: A— B BEE (injection) THD LIX Ta#d B5IF fla) # f(a) ] DK
D2l dd, B f: A— B PEH (surjection) THd &id, f(A)=B &%5
e Thd, G f: A— B »LES (bijection) THD &L, f WHE, MHDOLHT
HHZLThd,

8 1.3.1. B4 f: A — B IZOWTIROEMEZFEETH 5,
fIFBRHATH D, (a#£d 25 fla) # f(d) THB, )

1) f
) fla) = f(d) ZHiEa=d TH5,
)
)

2

3) ATED be f(A) IZHLT |f'(b) =1 THd,

4) fFED be BIZHULT |71 <1 Th5,

@ 1.3.2. B4 f: A— B IZOWTIROEKMEIZFETH 5,
(1) fIZ2HTHD, (f(A)=B TH5. )
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2) fEED be BIZXUT fla)=b &85 ac ADWGFET D,
(3) RO be B IZXHUT [f1(0)] > 1 Th 3.

BCATHDLE B 1. B> Ab—b) PNEHEIND, TNE B D AADE
HAH, FIFBEER (inclusion) 0D, FFIZ B=AD& I, HOAAR LA A
(aa) & A DEFEEB (identity map) W\ idy REEEL,

B f:A—-B& g:B—CIZHUT, BBA—C (a— g(f(a)) WEELTED,
Ik f & g DERBER (composite map) LW\ go f, FAIEHIZ gf &FEL,

G f:A— BPERRHTHLEE, RO be BIZHUT fa)=b BB ac A
DME—DFET D, SVHZAIE f71(0) = {a} THD, ZDLE f1b) Zac ALHH
—HTNX BB = A (b f71(h) PESNDE, IhE f OFEER (inverse map)
LWV 7L TRT (MR EHE U EEHVDD, BERIESDTEETDIIL), 2D
X WAL f E ST

fof=idg, fTlof=ida, (f)'=f

Thd,

f:A—-> BZEBREL CCALTDEH, ZOLIEREE C IZHIBL T, 5H
g:C = B(c— flc) WEbNd, Tz [ D C ~NDFIFR (restriction) LW\ flo &
eELS, Thid, EMR 885/ C—- AL f:A— BOBEGH for T
DD,

R 1.3.3. B4R f:Z - 7Z TIROMEZFOE D% BARKIZ, ThTh—DOTE &,
(1) f ZEHTIED 2 HPHEHTIER,

(2) f IXHEHTIED B BEHTIEAR,

(3) fIXEHHT f(0)=—-1 2D f(1)=1Thd,

B 1.34. |A| <00 &£ F2LE, GER A ATDVTIROEMZRAMBTHD Z L %
~,

(1) f ZEHHTH B,

(2) fIFHHTH B,

3) f REHTH D,
B 1.3.5. f:A—= B ¥ g:B— CIZDOVWTIRERYE,
D) f, g BNEEIZEHTHIEHE go fIFEHTH D,
2) f,g MEEBIZHPTHIBHIE go fIXHEHFTH D,
) gof MEFTHDRLIE g IFLHFTH D,
1) gof BHEITHBERLIE f IXEHTHS,

(
(
(3
(
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f11.36. f:A—>B & g:B—AIZH LT gof & fog WEIZEHETHI LTS,
ZDLE fERHESITHD I L E2RYE,

B 1.3.7. f:A—-B& g:B—=C»PHIIE2HRHFTHELTE, ZDL X gof ELEH
WHTHY (gof) l=flog ! THDILERE,

M 1.3.8. f: A= BEGHEL CCALTD, flo "EFRELIE fEE2HTHEZ
YRR, %72 f BEERLIE flo BRHTHD I L ERY,

B f:A— B 2 EARRICERTD720121% FED ac AITKHUT f(a)eB %
FiEdaud L v, FiZ Al < oo 51 IARTD a e AIZHUT f(a) ZEONIXE
W, BlZIEX A=1{1,2,3}, B={a,b} D& X

123

alalb
DEOIZEE f()=a, f(2)=a, fB)=blFmL I LIZTUEX, ZNIEHR f: A— B
EEDTND,

M 1.3.9. [Al=m < o0, |Bl|=n<oo D& EANL B ANOELIIMIEGFIET D5, F
7z TOHTHEFNSDOHDN,

1.4 [RMERERERESE

AZBELURZEHBESG AxADHNHEEGLTZ, ZOLERZALD(ZIR)E
f& (binary relation) £\ 5, (a,b) e R THD I &% aRb LFHE LI LIZT D,
A EOBR ~ 2

(E1) [REFE] EED ac AIZDWTa~a THD,
(E2) [W#E] a~bB5IEb~a THD,
(E3) Bl a~bdPDb~c BT a~cThHD,

IANTCi2T L I ~ IZEER (equivalence row) Zi72 94 LW, ~ IXFAERBR
(equivalence relation) THDE WD, a~b THDE T a & blE (~ IZEHLUT)RAMET
HdEVD,

A EOFRMERMR ~ & ae AITRLUT

Co={beAlb~a}
EHNWT, Iz o 2B LRMERR (equivalence class) &\,
fd 1.4.1. A LOFRERR ~ OREREIZDWTEURAEY 2D,
(1) aeC, THD,
2) beC, 55 acC, THB,
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(3) Co#Cy BBIE C,NC, =0 TH2,
FIEIR ~ 1250, MRS FEAKOESE (O [ A e A} ¥ 5, Z0EX

A=JCn (A#uBbIECNC, =0)

A€A

b, TNk AD~IZEBEREVD, & C\ MO —DF D0 ay ZIBIRE X, q,
Z O\ ODRRITTEWVW, {ay | A e A} Z2H A =, ., C\ DREARKRRLV D, B2
REFERIFIREBILOEOHIZLDEDLDBZEDT, —BEWIZEZEDEDTIZAR, B2 5[H
HE2ARDOELEZ, £E A ZAMERG ~ TEI->ZEGL WA/ ~ &EL,

B 1.4.2. B 12113 a=0b (mod n) TEXDHHRNZ LOFRMEREKRTHE Z L Z2RL
TWd, ZOr TN, RUBEREREZRD £,

B 1.4.3. EHRERA LT D n REATHEKROELGE M,(R) £ELZLIZTD,
A, B € M,(R)IZRUT, HIIEAIATH P BWFIELT B=P 'AP L 82 X A~ B
ThHdLEDD, ZDOLE M,(R) EOBR ~ IXFAERBEBRTH D Z L 2RE,

B 1.4.4. A,B € M,(R) IZXUT, HDEAATH P PFELT B=AP L35 L &
A~B ThHdLEDD, 2D E M,(R) EOBR ~ IXFAMEBEBRTH D Z L 2RE,

f1.4.5. 55 f:A— BW5ER6NTWEET3, A LOBG ~ % f(a)= f(d) D
YEXa~d THDREUTEDD, Z0OLE ~ XEMEEGTHD Z 2R, TOHEH
=t &,

1.5 EFESE& & Zorn OfFEE

< 2HEAH A LOBERETE, < B

(01) [REIB] LD ac AIZDVTa<a TH,
(02) BERHR] a<b DO b<aBbliEa=bThH2,
(03) [#BE]a<b D b<cBbIXa<cThD,

ZI AR TCHg/2 9L X < ZEF (order) £V, (A4, <) ZIEFESE (ordered set) &\,
P < ZHRUBNT A ZEFEAGL VDI ZLEHd, a<b& b>a LEEL, F
7Za<bTh>o>Ta#bDeE, a<bElFa<h &BEL,

B MEFHES A DMPEAETHDLE, BIE ADIEFIZE>TIHFHEATDH 5,

# 1.5.1. R IZEHDIEF CIHEHFPEATH D, Q, Z IZF R DFPELETHE2016 RIZHE
FBEFICL>TIHRELETH S,

IEFEE (A, L) IZBWT, FEDZIC a,b IZDWTa<b £/ b < a MPEYAL
DL ¥, < Z2lEF (totally order). (A4,<) Z2IEFESE (totally ordered set) &\ D,
(R DIEP % #BF (partially order) &£V 5, )
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Bl 1.5.2. A 2B U P(A) TTOWMREREREDESGEZERT, P(A) 2 ADNEE
& (power set) £\ 24 LEHEHLS, DL E P(A) RESOTEMR C IZL-oTIEF
EATHD, AWDBLLE 20020 L E, P(A) BRIEFEETIEARY,

(A, L) 2IEFHEALTD, a<b eBD be ADPFHELBEVEE, T48bE o <,
be ABOIFa=bMKY DL E, a€ A ZBKIT (maximal element) £\ 5, b<a
BB be ADVFIELBEVE E, o € A Z8B/IMIT (minimal element) EWD, fFEED
be AIHULTbh<alRdL% ac AZKRAKI (largest element) &S5, LED
be AR UTa<bhe&BRdLEE, a E A %Z&/INJT (smallest element) &5, K
(/N) JCIFMKR (VN) S TH B, —MUTHIFXEL <RV, MK (N LI FIET S &
RS 20,

Bl 1.5.3. BAX (0,1) 2 ARBIEFIZE>CIEFESGE RS, ZD&X (0,1) ITHEXA
(/N) 7o, JR () TRIFFAEL 80,

Bl 1.5.4. ZDOLAEDTEBUES A DRIEA P(A) OFRES S = {X € P(A) |
X #£ A} 2AGBRICELSTHFEA L RS, 20L& HFED ac AIZHUT A—{a}
12 S DKL THDNmAITLTIEAE, S ={X e PA) | X £0} £F2&, EED
a€ AIZHUT {a} 1 5 ORUNTGTH D DBHRNGTIEZR,

B #HFHEE A DWNEEELTD, ac AN BOERTHDLIF, FEDbe B

WZHLUTb<a &BdDIEThHd, BOERWEHETSHEL I BIZEICERTHD W
Ve AMBRNTH D LT, A DETRWVEREDRIERHETEEN EIZERTHD Z L
*35%,

EHE 1.5.5 (Zorn D). A WRANKINEFEATH 2R 51X A IIIMAITLIEFEET D,

Zorn DOFfEITENAH, By ageE L FETH V. B LBE TSV TIETOFR]
FAICERDPRETH DN, I I TRESBEBROBZNT, ThE@EDD,

EFPEEE (A, <) WEFIEE (well ordered set) THD &ldk, A DZETHRMEREDES
EBIUIBRNTVFET D I L THhD, BBy, EROESVHE Y ZIETIZ L -
TRIERIZTED L 2 ERT 2,

