A AR
ik a5

2021 EHiHA
(2021/03/31)






Chapter 1
Fos & ZEfE

COWBBTRBRABFORIL 25 T, (B, K] OEHE., B & CHANRMTOH 2 BRT 5 2 &
FHBE T2, SNDIE, BICEARREOER 2IE2 TR, BIE, N, WHRRE, mBss v
DIECAETISH SN2 AN, POBEREDTHS.

RECE. HBEEVESEUE 1TBVTIE, HEHROE OEANAMEDAIEH L, ZOMES D
EEZFIREMEL . T CRLNEMRE EOMEISAT 2 &\ o FERY NG, o7 <
BHEHS, ELOWEE £ OB, TOIBEOMEAFITEE LTELNAKRE. TOLE5IZE AT
%3, LEBoTEOMENEOMEL A, TNICHT 3 HEMEL TBITIE. 7 OMmHEIILE
<BRY. ZOEERIMT I LIRS, D& REANLERIN, HIEINTIAEDIHED B,
B, TR RENDD,

WMAHIEER X5, BIAIE n KTERY MVRKOES V 2525, V ICIEMEPIRENEE S 2.
U USRI, BRIERERINAL, 22T KL RESERIN TV SHEE” 12DV TO & gL
THIHE. AROEEL EObDRTIEATE 5. “hat (B Tho. (JARERTIRAEY, U<
FHTHS, )

WIT n DT ST RDES R 252 &5, R ICIZMELHRENEE>TOEOT, JAEHTH
%, LML R ICRRIEEEE > TS, R 2RICHECHET ML RTVE 2T, TOREINTS
BRIE LA, T2 Tk, ik REOEZ-TVHb0E (8] LiEdb,

n WEFFTANC S, —RS B ATBIAEAET 2 D TIRAVDT, R CREREDZ I LIETEIAL, U
WU D EE Ak, SRk, MR A YD L5 ITREE E 2 5N EDE DR IEEN, T2T
ZOESITAEEAT R 5% TR LEDZDTHS.

ZOMWHE S — NI TRECE, KRN, SIAEE] OB 5255 LTER UL,

1.1 %&&

AZESE (set) 292, a b ADEZR (element), HDWIITT, THDIl%hkac A Fhik Asa LEL,
aWMADERTRNZiFag ALELS, BN ADEBAES (subset) ThdLEIBCALEL, ZDL
EB=A¥LFTILITEBELTEL, WIIBCANPD BAATHDLEBIE ADEESES (proper
subset) THD LW BC A & FHL, /2 ZEE (empty set) & 0 THY,

BCAD T A-B={acA|ag¢B} £T%,

A DERES (finite set) THD L X, |A] £/21F A TTOEZOMEEKEZRT, A WEIRES (infinite
set) THDL I A =00 LEL, |A| <00 X AVEBREATHDLED ZLE2RKTIEDET D,

ER. HRESE. EUAEEEH n b, EUARBHTICE ST {ag, a0, an} ELEIRTIEHTE
B, UL BOMRESE (a1, a0, } LB DIFEY THB,

ANB, AUB 3TN NIHBERS (intersection), FEA (union) TH o, —fMRIZES A, (i=1,2,--- ,n)
LT

T, TRTHIERS. MEAEERT, MEEEEOES A; (1=1,2,--) K20 Tik (4, (A &Y

i=1 =1
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Dt s VSN, —ROBRESIIOVTIX, BELHBRRTES A ZHVT, £E52 Ay (A e ) &KL,

4 U

AEA AEA
RPL#EL, ZOEIDNLEADERESTEHNZ ZENTES 20, BRENANEIRTH S,
WF OB FEZELIZERT D250, FlZIE RTOEDER o 1220T, BIKE [—a,a] DILE
BAERTIE, EROBANHERIE [ [~a.q LEIARITHEA EBRITIIEBLT () [-a,q
ac{beR[b>0} a>0
RELEIZENS,

M 1.1.1. ([-aa & [J[-a a] &0

a>0 a>0

AEEA | AN ICBVTA£N BHIE A NAy =0 BED DL S, ZONEAZ BRI LA

AEA
WHISE A (disjoint union) &\ 5, FIHEH U Ay IZBWT U Ayl <00 BHIE. TRTD Ae A ZD0
AEA AEA
T |Ax <00 THB, HIZINHPIEHNE L LROREETHERLIE || Ax| =D |4\ TH3,
AEA AEA

At BEHEALTD, ADie B DOMEFHN (a,b) DEERPLBLZHEEE AxB EEHE T AL B
DEFEES (direct product, cartesian product), F7ZIFHIZEREEL D,

Ax B={(a,b)|a€ A, be B}

LA Ay (AeN) ITHLTE, READL DT On2EY, ThE nlTEAZERL. INEH
MEGEWS, oL TEMESZ HAA LEL (A BEREADOGEICIE, BEEREGHETRNI LR
AEA

fRAET B 72 0DITEIRAE (Zermelo’s axiom of choice) # BE LT 5, )

1.2 B
ZOHWBETIFUATOR T EH NS,
o N: HABAEKDES
o 7 : BEAAKRDES (HHBEIR)
o Q: HHEEKROES (FHEUK)
o R: FBAKOES (FERUK)
o C: ERRBIKOEL (EFRIUE)

HARAMEERDEA NIZ 0 2602556 HDN, ZOHEETIEZEDRVEDLT D, ZOHITIXRHIEEK
B D AN BMEE L el 5 2 39 5,

a,beZIZ/HUT, HEDLcZPFMELTCb=al £R2DLEblFa TEYYINS, F/H-idaldd 2E
Ythd e e | b &FELS, TOEE, ald b DRE (divisor) TH D, b ld a DFEE (multiple) TH D, &
WD, 0 FEABKTEHIVYIN, 1 ZEARBEEVYD, FLAOKBEEZIDLILNTED,

ARE, FITERMED, DR LE—DIE0 TRV ay (Ve A) BEZALNZLE, LED A A
WZHUT clay PRV ILD c € Z & ay (A € A) DAKEL (common divisor) W5, AFED S HEKD
E D% HRAATIE (greatest common divisor) £\ D, AMBUTHRRAWBOKNBTH S, Kl a1, a9, -
DRREEZ (a1,az,--+) 721 ged(ag, ag,--+) £EFL, ged(a,b) =1 THBHEE a & bIFEWIHRT
HBLVD,

peN, p> 11X UT p MFRE (prime number) THD &Ik, p DIEDKEMN 1 L p LRI LT
B, ZHAUE Tplab BoIE. pla £/ plbl BERDNLDI L LFHETH D,

neNZEETD, a,beZIZHLTn|la—bWWEILDEEa b bidn ZEELTER (congruent
modulo n) THD LW a=b (mod n) £EHL,

[ 1.2.1. kZ25RE,



1.3. B )

(1) fFED a € Z IZHUT a=a (mod n)
(2) a=b (mod n) A5IE b=a (mod n)
(3) a=b (mod n) M2 b=c (mod n). Z5IX a=c (mod n)

(ZHIZEY “n ZEKEULTEBETH D &0 D Z LOBRIFFEEBERIZZS, )

1.3 Eig

AY Bi¥ALTs, ADKE DOREDDIE B OAN-DOFEELETE, ZOL X ZOMNISEER
(map) LW A — B AYL#EL, B A OEATHL L XEBL LD, TRICARN. HZEf %
MFACEFITIE A BAELEL, fItkoTac AIHIET2 BOiik f 10k a DBEEVL
fla) £, YOMBEETH BB AV

f:A—=B (a— f(a))

BRELELZILEDHD, B f: A— BIZDOWT, A% f OEHE (domain), B % f OB (range) &
b\50

CODGR fiASBEg:CoDBELWER. A=C. B=D Th-oT. [FED ac A IZXL
T fla)=gla) L8252 LTd, £/, ZDLE f=g EL,

B f:A— BIZHULT

f(A) =Imf ={f(a) | a € A}

EBVWT, ZNE f OB (image) L\WD, CC AIZDWTE f(O)={f(a)|acC} LBVWT, IhzE f
K& 3 C DRV,

B f:A—-B Y CCBIZHLT

f7HC)={ae A f(a) € C}

EBEWT, Ih% fILLD O OHR (inverse image) WD, C = {b} D& Tk F~1({p}) DRDYIT
) LE8EL, T48bDb
F7H0) ={a€ A fla) =0}

THd, bg f(A) BHIFHLMNZ f71(b) =0 TH5, ZIT f1b) LWIEFTEHNTVEHN, —ffIC
IO f7LE B 25 ANDEHTIERN,

B f 1 A — B DES (injection) THD &k, Ta#d B6IE fla) # f(a') | MEDNLDI L LT D,
B f: A— B W25 (surjection) ThdEIX, f(A)=B BB LTHhd, G5 f: A— B H2EsH
(bijection) TH D L&, [ WHH, PORFTHLILTHD,