1.6 ZIHEE

ARBEELTD, GBI fAXA—S A% AD(ZIB)REEL VD, fI12&D (a,b) DK
fla,b) 2 abX® a+bBETERT, ab LFEHELLE, ZOFHBREZFTEEL DD ab ZFEE W
D, FRRIZ, a+b &FESLE, ZOERBZMELE O a+b 2FH &N D,

EED a,b,c € AIZHUT (ab)e = a(be) Dk D& &, ZOHEBEITIEEER % i
723V,

dnwaf%ét%atbiiﬁtﬁéamm ERED LN AH#T H 5 EHEITR
?ﬁfﬂﬂ%{%f:@”tb\oo — MBI R R A & i 729 L USRS W AS, R R R % i
T2 X DB LT ibnﬁso)é‘%na%ﬁﬁu\m\

AL FEOWHWEBZINZEES AITBWT, FED a,b,c € AIZDNT

a(b+c¢)=ab+ac, (a+0b)c=ac+ bc
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MDD L ERESGEADR D LD &N D, FIEIZODOW TR BRI AN/ X5 IR
50D T, MADODRPBETHD ZLITERLTEL,

Bl 1.6.1. (1) Z TEFEDOIEZEHE & TAUSRESER, ZHGERIDERY 2o, HEZ
FIRKIZUTCEEKTH D, £/ Q, R, C RETHIL, L HLICFAKTH S,

(2) Z THEHORIEZ HE & §IUSREATRA, SRR, HIZEYD 2280,

(3) n>2,9dd, EBIRR LD n IESTHRAROES M, (R) THlH OO FRE
AL TR, FEEEINEEY LD, REGEANIE Y 2B, £72 M, (R)
CHEWTHE DOHE & FIETHEIEAY 2D,

ADTIHBERIIEMR f 1 Ax A ATHENS, “HEREEZEDD LWV Z LI,
ERED (a,b) € Ax AITHUT f(a,b) € A ZRETDHILTHD, KT |A] <00 D
LTI, FOITARTEZEIRTIEIV, ZNITIERZAVDDDERBEW, Hi 21X
A={a,bc} D& Z

U f(bya) =c DEDITHEL I LITTIE, TN THEREZ2EDTHDS, Z0DLD
BREBEEREVD, HA b\ﬁ(ﬁfibmm\éa% FEER. NETEINT D
LEITEFmERE B VD,

M 1.6.2. EOFEERIZOWT, HIER, SEEERMZINEZNE I e, THTE
NHERE &,

1.7 ¥BEEE/ANR

ZETHRWESG AIZ—DOEFE (INTIFFREL T5) WEBRINTHT, FEEEH (ab)e =
a(bc) &=L 4 d, TDE I A %HFE (semigroup) &£\,

FREA D nfEDIT a1, a9, ,a, ITHUT((--- ((ara2)as) -+ )an_1)a, % ajas---ay,
LEL, MEEX 3 DD uOMIZTOIHEF 2 Z AR T NXEDIEF CHEEZ17>T
b, TOMRBEDLRN] 0D I ZFIRL TS, — I3 DU EDHATEZ
AUFEL W,

B 1.7.1 (—BALI NFEEIERD). B A O n HOTTORMIIONT, TOIHEFZEZE
ARBRTNEEDNEF THAEZIT>TEH, TORBRIFED S LW,

SEBR. n (IZBHT B IRNIE TR T 5, n <3 DEGAIFIELWV, n >4 2L n—1fEMT
DEIZDOWTIFIELWERET D, BBEOHEEDN XY L&o/~-& U, X & r DD
B, Yidn—rflOLOETHD LT 5,

r=n—10&%, WHEDIKENS X =ajay--a,_1 THIENH XY =ajay---a,
Thd,
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r<n-—2&¢9%, WHEDRENS X = ajay---a,, Y = ayp10,42---a, THD,
o T, RNEDOREICERLT

XY = (aaz---ap)(ar1ri2- - an) = (@102 - a; ) ((@r41Gr42 - - ap-1)an)
= ((@maz - a;)(ar10r42 - an1))an = (@102 -+~ ap1)ay,

= Q1G22 Ap—10ap
Thd, O

R ATBOTRBER] ab = ba SRV LD L &, A R AR D, ATHERE
IZBEWTIEE, n fHDOTOMIE, JCONEE, HAEDIEEZ EORIZZEATE, TORER
BH LR,

A DT e T EEDac AR UTCae =ea=a EBRD2EDVFHETD L
. ZDe & ADBAIT (identity element) &\WND, BAIEAFET S EHEZE/ AR
(monoid) &5,

Bl 1.7.2. (1) NIZ@EFEOFIET (W) FHTHD, £/ 1 PHEACITERDLZDTE/
{ RTHh 5,

(2) N— {1} IEHORE LB TH B M, BATCIIAAAEL R,

(3) Z\FEEDNET (A[#h) FHETH D, £72 0 BHRALITIZRLZDTE /A RTHD,
(4) N IBBEBOMIETLRECTH DS, Wl eI AE LA,

i 1.7.3. T/ A ROBMTIE L —DFET D,

SEBA. e, ¢ ZELBIZHALTLTHD LT D, e WRMNITEDNLD ¢ =ce’ THD, £72 e N
BATTTHEMNO e=ce' THD, o Te=¢ ThHY, Bfixld/zZ—D2OThd, O

HENFEETEMPNZE /A R AILBWT, TOEMNITE 1 £/21d 1, RELEL,
HAEMIETENINT NS L FITIE, TORAITEE 0 /213 04 &FEL, (REUZBV
T, ZLOEAEDHEAEZFAKHIIERDZENHY, TNTINHENTEE DL X, #H
21 EFVEZDOTIEKAPH L, ZDEE 1, RELHEES, EOPEHOBAILRDH
ZHHOMNMITEDTH D, BT, FATVD RN —-DUNRNE D R L X ITIEXH D
MERZNDT, BIZ 1 DOLDIZRUTHREITR, )

E/ARADITa ELEHAE nIZOWTad’ =1,,a" =a""ta LEDD, a" % a D
n & (a to the n-th power) &9,

B 1.74. T/ AR AIZBWTHEBEHIDRERD VDI L2 RYE, §42Db ac A &
m,n € NI UTBFZmrt,

(1) a™a™ = a™t™"
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Bl 1.7.5. EE X IZHLULT, XX TX 6 X NOEHBEEOESE2RTLIZT D,
o, 7€ XX IZHUT, TDOM o7 % (07)(z) = o(7(z)) TEDD (07 =007 THD),
DeE XX IZE /) A RT, ZOHEATIINEEER idy TH 5D,

AZE/)ARETD, uc AIZHLTw/ =vu=1¢722u c APFETDIL
Tur ADERIT, 8w, FAZEEH (umit), RLE&WD, TOLED W & u DM

7 (inverse element) &9,
e 1.7.6. €/ 1 K A DEAT u OFTIEE—D2FET D,
BEER. o/ v & u OHnE 95, TDEE
v =l = (u) = (Wu)u" = 1u" ="
Thd, O
ERITE w OWeE vt LB, vl SEHTT (W) =uThd,
Bl 1.7.7. E/ A4 R AIZENT 14 IKEHIET (14) P =14 TH D,

M 1.7.8. uj,ug, - ,u, €A ROEAEET D, TDEE wuy---u, HIEAGLT
(g -+ up) P =u, - uy Ty TH B, IhERRYE

u T/ AR ADEHITEET S, 0 neNIZHUT
w =1, w = ()"
T NE. FBEUERNIEED m,n e Z (2 U THERYD LD,

M 1.79. E/4 K8 XX (Bl 1.7.5 Z2) T8V Toe XX BEAETHE I L L, o M
EHPATHL ZLRFAETHD, IhzrE






Chapter 2
iE2

2.1 BEHDOEZHEH

FTRTOILENIEAITLTHDE /1 REEE (group) LWV D, T48bL, HEOEHI N
£H5GT

(G1) [#EEER] EED a,b,c € G IZDWT albe) = (ab)e TH D,

(G2) [BAITTOHEE] D ec G PHFELT, EED a € G I LU Tea=ae=a T
Hhd, (ZDLX ek 1g eEEL, )

(G3) [MITDFE]| FED a e GIINUT, 5 be G WHFEELTab=ba =¢ TH
%, (COEEDbLZE at &EL,)

MINRTHEINDE X G 2R VD, BEHIEHPT ) 1 ROKRHNZREDTHE N6, £
NHIZRHUTHRD DI L IFZTRTEKD D, BE G IZBWT, HIZ

(G4) [R#EEA] LED a,b € G IZDWT ab=ba TH 5,

MDD L E G &7 —~NJVEE (abelian group). F 721X A[#:8# (commutative group)
WD,

R 2.1.1. BE G IZDWTIRMEL Y 2D,
(1) [BFER) ax = ay BHIE 2=y THD, F/2ra=ya B5IE 2=y TH5,
2 f:G—=G(x— a7 IF2HEHFTH D,
3) a€G & —DREETZ L X

9o + G—=G (x> za)
he : G—=G (v~ ax)
ke + G—G (v a 'za)

FIRTERHTH D,

17
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REER. (V) ar =ay & 92, WAIZENS a7t 20 TCo=y 25, HEHEAKTDH D,
2) ()= &V fA=idg &RV [fRIEBEFNTH D, (3) g40ga—1 = ga-1 09, = idg
EBY g, FRBHTHD, MEFEKRTH D, O

B 2.1.2. H G IZBVWT, FED 2 e G W22 =1 %2{l232561FE GIE7 —IVEE
_Gabéo

R (FED 2 e Gz LT a2 =1 &Y 27t =2 THD, oTUHUEED a,be G IZxf
UT (ab)t=ab THhd, —FH (ab)'=b"ta' =ba THEMS ab=ba £7%5, [

Bl 2.1.3. QX =Q — {0} £BL, ZTDEL X QF IEFEICEHLTT — VBT, BfIT
X1, a€Q* Otk 1/a THD, R*=R—{0},C*=C— {0} CEFAKTH D,

Bl 2.1.4. (1) Q IFFEICEHLTE /A RTIEHDIPHTIERY, BELRLIE 01T
TN STH D,

(2) Z — {0} RIS LTE /) 1 RCRDBABETIEA, BERDIE 2 188
BONRLTHD,

WEE215. M2 /AR LU %2 M OEFEHTEHEOELSLTE, 2O XU I M
DFEBE TR D,

SRR, a,be U 261 abe U BOTHEHFIZ U TEHRIND, FEAENIE M THALT
5DTU THEHALL, U FFHFTHD, £ 1eU D UIFE/ A RTHD, acU
BoldateU $HYLL U BHETH D, O

ZOMmED U %2 UM) £EFENT M OBEEE (unit group) £\,

Bl 2.1.6. (1) QIIFEICEHALTE /A RThHD, TOHBHIZIU(Q) = Q* =Q—{0}
THd,

(2) Z \FFEIEHLUTE/ A RTHD, TORBHEZUZ) ={-1,1} TH 5,

Bl 2.1.7 HFREE). B A R XX (B 1.7.5) IZDWT, TOHEHEE UXY) 2 X Eoxd
FE% (symmetric group) &V, Tz S(X) &FE LS I LT, S(X) Ditldk X 5
X NOERHT, ThE X EOBE (permutation) &5, EHiZ BIRIZE <IZIE

50020 )

DEIITEL, FIZ|X|=nDEE, X ={1,2,--- ,n} LEXTEAREMIIXALT
HBb, ZOLF S(X) % S, LEHEX, IhE o RREFEL VD, S, DILE n IROE
e,

Bl 2.1.8. 3 INHREE S5 DILETNRTESEUTDEDIZR S,
12 3 1 2 3 1 2 3
g _ 12 3) 1 3 2 )7 2 1 3 )
5 1 2 3 1 2 3 1 2 3
2 3 1) 31 2 ) 3 21
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TLOMIFLLTD LS IZ8 5,

1 2 3 123\ (123
31 2 132) 321

E@%@%%rﬁw WZIET1TIZD20TIE 1 —=1—3 ¢85, YLlk EDire TOfT

Z AN
123\ [(231) (123
231) ~\123)7(312
LEIMRTE S, BHZRTHDOUTIITONINERL TN 2T L HERMOEZ
THMDR,

R 2.1.9. S; DEEXRZ ES

Bl 2.1.10. n >3 D& X S, IIZT7 —NIEETIEBENWZ L&, BARWIZ o1 # 70 85
o,T€S, ZRDIFDHILITEI>TRE,

B GIZOWVWT, |G <oo DEE G Z2HMREE (finite group) &\, /2 |G| =
D& E G ZERE# (infinite group) WD, |G| < oo D& ¥ |G| & G OALEL (order)
WD,

1 2.1.11. n IRAFREE S, DAEIE n! THDZ L Z2RYE

Bl 2.1.12 (—BEEE). R 20895 n IREAITHIOEEE M(n,R) £&E<,
M(n,R) PMTHIOMIZ & > THRAITHZBAITCETEHE/ A R THD, TOHRBHEZ
R E n IRO—MHRFEE (general linear group) & W GL(n,R) &#EH<L, M(n,R) DH#
BIFXERIITHIDZ & TH DS GL(n, R) IFIERIFTHREKDEETH D, GL(n,R) I3
RETH B,

GL(n,Q), GL(n,C) & [ATH 5,

(INslE M,(R), GL,(R) & L EFENMND, )

S 2.1.13. n>2 DX ¥ GL(,R) 137 — UBETIRANC & %R,

f21.14. AZE /A RT, EGLUTHREATHD L 95D, GREFFER T2,y,2€ A
R UTCaz=yz B E 2=y THB] PEYILDLTDL AFRIIRSE, ZNER
B, /2 APEREATIERVE E, ZHFELLSARY, 20O &S BHl% BRI —
Rt

2.2 NLEE

HGEHRT—"NVHTHDLE, TOHAZNMEOETEL I LML, ZOLE G %
AR (additive group) &V D, MEBHOBAITGEZTITLE VN 0 £/21F 0 £ FL, F
7z a DHElE —a LEL, HOEREIEDOF THEIETLUTOLIIIRD,

(A1) [fEEZER) EED a,b,cec GIZDWTa+(b+c)=(a+b)+cThd,
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(A2) [BTOHFEHE] HD 0 G PHFELT, TED ac G I LTO0+a=a+0=a
Thd,

(A3) BETOFEE] EED a e GIIHULT, $5beG@WFHELTCa+b=b+a=0
Thd, (ZDLEDbLZE —a LEL,)

(A4) [FEHSERN] (E350 a,b € G 12OWC atb=b+a TH3,
IERE G 128V T a+(—b) 2 a—b &&EL,
Bl 2.2.1. Z, Q, R, C I& (BEDIEIZE>T) IXRNTINEHTH D, N ITIERETIE

RN,

neNIZHUT, MEREG Dt a 2 nflAMZA7ZED%E na £EL, £/~ —a % n
fMA7ZED% —na EL, £/ 0a=0LEDD, ZHIZL>THEED mecZ IZxt
UT ma WEZREIN, AFRPKYLD, a,be G, mneZ LT 5,

(—m)a =m(—a) = —(ma) THB, Kl (—1)a=—a TH 5,

ZZT (2), (3), (4) IFBHEOBWRODEGEA], FEEZEHTRBRNI LITEET D,

2.3 EoEE

G OETHENVEDES H N

(Bl) a,be H 55 abe H TH5,

(B2) ac H%blXa e HTHB,

il Tr X, H % G 0SB (subgroup) £\,

8 2.3.1. H 2 G OMAML T2 L HIE G OHEAIT 16 2EHD,

S H A0 R0 TacHA LB ENTES, (B2) &V al e H Thd. £/ (BI)
£V 1lg=aa e H THhHd, O

R 2.3.2. #f G DETRHEWEHAES H IZODWTLTIAETH S,
(1) Hl& G OWMAHETH D,
(2) Hi& G OEBIZE>THTH .
(3) a,be H ZHlXab' e H TH B,
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FEAR. (1) = (2) H 2 G DAL 95, (Bl) &V a,be HAHIX abe H THD»
5 G OEBEIX HOERZERT S, WAL G THRYNEDDT H TEHKY LD,
Wi 231 KV 1ge H THY 1g 1Z HIZBWTEHMITTH S, (B2) IC&DEED
TCDH LY HFIET D,

(2) = (3) HMOEBEIVHOLNTDH D,

(3) = (1) HIZZETHR " bac H% b lg=aa ' €e H ChHd, TRl ac H
ld, ZDLXlgeH &Yal=1gat€e H Thd, £>T (B2) PkH LD, &
BIEEIZa,be H%E 3, (B2) &V b le H Thd, LEM>Tab=alb ) e H
Y721 (B1) S 30, O

8 2.3.3. H K B2 G ODWMDHETHDL I HNK £ G DU/ BETH D,

EEBR. a,be HNK £33, able HNK ZxR¥E&\V, ac H be H THDNH
H WO HTHDZLZ&) ab ' € H THD, FAKIZ K WHAHTHDZ LI12&Y
able K Thd, &>Tab e HNK Thd, O

B G OMIEE A BIZXLT

AB = {ab|la€c A, be B}
At = {a'|ac A}

CREDD, FHZ B={b} D& IITX A{b} & Ab L EEHL, bA LFAKTH S,
Ab={ab|a € A}, bA={ba|ac A}
R 2.3.4. BEG &, TOMMES A B, C IZH LT, AHY IO & %5,
(1) A(BC) = (AB)C
(2) (A7) =4
(3) (AB)"' =B 'A™!
f2.3.5. G &, TOETHEWEAES HIZHUT, UMTFIXEMETH D Z & 2R,
(1) HE G OWAHTH 5,
(2) HHC H»> H'CH
(3) HH'Cc H
M 2.3.6. H 2t G O AHETHD &
HH=HH '=H'=H
MWD LD, INERE,

. LROHEEMOLOFEERRL TRV A, FIXIE HE =1 &I E
LAWY, (BEELLAVOREER L, )
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Bl 2.3.7. B G &, TOZETHRVWEDES HIZTXHUT, |H| <oo ®> HH C H %
513 HZ G OHDEETH B,

EEEA. he HIZW LT h e H Z2REIE&\Ww, HHCH &Y e H THY., [REIZ
WHED) BRI, FEDO ne NI UT R e H THD, HIFAREETHZENE, T
TOD A WREDZZEIFETET, LAEP>THD mneN, m<n BWEHELT A = A"
D, ZOLEENERICE->T A ™ =1Thd, n—m=1%461=he H
THY, h'=1e HTHb. n—-m>0DEn—-—-m—-1<0ThoTCT. £oT
ht=prm1lcH R5, O

i 2.3.8. H, K 2 G DA TH D & ZIRDEY LD,
(1) HK 8 G OHEAHTH 2 -0DMBENSIEME HK = KH TH 5,
(2) L2 H %260 G OHAHETHI2E86E (HK)NL=H(KNL) THd,

FEAR. (1) HK 8 G DA THDLTDH, DL ¥ (HK) ' = HK Thd, — 14
H'=H K'=KRBDT(HK)'=K'H'=KH ¢%%0DT HK = KH &
5%,

WZHK = KH Thdr$2, ZOLE(HK)HK) ' =HKK'H'=HKKH =
HHKK = HK TH2»56 HK & G DI/ TH 2,

2z e HKNL 9%, sc HK &Y he H & ke K MFELT 2z =hk TH
5, 1€ LTH>TCheHCLTHd"bk=h'oeclL THd, E>TkeKNL
LB r=hke HKNL) THd, ULV (HK)NLCHKNL) £%%,

yeHKNL) £9%, HhdhcHEL kc KNLMF{ELT y=hk THD, 2D
X y=hkc HK THY, he HC L THdWM5 y=hkec LEEINILD, £oT
yeE HKNL THY HKNL)CHKNL THh2,