®E 1.3.1. BfR f: A - B IOV TIRDEMIZFAETH 5,

(1) fIFBHTH D, (a#d B fla) # f(a) THB, )

(2) fla)=f(d) BBIE a=d TH5,

(3) EED be f(A) IZHFLT |f1(b)| =1 ThH5,

(4) FED be BT UT [f71(b)| <1 THh5,

B 1.3.2. B f: A— B IZDWTIRDEMHILFRETH 3,
(1) f REHTHB. (f(A)=B Thd. )
(2) ERD b BIZHUT fla)=b&Rd ac AMPFETD,
(3) fEED be BIZXHLT |f1(b)|>1 Th3,

BCATHZLE, B 1:B—-A(b—b) WERIND, TN%e B D ADBEDRAHA, 72138
BE1& (inclusion) &5, FHZ B=A D& &, HMDiAA 1: A— A(ara) & A DIEFEER (identity
map) LW\ idy RELFEL,

BB f:A—-BY g:B—>CIZHUT, BB A—-C (a— g(f(a) WEHETED, INh%E fL gD
AMER (composite map) LW\ go f, FIKHIC gf &EL,

1

) f
)
)
)
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B f:A— BMWRBHTHLILE, [TED L BIZHUT fla)=b &85 ac ADME—DFET D,
SWHZNE f7L0) ={a} THD, 2OLE f7Lb) 2 ac A LFA—HTNX BHB— Ab— f1))
NELEND, 2Nz f OB (inverse map) & W f~1 TR (Wi R UL S E2 AV, BRHIED
DTHEETDIL), ZOLE, WL f~1 L 2¥HT

foft=idp, flof=ida, (fH'=Ff
THhd,

JiASBEBHREL CCALTD, ZOLIEREE CIZHIBLT, B4 g:C — B (c— (o)
NEoNd, ZNh%E f DO C ANDFHIR (restriction) LW flo REEELS, Tk, EMEIZIX SEEH
1:C—= AL f:A— BDEKEBR for THD,

M 1.3.3. G4 f:Z — Z TROMWEEZFOE D% BARNIZ, ThTh— DR &,
(1) fIZEHTIED DDA TIERW,
(2) fIZHHTIED 2 32HTIERW,
(3) f HRHET £(0) = —1 2D f(1) = 1 TH3.
f1.3.4. [Al<oco £ T2LE, B f:A- AZDVTIROFXMFIIAMTH D Z & &2 RE,
(1) fiZEBHTHD,
(2) fIZHHTH D,
(3) fliFEHTHD,
9135 f:A—= B & g: B C IZOWTKERE,
(1) f,gPeBIl2HTHDLELIFE go fIFL2HTHD,
2) £, g BELIHBTHBEEE go f ILHEHTHD,
(3) gof MEHTHDLHIE g FEBHFHTH D,
(4) gof WHHTHDLHIX f IFHHATH D,

f11.36. f:A>B& g:Bo5AICHLUT gof & fog WIIZEHHTHD LTS, ZDLX fE4H
WTHdILERH,

M 1.3.7. f:A—>BY g:B—C»PHRIEHHTHDLTD, ZDOLX gof ELHFHTHY (gof) ! =
flogt THDZ LERY,

ff11.38. f:A—-BEEHEL CCALTD, fle WEHZLIT fERATHEILERYE, £/ f 2
BRZLIFE flo EHRHATH D Z & 25RYE,

B f: A— B 2 BARNIZERT 27201213, EED ae AITHUT f(a) € B ZRETNIEL D, K
W2 |Al <00 BBIE, TARTD aec AIZHLUT fla) ZEONITE, HIZIE A=1{1,2,3}, B={a,b} D

L
11213
alalb
DEIIZEZ, f()=aqa, f(2)=a, fB)=b &HmLI&IZTIUX, TNIFEH, f: A— B 2EDTND,

M 1.39. |[Al]=m < oo, |Bl=n<oo D& F AMNL B NOBQRIMEFIET B0, F/2, TOHFTHY
FN<DH DD,



1.4. [FfEBEAGR & [FEHH 7

1.4 [FERE% & EMES

AZFEBL U R ZEMES AXADHMAIKEEGLTDH, ZOLE R Z A LD (ZIF) BR (binary relation)
EWS, (a,b) eR THDI L% aRb EELS I LIZT D,
A EOBfR ~ A

(E1) [REE] FED ac AIZDWTa~a THD,
(E2) (Rl a~b B 5IEb~a THD,
(E3) [#FEla~bhDb~ce, BbiXa~c ThHD,