PAEIZEY (HK)YNL=H(KNL) YLD, O

HGIZBWTGHBL {1} 1E G OWMAHTH D, {1} 2 G OBIRLERDE (trivial
subgroup) &\ 5, HHBHMAMZEIZ 1 &ESZEEE W, £/ G EERDIEIHE
% B8R (proper subgroup) &9,

S &ht G OHREGLT D,

a;™ay"? - a," (a; € S;n; € Z,r € N)
DEDILTRTOEEIF G DEAHETHD, Thr () LEFEEZ, S TERINZE
8 (subgroup generated by S) &\ 5, S WERES {51, ,s} THdD L X (S) %
(s1-+,80) £EEL,

FRZ S={a} D& Z

<(l> :{an | TLEZ}:{ ,a_2,a_1,1,a,a2,---}

Thd, IN%E a TEEINDKEE (cyclic group) &\ a & TDHERTT (generater)
EWD, HAHE (a) DAEZ T a DRI (order) & W W o(a) EFH L,

[ 2.3.9. (S) WA TH D Z L 2mE,
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Rl 2.3.10. K[EIHE (o) IZDWTIRDAELY 32D,

(1) am =1 2%B% meNBEETEILE (o) MERKETHS 2 & IZFAET
b3,

(2) (a) DERKEHETHELTD, a"=1 182D meNDIBLRWNDEDE n &
FTIUX n=o(a) TH>TIRIEY D,

(i) a"=1<=n|m
(ii) (a) ={1,a,a? -+ ,a" '} THHT, INOLDILIFTNTHEZR D,

(3) (a) HSIEBLCERER 512
: ,a_Q,a_l, ]_,CL,CLQ, e

T RTHRELY (o) EINEDENDASD,

BEEA. (1) am =125 m e N WFEHETDILTDH, ZOL X, TED (€ Z IZD\WT
l=ng+r,0<r<mZBdqrel WEIETD, ZOLE d' = (a™)" =a" THDM
5. (a) c {1l,a,a% -+ ,a™ '} TH>T, ZHIFHRTH 5,

W (o) PERBETHEETNIE, HD0<s<t W ULTa®*=a THY, ZDL
Ta*=1,t—-seNThd,

2)()am=1¢9dEm=ng+r,0<r<n’d qreZ WM#EdTd, ZDOL ¥

ERDBMMn DEINMNENRS r=0THhHd, £oTn|m THd, n|m LIKETIUX B
5N @™ = (a)™" =1 THhd,

(i) &Y (a) ={1,a,a% - ,a" 1} LRBILIFTIINMNDE, TNOENTNTHRA
5ZL%RY, 0<i<j<nil{UTdad=a 9Dl "=1,0<j—i<n &Y
n DHRMEICKT D, $oTINLIEITRTELY o(a) = [{a))=n THD,

(2) -+ ,a %07 ,a,a%, - WIRTELRDZLZREIER, i< (i,j€Z) I
HUTa=a LIRETDE, BIEHEMKIC 7 =1,0<j—1i £A8Y (a) I$ABRKEFE
W85, 2T, INHDILIFTNTERLRD, O

2.4 BIREE

H %28 G OHDEEL TS, G LOBEB ~ % TaH=0H D& X a~b] TEDD, Z
DEE ~ X G LORERBRTHE Z & Z2RT D,

F9EED ac GIZHUT aH =aH TH2hH a~a ThHb, IRiZa~b &
RKET D, ZDE X aH =bH TH505 bH =aH Tbhr~a DN D, a~b D
b~ce CARETNIE aH =0H =cH THENH a~c THD, AELD ~ IXEMERFR
Thd,

R 2.4.1. H 2B G OWAH H £ 35, a,be G IZOWTIRODEZMIZFETH B,
(1) a~b (T48DH aH =bH)
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4y a”'be H

fERA. (1) = (2) b=bl € bH = aH T»H 5,
(2) = 3)beaH 2, D he HWFIHELT b=ah THBD, TD&Z
hlteHTHhHdNrba=bhtecbH THd,
(3) = (4) o €bH EFBE. DB h e HAMFELT a=bh Th, 0L ¥
“b=h"te H Thd,
(4) = (1) 2 hc HPGFHELTab=hThd, ZOL X a=bh"! b=ah (T
FEELTBL,

FED hy € HIZWUTahy =bh thy € bH TH D25 aH C bH MY iD, fF
;E\o) h2 € H jd‘b"c bhg = ahhg € aH VCJ;)"Z)?J)E) bH C aH b)ﬁk U fLOO ny\J:c]: U
aH =bH Th D, O

UEDZ LR ~ 2 Ha= Hb TEZEL CTHRBRIZHEY LD,

aH % H OEFIRE (left coset) &V, ERIRBERMEDOESZ G/H LFH L, [FAkk
\Z Ha % H OBFIRE (right coset) W\, GRIREEAROELEE H\G £EL,

~ X EMERR CTARIRBEIITOREH L 225 DT, ARAREIZE T L H)

G:UCL,H

i€l
NELND,

B 2.4.2. G =, e H PERRBFEITIHINTHD e, G=U,,Ha B
FIREICETL2HTHD I RAMETHD I L 2Rt

3

3 )

Il 2.4.3. 3 IWHREE S; & 25, S3 DItlE
3
1

1 2 3 1 2 3 1
f1=\1923) 27113 2 ’93:<2
9
1

/123 /123 (1
g4_ 2 1 ) 95_ 3 2 ) 96_ 3
THd,

H={gp)=1{g1, 0} LUTERREEEZEZTHDL

gH = ¢H={q0,9}
g = g H = {93;94}
gsH = geH = {g5,96}

W N NN
N DN~ DN

Thd, —Ji. ARRFEI

Hgr = Hg, ={91,9:}
H95_{93;95}
Hgy = Hgs= {94796}

=
&
[
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Thd, > TIDGHE. ERABEICE2ENE GRIABICE 2 HEINIR R >TWD,
K={q)={g1,00 95} E UTERREEEZEZATHD L

g K = gK=gK= {91794795}
@K = ¢3K = gsK = {92, 93,96}

ThY., ARRHED

Kg = Kgi=Kgs =1{01.91,95}
Kgo = Kgs=Kgs= {92,053, 96}

L%, £2oTCIDGE. ARRBIZEDEH E ARAREIZLDHINE—EL T35,

LEDOBID &SI, TR H 12 & D ERIRIENT & 2800 & ARIRIIZ L S8 H—E
THEE SVHANK eH = Ha PMERED a € GIZDOWTHILDEE, HE G D
IEFREREE (normal subgroup) &5, KHI G 237 —NIVHER S IZER O FELIE
BT H D,

I 2.4.4 (Lagrange). G # AREEL U H 22D/ LT D, TDOLE, [LED
a € GIZXNUT |aH| = |H| THD, /o, REBDIERREOHZ |G: H LEL LS
|G| =|G: H|-|H| Thd,

SR ac G LU, G f:H —al % f(h)=ah TEDB L, THIILHEHTH S,
£>C [aH| = |H| TH 3, ¥ G =, a:H &%z

G| = |a;H| = |G : H| - |H]|

i€l
Thd, [l
COEMORBZDLERREOY |G : H & G255 H OB (index) &5, £

FIRFIZOWTEREBRD Z & WD LD, BADERIREOB L B35 GRAREOBIL
gi&‘?}_éo

B 2.4.5. G 2GRELT D, v € GITHLUT 2 ORABUE |G DRETHD Z L %R
B, ZHZEST., G DEEDIE 2 1220WT 26l =1 R Y IO RS n5,

2.5 FIREF

G%uEHEU N ZZTOEFEHRTEDEEETE, ZOEE, FED ae G IZDOWT aN = Na
Thd, OoTHREIA, EOXAZTEIHENZN, FRBELERDES G/N IZ2A
TDOESBEHBEEZEZD,

(aN)(ON) = (ab)N

ETINBFELSERIND Z L 2RT,
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ZD%E aN =d N 5% d € G BWEETDIZNE LR, ED o 2f#
D EFERNEDLOTUED LWVDDTIHE (B4) WEHRHINTWD LiE
WA, ULER->T, MENFPFERSEHREINDZOIZIEaN =d N D
DN = N LAREUAE X (ab)N = (()N DY 72 B USRS 20,

aN = aN »D bN = UN LIRET D, D ny,ny € N WFEHELT d = any,
b =bny TH5, £7/2 bN = Nb BDT, H5 n3 € N BWEFEMLELT nyb=bng THD,
EoTZDLx
a'l = anibny = abnzny € (ab)N

L3 (dV)N = (ab)N TH2, &> TIDHEHIIFHE R EHEIND,
ZOEEIZEAL T, #EAEAEY D Z EIXHS N T, HIZ

(1N)(aN) = (aN)(1N) = aN, (aN)(a*N)= (a"'N)(aN)=1N
MY LD, 5T G/N IZZDEHFIZE>T IN 2HACL TIRECRD, aN D
Jeld a'N THD, ZOfZEZ G D N IZLDFIREE (factor group) W0, FERERK
DEEGLELELFZM>T G/N &h<,

Bl 2.5.1. Z ZINEREE D, ne N 2—D[EET D, n TERINDIHIHE (n) & n
DEEBEEDEET, Iz nZ L EL, a€Z 280 nZ 12X D FIREIT

a+nZ={a+nl|lecl}
Thd, £/~ {0,1,--- ,n—1} BRREEID2ENDEE2REKXRTHD, £oT
Z/nZ ={0+nZ, 1+nZ,---, (n—1)+nZ}
Thd, HEIX HRIE
(3+4+5Z)+ (44 5Z) =T+ 5Z =2+ 57Z

DEDITHD,



Chapter 3
IR EAR

3.1 TEEHEH

B4 R FICIEE BENEZEINT VD LTS, R M (ing) THhd LIE
(R1) R IZNEHTH S,

(R2) R IZFTEICH U TEHTH B,

(R3) [9BSR EED a,b,c € RIZDWTa(b+c) = ab+ac, (a+b)c = ac+ be MK
URVASN

iR VD, B
(R4) [BAITTDFE] FIEIZEHT D BALIC 1(#£ 0) WFEIET D,

MWD DE I, RZ2BATEEDIDEREVD,
(R1), (R2), (R3) BV ib, »D

(R5) [RR¥EER) AERED a,b € RIZHUT ab= ba D&Y LD,

Mg 7z I N5 & ¥ R 2 AR (commutative ring) W9,
B R OMEICEATHRAMIGETIRE NN 0 £/21F 05 & FHL, R WHEATEZE DER
THhd eI, FERIHETIHEM G2 BIZEATTE NN T 20 15 EFL,

M 3.1.1. B R ODfEEDIL 2 122V T 0z =20=0 THhdILZrE, (ZO0IER
DIEREE UTORNLIE 0 DI ET, 0 €Z LITESERTHD, LA LI DOREIZ
Lo T 0pz & Ozx ZXHIT DMBEIFTRLSAD, )

R BEMGEEDBEOL E, R IFREIIOVWTE/ A RTHENL, TOHEEE
UR) BEZS6ND, UR) 2B R OBEHEF (unit group) W\, £Dit% R OIER|
To. F2IFEE (unit) &V, (EADGEHED & SITIXEIL, FALEMBLIGE S D
CRET B, )

B TE2EDE RIZBWT, 0 MADTARTOIENEATETH D & X R ZHHK (skew
field, division ring) &2, FHIWHARMEZIK (field), F/2IXAHE (commutative
field) £\,

27
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Bl 3.1.2 (BBER). 72/2—D2Dit a EHDOEEIZ a+a=a, aa = a CTHEHEZEDNIX,
ZNIFERIZE D, INE2TRE VD, FE ii'ﬁ—ﬁfn%%téb\

Bl 3.1.3 (AHEEER). Z 1@ OINEL FIETHAILZE OAHERTHD, INeh
IHEHER (rational integer ring) &\,

Bl 3.1.4 (FHELBUAR, SR, EREBUF). Q R, C IHEH DAL FIETHRTH S,
Nz ZNTNEEBEUK (rational number field), EFK (real number field). BREF
(complex number field) &5,

WJ 3.1.5 (&175IER). R % (WL IZRS6 BV BRE 9D, RDuzladedd nikiEs
A DORRITEFE DHEBETERIZAZ S, ZN%z R L niXOLITHIR (full matrix ring) &
b\b\ M(n,R). &721& M,(R) £&E<. R M»HAt%E €& TE M(n,R) BHRAILE S D,

R %#8 9%, 0#£a€ RM»RDEZTATF (left zero divisor) THD &lX, HD
0£bERMEFHELTab=01R2ZLTHD, AKIZ0#Aae RMWRDAERETF
(right zero divisor) ThHd &iE, HD 0£be RPHFEL T ba=0 82L& THd,
0134 (F) BERTFLIFVDRNI LIZT D,

5 3.1.6. Yt OB R OENTIRA (H) ZERTTEA, BIC R ABHER
12 R () BRTIRAEEL A,

FERH. o ZIEAIGCTHY, MOEBERTTHEL 9D, HD0£bec RPFELTab=0
Thd, ZD&Z
b=1b=atab=a"'0=0

YHRY b£0IIFIET D, 0

RDWAMHERTH D L I d a WEBERTFTHD I, AERNTTHD I &IFENE
THY., EHOXH%ZTEHENRND, 2D X o % BIZERF (zero d1v1sor) L9,

HA7ot % & DAER R EIH (integral domain) TdH 2 &1k, R ICERTPEFEEL
BNWZEThb,

Bl 3.1.7. RIFBETH D, FAHBEIR Z ZMETERVIBIETH D,

B 3.1.8. A Z8HE L, RALLTAREETHDLTD, ZDEE ARMKIIRDZ
t%ﬁ:\”ﬁ_o

] 3.1.9. HHEEHBUR Z LORITHIER M(n,Z) OHEEIEE DR E DOPRER &,

HETIRERER Tar = ay 251 F 2 =yl PRV ILON, —BOERTIZZIIEL
KBV, UNUEETIE, MTDEDIZ a#0 &WSRED T TREFERDL Y LD,
Rl 3.1.10. R 2%k 95, 0£ac R 2,yc RIZHLUTCar=ay 52 =y T
H5,

FEER. ax =ay £ 9D, alr —y) =0 &K8D, a#0RDT, BIFIIFBFRTFNRND
EMH z—y=0Thd, oTao=y THD, O

B 3.1.11. #HEHIAR C LO21758 M(2,C) T, ar =ay THIdW o £y £B25LD
B % R,
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3.2 EBHDERAICL>TERINDIR

neN,n>2%—DEETD, BIEEALELIICZ a,beZIZRHUT, $D (€ Z MPFLE
LTa—-b=nl £B%&Ea=b (modn) &EHEIZLIZTD (1.21), ZOEEID
BAMRIEFRMERBIFR CTH D, TD a & &L FMEEHIZ

a+nZ={beZ|a=b (modn)}={atnl|lecZ}
Thol, BEDFAMEHESKROEST
Z/nZ ={0+nZ, 1+nZ, -, (n—1)+nZ}
Thd, Hl 2.5.1 T Z/nZ \FINIERE Z OIIEE nZ 12X DFIREET
(a+nZ) + (b+nZ) = (a+b) +nZ
THEPFE RS ERTED I L2/, FAUELDIZ
(a +nZ)(b+ nZ) = ab+ nZ

T Z/nZ \CREEPFE RS ERTED I L 2R 5,
a+nZ=ad +nZ, b+nZ=V+nZ &$5, H2 LV cZ NFHELT d =a+nl,
V=b+nl! THd, ZD& X

a't = (a+nl)(b+nl") =ab+n(al +bl +nll') € ab+ nZ

THE2M6 db +nZ=ab+nZ THY, FEIFIFERIEEIND,

Z/nZ AINERHETH Y, FECODWTIE 1+nZ 28N EETE2E/ A RTHD, &
A ERER] REERIDSE ) LD Z L IXB G IHEND S, U2 T Z/nZ 1E IR
DOhEE%E D, AR TIPS n BIHONRE ZZX a+nZ € Z/nZ % a £ HFES
ZLiZTB, Z/nZ DB, BLUTERT2EZD,

Bl 3.2.1. Z/9Z % FZE 2%, FTIEIHTIHARIIUTOLDIZR D,

0123456738
0/000OOO0DO0DO0O0O
110 1 23456 7 8
210 2 46 81357
3/0 36036036
410 4 8 372615
50 516 27 3 8 4
6/0 6 306 306 3
710 75318 6 4 2
8/0 8 76 5 4 3 21
1 Z2B0E0OPEET, 0 LOFEUIZ 0 2E80LEONERFTHD, Lizdo
’C?—?ﬁﬁiiU(ZmZ)—{T?iB?S} “Hb)., ERTFIE 3,6 THD, BEEELORI

FBRBTHDIEEMRALTHI D,
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— DA ERD O TOEME HET 5,
T 3.2.2. a,bc N &3, ged(a,b) =d THEEHIX, HD v,y € Z PFIELT
ax +by =d
LR5,

FEER. a > b LIRELTHEDRY, ZDOE X b IZHTHIRMNETRT, b=1 261K
ged(a,b) =1 Taz=0,y=1 &THEEV, b>1 T3,

a=bg+r, 0<r<b

2% qrcl PIFIET D,

ged(a,b) = ged(b,r) THDZL%ERT, d| b &dd, TDOEXT d|aBbiEd]
a—bg=1r Thbd, £72d|r Z5Ed|bg+r=a THdD, £>Td» a,b DT
HdZelbr DRWETHZ I LIFXFAMETHD, LA >T ged(a,b) = ged(b,r) A3
) AVASN

r=0 725X ged(a,b) = ged(h,0) =b Tx =0,y =1 &AL,

d=gecd(a,b) £BL, 0<r &FAUE b >r BRDT b,r IZIRHIEDIKE % EHT 5
ZEMTE, BB 2y eZPHFELT ' +ry =d &85b, DL ¥

d="bx'+ry =bx' + (a —bq)y' = ay’ + b(a’ — qv)
ERBZMb x=y,y=a0 —qy EBIFIEI, O
ZOEEEHNCT, — D Z/nZ ODEBERETD LN TES,

E 3.2.3. a+nZ M Z/nZ ORI TH 2 =ODBELFEMIF ged(a,n) =1 L8 D
ZETHhHd, §48bH

U(Z/nZ) = {a+ nZ | ged(a,n) = 1}
Thd,

REEA. ged(a,n) =1&95d, ZOLEIEM 322 &Y, HD x,y € ZPFAELTaz+ny =
1 Thd, ZOWA%E n 2 RELTEZANT azr=1 %Y a I FHRETHD,

a MEBTHDLTD, HD Ve ZMWFHELTCab=1Tbhd, LEN>TLeZ»
FHELUTCab—1=nl THD, ZFLTl=ab—nl 2155, ZOXRDLHLIE ged(a,n)
THOYINDDT, LD 1% ged(a,n) THEID N ged(a,n) =1 £ 85, O

RIZZ/nZ DERFZREL & D,
T 3.2.4. 04 a € Z/nZ \ZDWTATFOEMIZFAMETH S,
(1) a IFERFTH D,

(2) @ IZHEETIER,
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(3) ged(a,n) >1 THD,

SEBE. (2) <= (3) IXEH 3.2.3 TRINTWVD, FRFIZHIBTIERVDT (1) = (2)
EEY YLD,

(3) = (1) gcd(a,n) =d>1¢,F2, ZO&EIn=dl LTNE1<l<n bBdD,
a=dd LTNEIA£0ThHhoTCal=adn=0%,%%, £>TaldXFEHNFTHD, O

EIE 3.2.5. Z/nZ IZDWTUTROLKMEIEAMETH S,
(1) Z/nZ 13ETH 5,

(2) Z/nZ 13BHTH 3.
(3) n BEMTH 2,

SEER. HIDEH LY (1) = (2) 2k LD,

(3) = (1) n MBHLLIE, FED 1 <a<nlZHUTged(a,n)=1ThHdN"5H
a lFHBTHY Z/nZ7 1K TH S,

(1) = (3) Z/nZ WEELIE, FED 1 <a<n 2 UTged(a,n) =1 THRL T
Bo59 n 3R ETH D, O

8 3.2.6. 128z + 405y = 1 2 A/ T EBEDOM (v,y) & —2KD L,
M 3.2.7. &751ER My(Z/2Z) Ditia$RTET, FLTORBHEE2RER K,