ZINRTHZT & E, ~ [XEER (equivalence row) Ziii/z 4 LW\, ~ IZFEMERIR (equivalence relation)
ThHhdEND, a~nbTHDEZT a  biF (~IZEHLT) BETHZ VD,
A FOFRMERER ~ &£ ae AITHLT

Co=1{bcAlb~a}

EBNT, IN% o 2 B0 FEMERE (equivalence class) &5,
8 1.4.1. A EORMERER ~ OFRMEEIZDWTTIAEY LD,

(1) acC, TH?,

2)beC, %blXacC, THD,

(3) Coa #Cy BHIECaNCy=0 TH2,

FERR ~ ICHVT, MRS AMEXKOESE {C\ | A e A} £TE, DL
A=[JCn (A#pBBIECNC, =0)
AEA

BB, INE AD~IZEDEBE VD, & O\ M5 —DFDitay ZEILE, ay & O\ ODRKTTLE W
W {ax | A€ A} ZHU A=, Cr DERREREV S, eRERBNELOBOHICE)EDSE
DT, —FIIZEEDHLDTIRAR, BRADAMERADOESZ, BE A 2FAMRER ~ TER KA LW
lJ\A/'\" t%<o

M 1.4.2. [ 1211F a=b (modn) TEEDEMEN Z LORMEEBRTHD ZLERLTVD, ZDEX
O¥, RUTEERETRERD &,

B 1.4.3. EHEZRS LT D n IEHITHIREOEEE M, (R) £ELSZ8IZTD, A, Be M,(R) IZHU
T, HDEHITH P PFELUT B=P AP L 52LX A~ B ThdLEDD, ZDLE M,(R) ED
BIfR ~ IZRMEBIR T H D Z & 2R H,

M 1.4.4. A,B€ M,(R) IZHUT, &2 EAITH P BWFIHELT B=AP L7258 X A~ B ThdLE
Db, ZD&E M,(R) LOBR ~ IXFEMEREFETH S Z & 2RE,

145 G f: A— BMPEAONTW2L95, A LOMR ~ % f(a)=f(d) D&Ta~d THD
LUTEDD, TOLE ~ FAEBERTHD 2R, TOEHZRER L,

1.5 EF&EE&E Zorn DERE

< &4 A LOBRETD, <A

(01) [RFB] EBD ac AIZDVWTa<aThd,
(02) BEXHE] a<bhO b<aBbiEa=bTh2,
(03) [BE a<b PO b<chbiEa<cThHb,

YN THE29 L X < ZIEF (order) E\W\, (A, <) ZIBFEA (ordered set) &5, JEHF < ZIHRLZA
WT AZIEFREAELVD ZLEDHD, a<bEb>a bbHEL, L a<bThHhoTa£bDEE, a<h
FrlZa<b &EEL,

B MWIEFHES A DRI EATHZLE, Bl ADEFIZE>TIEFESLETHD., B % A DIEFES
= AN



|
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B 1.5.1. R IZEFDIEHF CIEHFELETH D, Q, ZIE R DHNELSTHZ2 056 RIZBITDIEFIZL>TIH
FEATHD,

ERRES (A, <) IZBWT, FEDOIE a,b 122V Ta<b FE b<a KDDL I, < 22)EF
(totally order). (A, <) ZZIEFESE (totally ordered set) &\ D, (HARDNETF % FIEF (partially order)
v, )

Bl 1.5.2. AzHEELL P(A) TTOMRESRERDESEERT, P(A) 2 A DREEER (power set) &\
W24 L EEHLS, ZOLE PA) FEADUEMR C Lo THFEATH D, ADDBELE 20050
rELLE PA) RRIEFEATIERY,

(A, <) ZIEFHEEGETD, a<b BB be AMPMAELRVEE, §8DL a<bbeABLEa=0b
MY ViDL E, a € A ZBKIT (maximal element) £\ D, b<a &8D be AWFHELRNEEZ a€ A
% #R/NIT (minimal element) £V 5, fFRED be AITH LT b<a 2D L X, ac A Z&RmATT (largest
element) £ WS, fERED be AITHUT a<b &B5LE, ae A %&/NIT (smallest element) &5,
R (D) JTlERK (N) JETH DA, —BITHIZIEL <RV, F2MA (N TI3FEET D LIFRS 20,