3.3 EoR

R %2543, RDETHENEAES S H R DEBZIR (subring) TH D &1
e abcSBHIXa-beS, abeS TH,

2~ d Il dd, SHRDEARTHELE SHHIXRTHD,

# 3.3.1. ZIX C,R, Q DENERTH 5,

Bl 3.3.2. R=M(n,R) &9 %,

11 A12 Q1n
. TN Qoo -+ Q2p

S={(aij) eR|i>jBbEIEa;=0}= _ . a; €R
0 Ann

EBITIES IZ RDEAERTHDZ L 2HERT D,
A=(ay),B=(b;) €S £§%, A—BeSIIHLMNTHEMH ABc S 2 7EIE
L\, AB=(c;) £BLE
Cij = Zaikbkj
k=1

Thd, i>7jLTd, i>kB0lEar=0Tk>jBRoEb,;=0Thd, £oT
i<k<jDEIDA apby; 0 LBRVEDN i > THENLH, TRTOD L ITHLT
alkka:O“CEf)‘) CijIO tfc}:éo c]:’JVC ABGSTZF)%O
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ZOHID S NERIZED L ZEBENOEERTDIE. WAWALREMEZNZT L
EHEMNDRITIERS T, BNEMNKRETHD, LML R DEHEAT. TOHAEL
R DEBZHVTERINT VS 2D, HARTHZDILZRLIATNIE S BN
RCHDIILERTILNTED, BOBEIZE, HOIEEGVHIEATRIZED Z
LHERRUIZVEEIZE, TNRRLSAONZBROMAELSL L THLNTOHRNMNE S
MEZZDZEWANTH D LMWL,

Bl 3.3.3. AI#LER Z/67 £ ZTDHIES S ={0,2,4} 2EZX D, ZDLE S IFHIER
285, Z)6Z EHAE 1 25 H, SIFHENITL 4 2ED, 0D ZH
BALTIEBT UE - LR,

[ 3.3.4. R = M(2,R) DEDEA

S

X R OHRERTHD Z L2t

3.4 ATTIEHRR

R %ZEET D, RDETENEAES [ 7 R DA FTTI (ideal) THD &1,
(I1) i,5el BolXi—jel THhd,

(I12) aeR,iel B5lXaiel Thd,

(I3) ae R,icl A5 iacl THb,

EARTIETHD, (1), (12) ZHi/~9H8EE T 1IEA T TIL (left ideal) & KiFh, (11),
(I3) %7~ THEE I IZH/A T 7L (right ideal) & KiENd, 1 TTIVEE (F) AT 7
WV EXHIT 2 72IZmRlA T 7 IV (two-sided ideal) & E WD,

AHEBIZBWTIE, A1 T 7, BT 70, il 77V % KBTS BEIER <,
HIZA T TN,

IZBRDODATTNTHEDETD, a,bec RIZHLULTa=b(modI) % a—bel
THBHILTEDD, 20, ZOMRKRIE R LORERKRE LS, ae R Z2&0H
fla i

a+I={a+il|iel}

Thd, AEHORKDOESE R/I &£, a+I1,b+1 € R/IITHUT, ke REE
(a+1)+b+1)=(a+b)+1I, (a+I)(b+I)=ab+1

TEONE, INLDOHERRIFELRIERZIND,
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FHEIZODOVWTDAREBIIFIEN BN L 2MHRT2, a+[=d +1,b+1=
V41 E8$2, d=a+i,b=b+jR2ijcl BWFHETD, ZD&X

at —ab=(a+1i)(b+7j) —ab=1ib+aj+1ij
Thd, 13) W ibel. (12) &V ajel. (12) &V ijel THY, (11)
YV ab=ib+aj+ijel THdD, EoTabl+I=ab+1 72D, FEIX
EHREIND,
IEIZBE T 25 E RN <IZan b, 0+ 1 PHEAIE, a+ 1 OFTE —a+1 &
BY. R/IIZINERFTH B,

FIRICETMEETEIE 9 I d, RIS HENPO LN R/TIFERE R D,
Iz R DI IZEDFEIRE (factor ring) &\,

o RMWAERILOIE R/I & WHIRTH 5.

e RMWHEAIL12EBL ICRTHDIELIE R/IBHAIL1+T 25D,

M 341 neNIZHLTnZ={nl|(eZ}XZ DA TTINVTHdILERE, (ZD
EEXDRREMN Z/nZ THD, )
beR}

a b 0 b
R_{<O c) a,b,ceR}, [—{(O O)
EBELETIFRODATTIVTHD I L %R,

BRRIZBWC, RAHE {0} E ROATTINTHD, vk ROBRRATT
JU (trivial ideal) &5,

& 3.4.2.

R 3.4.3. B L2 FODBE R EZDA T TN IIZDOWT, [ =R THDI Ll lpel
THDZEEFMETHE, ZNERYE,

M 3.44. REMMEL L acR Y95, aR={ar |r€R} IERDAITTINVTHDZ
Lxmrt, (2D aR % a THEBRINDEIEA T 7 I (principal ideal) £\, )

M 3.4.5. R ZWTHRWVEREL ac R YT D, {rar|r,ra€ R}IEFRDATTI
LIIWLANI LR RE, 720 2AUATTNOS L, RO OIMINEE R &,

M 3.4.6. FEHEEER Z OLEDA TTIVIZHIEA T 7V THD L2 rE, (ZD&
SIUEREDA TTINVBRIEA T 7V TH 2 LD BEEBIFEA T TIVERE VD, RFICER
THhDHIHA 77 VE % BIEA 7 7 JLEI (principal ideal domain) &£\ 5, )
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3.5 ZEAR
R ZA#HIERE T D, R Duzefille §25XF v DEX
fl@)=ay+ax+ -+ ax" (a; € R)

Z 2z I3 % R EDHIER (polynomial) <‘:b\5 flx) Z2HIZ f LEELS, 2 2FE
JT ('ndeterminate) FEFEHE NS, AEIT ¢ LTS R EOZHARKDOESZ
Rlx] &

R[] ?éﬂﬂ{ftﬁ(ﬁé HOLGHELRUEDIZERT D, T28DL., MR

flx)=ay+ax+ - +ax”, glx)=bg+bix+- -+ bua™

WZRLULT

¢

1=0

Thd, 272U L =max(n,m) T, EBINTOAWREITZ 0 &T5, FLFEERX

n—+m
f(x)g(x) = Z o, e = Z a;b;
k=0 i+j=k

£94%, ZAUIE->T R[] IFFHERE AL, Nz ¢ IZBTD R FOZIENIR (poly-
nomial ring) £\,

f(z)=ay+ax+ - +a,2" \TENVTa, A0 D& E, n % f(r) DR (degree) &
W deg f(x) F2ld deg f £FEL, f(z) =0 D& T, BAWIZ degl = —c0 &7
%, FEEEH I F/Hidd= -0 iZHUT-c0<d —0c0o+d=—-00 &F 5,

DFRTIE R 28 LT 5,

Rl 3.5.1. R #8845, f(x), g(x) € R[z] IZHLT

deg(f +9) < max(deg f, degg)
deg(fg) = degf +degg

A RVASH

SEBR. —DHODOAXIFHLNTH D,

f@) #0,9(x) #0 &9 2. f(z) = ilgar’ (am #0), g(x) = 377 bja? (b #0)
EFdE flo)g(r) =S 0 S aibyint THD, a™ O anb, T, an, #0 &
b, 20 THBHZLE RPEHTHD DD a,,b, #0 THD, £oT, TOELE_D
HORXME Y 37D,

flx)=0F~Eg(x) =0D&FE EED n € {—00,0}JUNIZH U T —co+n = —c0
LFVHOLNTH B, O

T 3.5.2. % R EO— RS IHAR Rl2] 3 -BHTH5,
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SEER. Rlz] HACZ E DRI TH D Z LIFHONTH LN EH, Rlx] ICHERTFMNZ
WZ & EREIEE,

f(x),9(x) € Rlz], f(z) #0, g(x) #0 £ T, ZDLF deg(f) # oo, deg(g) # —o0
T, i 3.5.1 £V, deg(fg) # —oco. THRDOL f(x)g(x) #0 THB, O

deg f(z) =0 THD f(x)., £7/21F f(x) =01 F ROILELES I EMNTE, Zhi
& 2T RC R[z] £ABT,

B 3.5.3. BIR TR R & deg(fg) <degf+degg £482 &I f(z),9(x) € Rlz] D
Hil & BARIIZ DT &

EHE 3.5.4. R 2R T 5D, f(x), g(x) € Rlz] T U T g(x) DREIRDELREN R D
EAIETH 261X H5 q(x), r(r) € Rlz] WFELT

f(z) = g(2)q(x) +r(z), degr <degyg
LB RIND,
BB, f(2) = ao+ b aga”, () = by + b b b bt EF B, EF gla),
r(z) DFE% n = deg f IZBET DRANETRT, g(z) 20 THEHMHS degg >0 TH
%5, n=-o00, £En<m DEXE q(x)=0,r(z) =g(z) ETHEEN n>m &
T3, h(z) = f(x) — apby, ta" mg(z) LB & degh < n T, MefEDOMRE LY

Wz) = g(@)q () +r(z), degr < degg
5% q(z), r(z) € Rlx] BMFEET D, 2D

f(@) = h(x) + apby, 2" ™g(z) = g(2)(qu(x) + apby ' 2™™) +r(2)