B 1.5.3. BIKH (0,1) 2 AARIEFIC & > CTEFEAL RS, ZOLF (0,1) ISl () 76, Fk (M)
SEIRAFE LAY,

Bl 1.5.4. ZDOMUEDOITEELES A OREES P(A) OWNES S={X € P(A) | X # A} &%
o TEFHEAGL RS, 208X, [FED ac AIZHUT A—{a} 13 S DWATTHZHEAITLTIEA
Vo S'={X€ePA) | X#£A0} TdL, [ERD ac AITKHUT {a} & 5" OW/NTTH D E/NTTIE
72}1‘1\0

B ZIHFHESG A DWHELE L TD, ac ARNBOERTHDEIE, FED e BIZHLTbI<a &%
522LThd, BOERANGEHETDLE BIIEICERTHZ L WVD, A WIRBMHTHD LIE. A DETH
WEEDORIER A EEN FITERTHE I LT 5,

EH 1.5.5 (Zorn DFffiiH). A WRIKIHFEATDH 2R 51X A IZIBRITHPFET D,

Zorn OFHEITERNAM, BIFGEEH L FAMETH Y, BELBAISVTREZOMHITEENSKETDH
675\ ZZT i{?'<< i*&b&b\-fc %mium&bé

EFFEEE (A, <) DEIESE (well ordered set) TH D &k, A DETRMEEDIAESITHINTIF
9422 Thd, BIIMREEHIE, EROEAVEYRIETIZL > TEIIEGIITEDI L2 FIkT D,

1.6 —IBEE

AZBEETE, BIE fAxA > A% AD (SH) EEEVS, 1253 (a,b) Ok fab) % ab %
a+bBRETET, ab EFELLE, ZOEFEZFEL VW ab 2L VD, FARKIZ, a+b &EFESEE,
HAZINEE W a+b Z2FHEWVD,

EED a,b,c € A I UT (ab)e = a(be) BRI LD L X, ZOHA i‘fnuﬁﬂﬂ%(ﬁﬁﬁ'@"tb‘ﬁo

ab=ba THZHLE a & b FARTHZ LV, FED G AT H 2 HEII KR 2 i /2§ L0
Do —HRIZHHAIZSSHIER 2 723 L AZBR S BV, i?@é?ﬁﬁﬂ’%?ﬁf:i‘@b‘?ﬁ%é:ﬂbfiiﬂﬂ?ﬁ@i‘%%ﬂ%ﬂﬂ
WYY,

IME & TEOMANERINZES A ITBWT, [EED a,b,c € AIZDNWT

ZD

a(b+c)=ab+ac, (a+b)c=ac+bec

MY LD & IRELRAIM LD I D VD, TIEIZDWTREHIDE -2 X N2 LIRS AW T, WAD

ABBETHD I L IFEELTHL,

Bl 1.6.1. (1) Z TEFEDIMEZFEHE L TS &M‘iﬁﬁﬁﬁ&Ujﬁoﬁ L FIEIZ U TH FBR
Thd, /2 Q R, C RETEIME, Tk, HICHAETH D,

(2) Z CTHEHEOWIEE FEHE L TSR EGIERN, REER I 1280,

@)nEQKTéO%ﬁ%RJﬂ)nWEEﬁW@W@%éﬂfm)TL%@ﬁﬂ@%E%ﬁﬁtTm“
SEAMANZR Y LoD, HGERIZR Y 2BV, £ M, (R) ISV TEE QML & TETHRE
HIASHR D 320,



1.7. FHELE/ AR 9

ADZIHFHBEITGH f: AxA— ATHENS, ZHEEEZEDD LD Z ik [FED (a,b) € Ax A
ﬂbf flab) € A B RETB L TH D, R |A| <oco DL XTI, TOTARTEEIRFIFEL, =
EREHDOMPEPRD, BRI A={abc} DEE

U f(b,a) =c D& DITHDL WZThE, CHIEFTHEHEREZ2EO TS, ZOLHREZFEREVD,
ﬁ%#%&TE#MTmét% i%&% METEINT VD E ZJIZITMERE B VD,

R 1.6.2. EOHERIZDONT, KL, EEENHZINENE S 0%, TLENHER &,

1.7 ¥BEEE/ANR

ZETHRVES AL—DODHE (UTFTIREELTD) BDEBZEINTOT, FEEER (ab)e = a(be) Zii72T
L92, TOLE A Z¥EE (semigroup) LS,

A DO ay,as,- - WU T((--- ((ar1a2)ag) -+ an—1)an & aras---a, £FH<, FEEHE
A& T3 DDuORILT DIEFE %2 % 703\ DX EDIEF CHEZ1T>TH, TORRI ”TFIO%EM‘J MRS}
ZEEBEHRLTWS, —#IZ 3 DU EDELATE ZHUTIELW,

EE 1.7.1 (I NS EGIEAD. KEE A O n ADTLDOFREIZDOWT, ZOIEFA2ZZ R ITNXEDIER
THEEZIT-o>TH., ZORBEIIZDLLRW,

SERA. n IZEH9 A URMNE T T4, n <3 DGAIRELWY, n>4 &L n— 1 HATFORIZDOWTIEIEL
WEIRET %, REBEOHEEN XY B850, X X rlOZOME. YV idn—r HOLOETHDE LT D,
r=n—10& &, WNEDHENS X =a1a9---ap_1 THE15 XY =ajas---a, THD,
r<n-—2 &35, WEDIKEMNS X =aras---ar, Y = ary10r42- -0y THD, £>T, IRFHED
REIIFERELT

XY

(arag---a)(arp1@rq2 - an) = (@102 - ) ((@rp1@rg2 - Gn_1)an)
((a1az---ar)(arq1ary2 - Ap_1))an = (@102 - Gp_1)an
= aia2---ap—-10an

Thbd, O

PR A TBWTRIEA] ab = ba 79‘&‘)4’)2:3? A B WD, WHCEREICE VTR n D
TTOMFEIX, TOIEE, HEDIEFZ COKIZEZTE, TOMRIIEDLL BN,

HHEADTe T, TEDac AL Tae=ca=a LRD2EDPFHETDIEE, ZDe % ADEA
7C (identity element) &\ 51 BALGAMFEET B EHEZ E/ 4 N (monoid) &\,

fl 1.7.2. (1) NIGEHOTET (AT#) LHTHD, £/ 1 BEAITCICADZIDTE /A RTH2,
(2) N— {1} 3@ HOFIE TR TH DA%, HALTTIIAFE L R,

(3) Z IL@HDNET (A LBTHD, £/ 0 BEMTIZRDZDTE ) 1 RThH5,

(4) N IEBEDOMIETERTH D00, BALITTIIFEL R0,

i 1.7.3. T/ 1 FOHBALTIE L —DFET D,

SEBA. e, € R HIZHATLTH DL T D, e WHANITLEND ¢ =ee! THD, F/2 ¢ WHEATLTHENH
e=ece THD, oTe=¢ THY., Bfixld/=Z—>Th5, O

HEPRETEDPNLZE /AN AIZBNT, TORMIEE 1 $/413 14 BEEEL, HEINETE
NTWBEEITIE, TORATE 0 £/21F 04 &F LS, (REBUZBWTIER, Z2<OESOHEEZFRKIZE X
52N HY), TNTNNENGEEDEE, BT 1 LHEVZOTIERFINHE LY, ZDLE 1, RELE
=R gw¥ﬁ¥®$4ﬁﬁ@@ﬁ‘%ﬁﬁ675‘5:'3"60)’635)50 W, BATCOD LR =D UNRNE DR FIT
EEADBENZNDT, HIZ 1 DX DITRLU TERMEIXR, )

E/ARADITGa LHRE n IZDO0WTa’ =14,a" =a"la LEDD, a" % a D n T (a to the n-th
power) £\,

1ME% ae = a 125D EDEHBATT, ea =a DL DEEBRITE VD,



10 CHAPTER 1. 5 & ¥#fi
M 1.74. E/A R ACBOWTHEBEMDZED DI L 2R3, §80bbac AL mneNIZHUTHU
TR,

(1) a™a™ = a™tm

(3) ab=ba £ 5I1F (ab)™ = a™b™

Bl 1.7.5. 45 X 12U T, XX TX D5 X ANOEBRLEEROELEE2RTILIZT D, o7 XX ITHL
T, TOM o1 % (07)(x) = o(7(2)) TEDD (01 =007 THD), ZDL X XX [FE/A RT., TOH
i3 EEG A idx THD,

AZT/)ARETE, uc AIZHLTw/ =vu=1¢ K3 v c ADPFETDIEET u % ADELIT,
Br, F2EEBE (uit), REL WD, TDLEID u & u OMFTT (inverse element) L\ 2,

i 1.7.6. €/ 1 K A OIEHIGE v OFTId 7272 —DFET %,
BERA. o/, w % uw DFmLTH, DO E
o =1 = (w”) = (Wuu = 1u" =
Thbd, O
EAGE u OEE vl $EL, v SEAET (u ) =u TH3,
Bl 1.7.7. E/A4 R AIZBVWT 14 IZEATET (14)" ' =14 TH 5,