LY, ZHIIKRDDZATH 5,
‘(9-\’ LZQ%T‘I{:E%/?\‘—;_O

f(x) = g(x)q(x) +r(z) = g(x)q () +7'(x), degr,degr’ < degyg

CRET D, ZDLE
g9(x)(q(x) = ¢'(x)) = r'(z) —r(z)
THhd, qlr) # ¢ () THEROIE, LELORBUE degg L ETH Y, GHDOIREI
degg R THE, TNBFELDOT qla) = ¢(2). 2T r(a) = r'(x) LRI IHR
BO—FHEIRI NG, O
Z DERLIFHRFIT
e RMWERTHD L X,

o g(z) ORERFEN 1 THB L X,
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WHEHTE S, ERED 1 THELHAZE=Y ¥ (monic) BEZHA L WD,
EH 3.5.4 D q(x), r(x) 2. TNETN f(z) & g(z) THI-ZL TOE. KRY &\,
FRZ r(x) =0 D& E f(z) 1& g(z) TERIVEINS LW g(a) | f(z) &EL,
fl)=ap+ a1z 4+ +a2" € Rlz] £ a€ RIZXHULT

fla)=ay+aa+---+a,a" € R

% f(x) IZa ZRALEEL D, f(a)=0THhdLE ald f(x) DR (root) THD
tb\‘io

EH 3.5.5. R 2% L U f(x) € R[z], a € R £ 92 & TLURMEY LD,
(1) [BIREE] 5 q(x) € Rlz] WFIELT f(z) = (z — a)q(z) + f(a) &H D,
(2) [AEEE] f(o) =0 THZODBEFDEMEFZ z—a| f(z) LBDILTHD,

BEAR. f(z) & g(a) =2 —a (T 354 ZEATNE. HD q(x), r(x) € R[z] DAL
LT
f(x) = (z — a)q(z) +r(z),
Thd, F2oTr(z)=re R THhd, ZOWLIZ o ZRATIIE f(a) =r THD,
& o THIREBD Y 32D,
RECE IS RIRCH NS T I D, O

B 3.5.6. 1Kk K LO—ZHBHAR K] 13BIEA 7 7V ([ 3.4.6 Z18) THD Z
b A

degr < deg(zx —a) =1

PRE 3.5.7. REHIKEL LU 04 f(z) €R[z],deg f=n &TD, ZDLE f(r) DHEZR
HRIFE n HUTTH D,

SEPR. n ICEIT ARMNETRT, n=00D& XE f(z)=r£0 7T, HIZ0MTH3,
Lo TadIER Y LD,

n>1&9%, fz) ITRAMEE LRI USABEIZRTIT 5, £oT f(z) ICHEME
FTH2LHELTEL, aZz—2ODIEET5, ZDLE

f(x) = (z — a)g(z)

£8% g(z) € Rlz] BWMFEL degg=n—1Thd, WEDRELY g(x) ORIFE%
n—1Tdhd, % f(x) DRETHIX

0=f(B)=(B—a)(p)

ThHY, RWEHRTHEZZEND f—a=0F~FgB)=0Thd, ZHE f(z) D
WA o THEH», E2d glo) DIRTHDZL2EHRL, £oT flo) DRIEE % n H
Thd, [

f(z) ER[z]) £FB, ZOLIEH, f*:R— R (a— fla)) BPEEND,
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tiRd 3.5.8. f(z),9(x) € R[z] £§ %, R PHERED L2 ELEIETHD L X f(z) = g(x)
& ff=g XAMETH D,

FEEA. f(x) =g(z) BOl f*=g* THEILIXHLMNTH S,

fx)#g(x) £95, h(z) = f(zx)—g(x) £B<, h(z) #07ZDT h(x) l&FE~< degh
fADORZEL D, £oT RVEREDGE2ELRLIE h(a) 0 £BD o€ R BEFAET
%5, 2T 0#h(a)=f*(a)—g*(a) THY f*#£g" THD, O

B 3.5.9. p EF KL L R=7Z/pZ £ TE RIFBIRTHE, ZDLX f(z)=a?—x
EFTIUIMTEED a € RIZHLUT fla) =0 THhY, £oT f*=0"Thd, ZHIIXD
FOWRINDG, £ f(0)=0Thd, a#0 UL Tida e UZ/pZ) T U(Z/pZ)
I p — 1 OEEZNO/M 245 &Y ol =1 ThHd, 2T fla)=a?P —a=01¢&
A

SEBOLIERER Rl xa,- -, x) IZIHAIAI

R[.Tl,l’Q, e 7xn] - R[l‘hx% e axn—l][xn]
(Rlzy, - @n_1] EOZEE z, T2 LHABR) L LTEHEIND, TOTIF
f(xh Lo, - 7$n) = Z ailig~~~inx1ilx2i2 e 'xni", (ailig--'in S R)

ERIND, INZ 1,29, , 2, \ T D R EDOZBIEX (polynomial) £WD, a4y, F
0D (‘: % ai1i2~~~inx1i1$2i2 e ZL‘nin 72 f )] IE (term) (‘i AL il + ’ig + 4 Zn 72 %@;ké&
(degree) &\,

& 3.5.10. R WEEIRD & ¥ Rlwy, w9, ,1,] DBETHD, /2. TOHRBHIE R
DHBHEL —BT 5,

SEER. R MBS ZMN D Rz F3BIR, £ > T Rlzy, 10] = Rln|[ze] BRI, Thzii)
ﬁbf R[ZEhZL’Q,"' ,ZEn] %%fﬂﬁfiﬁéo

U(R) = U(R[z]) ZmEIX, EEHEU &S RHERT Rlry, 20, , 2, OHEEUT R D
B e =845, f(z) € Rlz] 2HEELTD, HD g(x) € Rla] WEIELT f(z)g(z) =1
Thd, MR DY degf +degg =0 THDEMNH degf = degg = 0. T2D
5 f(x),9(x) € R THBD, &oT f(x) I& R DBEHTHY U(R[x]) C UR) THD,
U(R) Cc U(R[z]) ZBHSETHY U(R) =U(R[z]) TH D, O

flxy,ma, -+ 2,) € Rlxy,ma, -+ 2, ICHUT, B f* RXxRx---xR— RME
HEIND,

e 3.5.11. R IXMBMED L2 ELRIRE T D, f(o, 20, ,20),9(x1, 29, ,2,) €
Rlry,mg,- -+ 2, €95, TDLE f£g & f*#£g" IZAMETH D,
SBERA. f=g 26 fr=g" IXHLNLTH D,

=g &2BZNE fAODEXIZ fF4£0" THDZeERBIEI VNI EIZRE, Z
N%E n ICETIRMIETRT, n=1 D& JIFBRITR Uz, f % Rlry, -, 2,1] %4F
W42, DZHANERWT

f(xh e 7xn) - Zgi(xla e 7In—1)xni
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K%<o f 7é 07‘:75“5‘ 57’7)5 112 DWT g; 7& OTJ’D%O 'J%Wﬁﬁ@ﬁiﬁck‘) gi(al,--- ,Ozn_l) 7&
0885 (1, ,an 1) ERX - X RVFHETD, ZOLET0# flag, + ,Qp1,Tn) €
R[z,) THE2N"H, b o, € R PMFELUT f(ag, - ,an_1,0,) #0 THD, 2T
f*£0Tdhs, O

3.6 BARE
K %kt d42, 1e KIZHLT
1, 141, 14+1+1,---
EEZ. TNTNHRIZL, 2,3, £FEL 0, =1, —2=(=1)+(-1),--- 8FRT
F={--,-2-1012---}
EEZEZNE F XK OEREREBRS, KIZIEERTFRZWVDT FICEERTFIEELS F
IR TH D, FIIMEREE LT 1 THERINDIKEBET, LEM>TZ/MZ (n e N),
T Z EARBEMIZALBDOTHS (i 2.3.10), ZNZF—KT D, F=7Z/nZ TH
HLE FPBIETHEILIZEY n FRBUIRD (EHL 3.25), ZOFEME K OIFEH
(characteristic) &\ 5, F=7Z D& I2id K OFEEIZ 0 THD LD, - p (#£0)
DIRIZBENT p=0THhd, FEEN 0 TRVEKE EEHDKE L H VD,
Bl 3.6.1. Q, R, C I3 0 DIKTH 2., Z/pZ (p \FFEE) 3L p DIKTH 5,
e 3.6.2. K 2128 p (£0) DKL $ B, a,bec K IZHLT
(a+Db)P =a? 4+ V"

A RVASH

- 1
=0

(YZ) a z‘!(ppi i)

THhY., BT p BBENDDBHETITE p IFBNZ N, £oT. ZHud p OFFHTHY
KIZBWT0Thd, O

p
AEBR. —IHEHIZ LY (a+b)P:Z(p)a"bpi Thd, ZZTO0<i<pkddL

M 3.6.3. F=Z/5Z £ 9%, ne NIZWHUT, BB f,: F - F % f(a) =a™ TED
%, n=2,3,45IDVWT, f, IXHE (&4 THDI2», ThATNREL &,

f3.64. p #FE KL F=7Z/pZ 5%, FED ac FIINLTa?=a THRHZ L
7%/j_:\‘-tj:o
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Bl 3.6.5 (BHEUR Q DOMHiK). FHELIR Z »oAHEBUAE Q 2HMKL &5, ZF =
Z— {0} GEERT2EDER) L35, EHES ZxZ (ZHFE~ % Tat=bs D& &
(a,s) ~ (b,t)] ELTEDD, ZOBRIKXFAMERERTH D, (a,s) 2BTEMEEZ ofs
EELZLIZT D, FMEESEROES (Zx 7)) ~ % R eELSZLIZT D, RITHIE
L RE%E

a/s+b/t = (at+ bs)/st
(a/s)(b/t) = (ab)/(st)

TEDONE, TOMWAEITFPHERSEZRIN, FEEU, ABEEREDREY LD, Th
WCEoT RIFAMHERE 225, Hfionld 1/1. Fould 0/1. a/s (a #0) OFICIX s/a T
Hd, THZEY RIFALED, ZOEREEEBHEEL VO Q EEL,

B 3.6.6. fil 3.6.5 ILBVWTLU DI & 2R E &,

(1) ~ MEMEBIRTH D Z &,

(2) MEL FEPFHERSERIND Z L,

(3) MEDFEEIER, FIXOFEEIER, FIROLZHIRA], SRR, D 2D Z &,

#] 3.6.5 DIER%IE Z THRLSTH, —ROEEIR D IZHUTITFS I 22N TES, ZD&
DI UTHES 72K 2 B D DK (quotient field) &5,