Bl 1.7.8. uy,up, - u, EE A ROEADEE TS, ZOL T uguy---up HEADET (vug- - up) ™' =
U/n_l .. 'U2_1U1_1 "C“J’Déo :mx&i—\“ﬂ-o

uZE/ARADEATETD, 0L neNIIHULT
’ZLO _ 1A7 uw " = (u—l)n
EIE, FBEGERNIERD m,n € Z 1T UTHY 322,

B 1.7.9. /4K XX (fl .75 M) LBV Toe XX BEHLTHD L L, o WEPFTHDZ L
BRMETH S, Zhzmrt,

2w =1 %82 0% uDAEBT, vu=1 8% 0v %2 uDEFETL D,



Chapter 2

iE2

L

2.1 BOEHREH
TRTOTWIERITLTH D E ) A REEE (group) &V D, T8DL, HEDEHRINZES G T
(G1) [#E&ERA] EED a,b,c € G IZDWT a(be) = (ab)c TH D,

(G2) [BAITTDFEHE] 2 ec G WFELT, TED a e GIZHLUTea=ae=a THD, (ZDLZ e %
lg £BFEL, )

(G3) [MTTDFE]|TED ac GIINUT, 5 be @ WFELTab=ba=¢ THd, (ZOLEDDbH %
a”l LEL,

MERTHDTEDEX G 2R VD, BHIEBDE ) A ROKNREDTHEDE, TNHIZHUTHEY
MOZEEFTARTEYD LD, BEGIZBWT, HIiZ

(G4) [BHEAN TED a,be G IZDWT ab=ba TH5,
MDD e E G % T7—~IVEE (abelian group), F72IXA#EE (commutative group) &5,
R 2.1.1. B G IZDOWTIRDY LD,

(1) [E%ER] az =ay BOE 2=y THZ, $ra=ya BOE v =y TH5,

(2) f:G—G (z—at) IZ2HEHFTHD,

(3) acG % —DOfETHE X

go : G—=G (x> za)

he : G—G (zw azx)

ke : G—G (x+ a tza)

FIRTERHATH D,

SRR (1) az =ay &32 &, WLIZENS o 20T o=y L85, BEFAKTDHD, (2) (@) =2
D fP=idg &2Y fIFEHEFATHD. (3) gu0ga1 = ga-10g, =idg L4V g, FEHFTH D, ML
FkTH D, O

B 2.1.2. HGIZPWT, FED 2@ W22 =1%2A3E8561F. GIET7T—RILETHD,

BEER. ERD 2 e GIIRULT 22 =1 &Y o7l =2 THD, E>oTUERD a,be G IZHUT (ab)~! = ab
ThHd, —Ji(ab) P =b"ta"t =ba THEM5 ab=ba 725,

O
5l 2.1.3. QX =Q—{0} B, TOLF QX FFEIHLTT —UBET, BAIEIE 1. a € Q% D
Stk 1/a THB, R* =R — {0}, C* =C — {0} THLAKTH 3,

Bl 2.1.4. (1) Q FFEICEHLTE /A RTREDDIVHTIERY, BELSIX 0 ISHTLHBZNNETH D,
(2) Z— {0} FHEIZELUTE /A RTREDDIDPHTIEARY, BERLIE 2 [ZHELABRNNLTH D,

11
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W 2.1.5. M 2T/ A R LU % M OEERTE2ROELELTE, 20L& X U dk M OEBETEHIZRS,

EA. a,b e U 51X abec U BOTHRAIRX U TEHIND, #AEWIEZ M THILZITLHDT U TR
U, URERTHD, £/21€U SV URBE/ A RTHD, acU BbIEa €U LY U FHET
Hd, O

ZOMED U % UM) £EFENT M OBEHEE (unit group) &5,
Bl 2.1.6. (1) QIIEEIEHLTE/ A RTHD, TOHRBHIFIUQ) =Q*=Q— {0} TH2,
(2) Z 3FEIZEHALUTE /A RTHD, TOREMIIXUZ) ={-1,1} TH b,

Bl 2.1.7 CHFERE). E/ 1 R XX (B 1.7.5) IZDWT, TOHEEE UXY) 2 X EORIEE (symmetric
group) £V, Iz S(X) LE/ESZLIZTD, S(X) Dildk X 6 X ANORBEHT, Thze X EOE
¥ (permutation) &5, Bz BIRIIZE <2

S(X)30= ( 0(”;) )