Bl 3.6.7. R #8945 ¢, R LOZIHNAIR R[z] 3BIETH D, Rlz] DRI

flz)
g9(z)
Thd, IhE R FOBEERE L VW R(z) &L,

R DOFifk%E K 328, BYBFE—FHIZL>T K(z) = R(z) TH b,

meEZ NERAEMTHDLIE. m=a®> &85 acZ BWFIETDIILTHD, meZ
MIEHBHE (square free) THD EIE, m#£0,1 TH>OTm 2E VYD 1 DD
PHEELBRNZETHD, m WEFHEHTHD LW Z eid, fliHICE2IE /m A&
DRI RICERTEIRNE NS 2L ThD,

5 3.6.8. 3, 15, —6, —105 R EIFFEHHEHHTH S, 0,1, —4, 9, 12 R EIFFEHEHTIE

B,
m Z L EBERERE U
Qvm] = {a+b/m]a,beQ}

Q(vm) = {Zi;jg m@adeQ,8+d2#0}

m@#o}

LB <,
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R 3.6.9. Q[v/m] XK TH 3,

S, T R=Q[ym] CC ERT. WP EIETHEL 25T, 1c R Thb,
a,BERBLHIEa—-B, aB e REWHSLNT, &oT RIITHIERTH D,

0# a+by/m (a,b € Q) I U T, WHAYHET D Z & &2 FIEL, (a+by/m)(a—
by/m) = a® — bPm & m AEHEBEBZDT 0 1ZIEA SR\, a+ by/m DHIEIE CITiE
FHETDDT, TN RIZEEND 2L E2VRIE LV, ERE

1 B a—by/m B a b
a+by/m  (a+bym)(a—bym) a®—0m aLb?mﬂeQ[\/m
Thd, 5T R=Q[y/m] BIEKTH 3, O

B 3.6.10. Q[ = Q(v/m) THZ I & %At

Q[v/m] % ZRIK (quadratic field) £\\VD, ZAUFZHAER Q2] IZHWT (22—m)Q|z]
EWVWDIATTINEZER, TNIZEDEIRER Qz]/(2? —m)Qz] EEATWVWDH I L LU
Thd,

AR f(z) € Qa] Z2BEHIZIHA ( DINEWIRE D Z IHA DRI 3l U RN IH

X)) &9dLE, ANTHIHT S LD ICHERE Qz]/f(2)Q[z] FMELED, ZDLD%
ﬁiéﬁ‘:?ﬂzﬁ (algebralc number field) <‘: W,

R 2R84 %, f(r) € R[z] 2'BE# (irreducible) TH D &k, H5 g(x), h(x) € R|x]
XU T flx) = g(x)h(z) THDEH6IE g(x) £721% h(z) 2 Rlz] DHEEL (X>T R OD
B L8528 Ldd, BHTHRVE ZIEFH (reducible) &5,

K %k d42, 2OLE flr) e Kla] 1& (K DBBUZ LD EZRVT) BEHNZIHRX
ORI —BIIAEIND GEHIFAERT D), f(2),9(x) € K[z] P L@EDOHENR 1%
BRWEE f(x) & glx) BEWIETHD VD,

ROEHIFEH 2 B9 20, AHEEEROLGLHELEDIZ2—2Y Y ROERR
EEHWTRIND,

EHE 3.6.11. K 2k 95, f(r) & g(z) PEWIZETH DA LI,
f@)h(z) + g(x)l(z) =1
Y753 h(z),l(z) € Klz] BIFAET 5,
ROFHMPRUZNZETHD,

EH 3.6.12. K 2AL U f(z) € K[z] 2REIZHAL 95, 2D SRIRE Kz|/ f(2)K|z]
BARTHE, (K=Q,degf(z)=n D& E, ZTDXDBH%En RIEE VD, )

SEER. 0 +# g(z) € K[z]/f(2)K[z] £ U, g(z) BEBTH D Z L 2 mEIEL 0, g(x) #0
THEMN5 g(x) 1& f(z) THIYNT, /- f(z) BEIRDT, flz) & g(x) EHW
R THD, EH 3.6.11 &V

f(@)h(z) + g(x)¢

Y 5% W), l(z) € K[z] BMFET B, ZDE X,
g(z) €(x) =1

YY) g(@) & Kz]/f(2)K[z] CTHETH B, O

(z) =
ZORE Klz]/ f(x)K[z] THAIK
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ZOEBIZE>T Q E n ROBMZIHADFIETIUE, TIUTH U T n IRAKDTE
bND, —MRICHENZIHNZ WS ZEI3BSTER Y, TR, L<Hbshz%
A DR E e Bl 2 3T 5,

f@)=ao+az+- - +a,a" € Zz| PR\ZBEXTH D Lld. TN TOHRBDOEK
NN 1 THDI L e D, [LED f(x) € Z[z] 1F. HBIFEEH o LIRHEZHNA
g(z) ZHWT f(z) =ag(z) ERT I EDHKD,

R 3.6.13. f(z) =Y " air’, g(x) = 30 bja) & Z[z] DFBZHEAL T D, ZDL
T f(o)g(z) BIRBZBIHATH 5,

SEER. p 2L D, f(x) & g(z) FREBZHALZDT

p\ao, p‘ala Tty p’azel, PTai,
plbo, plbi, -+, plbj_1, Pt

850, ] WEIET D, 2O E f(r)g(z) D 27 OFREIX
aobirj + arbiyj—1 + -+ + aim1bjp1 + aibj + aipabj1 - + aigbo

L) p THYYINAN, LEAT f(a)gle) DFRTOREEENY) 412 H8037%5 <
f@)g(z) RESZERTH 5, O

W& 3.6.14. f(z) € Z[z] ' Z[z] THNTH 24513 Qlz] THHNTH 2.

SEBR. f(x) £0 £ LTV, f(2) 1 Z[z] CTEHERNTHZ L L. Q] CHNTAVET
2, f(z) =g*(x)h*(x), degg*(v) > 1, degh*(z) > 1 THD g*(x), h*(x) € Q[z] HIUFE
T5, Q LoZHAIL, HE2EHBHZEIIZZLIZES>TZ EOZHAIZTEHI L
MTELDT

af(z) = g(x)h(z)

Bdacl k gx),hzx) € Zz) WMELND, ZDEDB a LUTIEEDEDZ LD L
WHKDZDT, EOEDDIBLHR/NDEDE a LUTED, a=1%50IF f(z) & Z[z]
THWNTHIIREIINT D, a#1 T D,

g(x) = ago(z), h(x) = Bho(x), a,f € Z

T & ho(z) FRBZHA LT D, a#1RDT, pla LRDIFM p BWIFET D,
p K af(z) = g(r)h(x) = afgo(x)ho(x) DFATORBER YIS, =2 C gola)ho(z)
FIRIAZHA LD T p|af THD, p IZEBLEDTp|la Tldp| s THD, 2Dk
X HAEp|la TR

(67

%f(x) — (;go(l‘)) (Bho(x))

1 2] IEBT BT, LAdioT a ORIMEICKT B, O
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TR 3.6.15 (71 £ A& A > (Eisenstein) DEEFIMHIEEH). p 2L T2, flo) =
ap+ ax + -+ ap2" 1t +a™ € Zz] IZDOWT

plan, plans, -, pla, p|ay p°1a
THDETD, DX f(z) I Q] THNTH 2.

SEER. f(z) DY Z[z] THETH B Z L 2RI, f(z) = g(x)h(z), g(x) = S bt €
Zlx), h(z) =Y gt € Zz] £ § B, f(x) DERFEXDEEIE 1 RDT b, =c,=1T
Hd, 77 ag=bocy BDT plE by £721F cg D—FDAZE VYD, p|by, ptcy &
T2,

plbo, plby, -+, plbisy, pth
3% i BEETD, 0<i<m<n Thd, f(z) D z* DRI

bQCi + blci_l + -+ bi_lcl + biCO
T, 2L p TEVENT, (REICFIET D, O
RIZZDEHENSEBIZDND,

% 3.6.16.p 2FEHLLn>1295, ZOLI " —p FEHNTHS, £oT, HE
D n>1 /0T n RREUERIZFEET S,

BREIZABRRIZOVWTHSN TV SRR 2R UICE 5, B/EE TORGET
INHDFEAZ 522 Z LIFBETIEARWN, T2 THIAT D Z LIFEARK LA E U
THATBEWTALW,

I 3.6.17. (1) F 21 p OBWMELTHY. HB neNBHEELT |[F|=p &
5%,

(2) EEDHEK p X ne N IZHUT, |F|=p* LB2ERK F BAREMIZ D771
FAET D, ZOLE F OERIE p THD,

MEIDY p" TH 2B RARDRER HIEIZNRBURDGZE L IZIEEUTH D, M p DK
)7 %F& Z. L[pZ %158 $D n IENZERX f(z) 2D, 2ZHARORRE
(Z/pZ)[x)) f(2)(Z)pZ)[x]) #EZEZBDTH5, HHELHERTHLD,

Bl 3.6.18. p=2 93, fla)=a*+a+1€ (Z/2Z)[z] 2F A D, f(x) PEENTE
WeTDH e, 1 IRROBICHIEL., LA >T Z/2Z 1ITRE2E 728 TEARL RN, L
MU f(x) 20,1 ZRALTE 0IFR680, &oT f(z) & (Z/2Z)[x] TEEHITH
%, F = (Z)22)[x])f(x)(Z)2Z)[z]) B &, TNPNE 4 =22 DIKTH D, FIRER
WEITS 2 D% aldde a’+a+1=0, §8bb a’>=a+1Thd, THIIHE
HedL F={0,1,a,a+1} TH>T, TOHEHKIZ

+ 0 1 o a+1 X 0 1 o a+1
0 0 1 « a+1 0 0 0 0 0
1 1 0 a—+1 « 1 0 1 o a+1
« o' a+1 0 1 o' 0 «Q a+1 1
a+1l|la+1 « 1 0 a+1/0 a+1 1 o
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1] B, K, ST
2] RBCE AR, FHIE, FEHR
3] fRBCHERR, ARk, S
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