DEIIZEL, FZ | X|=nD&E, X ={1,2,--- ,n} LEZTEAREMNIEIFRALTHD, 2D E S(X)
% S, LEHFEE, IhE o KREMEEL VD, S, DR n IROBHRLNS,

5l 2.1.8. 3 YORIFREE S5 DR T RTELLLUTDEHIZR B,

an

S3 =

[N e
W N NN
—w w w
W = =
=N W N
W= N
NN - DN
— W w w

TDORIFATD L DI85,

1 2 3 123\ (1 2 3
3 1 2 13 2) \3 21

LAOBE#HZ LT, FIZIE1IZDOWTIE 1= 13 2485, #xld EOffe FDird AN AT

123\ (23 1) (123
23 1) “\123) (312
LEIRTE S, Bz RIHOUMTIFITCONIRZEZR L TS ETHEDT, FziitEATERDRN,

R 2.1.9. 53 OEARZES,

B 2.1.10. n >3 DEE S, X7 —NINETIERNZ %, BRI or £ 70 8D 0,7 € S, ERDITS
ZLIZ& o TARYE,

FEGIZTDOVT, |Gl <o D& X G ZEMREE (finite group) WD, F/2 |Gl=cc DL E G % EREE
(infinite group) W9, |G| < oo D& X |G| & G DA (order) &5,

R 2.1.11. n IRAFREE S, DAEUL n! THD Z & 2xRE,

Bl 2.1.12 (—fBAHEAE). R 20 & $ 2 n IRESITHIDREE M(n,R) £ELS, M(n,R) BI75DORIC
FOTHAATIIZ B L L THE /) 1 RTHD, TOHREEEE R b n IRO—RRIFFEF (general linear group)
LWV GL(n,R) £#EHL, M(n,R) ORBUIERITHIOZ L THDM" 5 GL(n, R) IFERTTHIREDEST
H%. GL(n,R) ITEBHTH 5,

GL(n,Q), GL(n,C) £ FRKTH 5,

(Zh Bk M,(R), GL,(R) R EHNrND, )

[ 2.1.13. n>2 D& E GL(n,R) &7 —NIVFTIF RN T & 2Rt

B 2.1.14. A2E /4 RT, BELLUTHBESTHDLTD, AEHEN T2,y,2€ AITHUT 22 = yz
Bolle=y THD] DKINIDETDE AFRICERDS, Zhzrit, £/ APEFRESTIEIRVE X,
ZHUFIEL SR, TD & D Al %z BRI —DmE,
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2.2 LR

BEGMWT—NIVHETHELE, TOHEZIMEORTEIZILEZ W, 2O E G Z2INEE (additive
group) £\ D, MNEHOBEATEZTITE VW 0 £/213 06 £ EHL, Fh a DHKE —a EHEL, HOEHE
ZIMEDKTCEHIET LU TDOLSIZRD,

(A1) [#EEE) EED a,b,ce GIZDWT a+ (b+c)=(a+b)+c TH?,
(A2) [BTDEHE] 2 0 G PFELT, FED acGIZHLTO0+a=a+0=a TH,

(A3) [HTTOAE] FE350 a € G ITHUT, $2 be G WEELTatb=b+a=0Thd, (COLF
Db#xE —asEL)

(A4) [R¥EUEA H£ED a,be G IZDWTa+b=b+a THD,
IERE G 128V T a+(-b) 2 a—b &ESL,
fl 2.2.1. Z,Q, R, C i (EHEDOMEIZ L >T) INTIEHTH D, NITIERTIER N,

neNIZHUT, INEHE G Ot a Z nflMRA7ZED% na £ EL, £/2 —a Z nflIIA/ZED%E —na
L#EL, F20a=0LEDD, ZHUEO>THEED m € Z 12U T ma BWEZEI N, LD Y LD,
a,beG,mneZ £95,
1) (-=m)a=m(—a) = —(ma) TH%, Kl (~1)a=—-a TH 5,
2) (m+n)a=ma+ na

(1)
(2)
(3) m(na) = (mn)a

(4) m(a+b) = ma + mb

22T (2), (3), (4) Z@EDERDIEGEN, #EEEMTRERNI LIHEET D,

2.3 EROEF

B G OZETROVEAES H N

(Bl) a,be H &bl abe H TH 5,

(B2) ac H Zblda e H TH?,

BT L3 H % G OHHEE (subgroup) L1,

8 2.3.1. H 2 G O E T2 L HIZ G OHALT 1g 280,

SEFA. H# ) RDTace H%2L2IENTED, (B2) ¥V a e H ThHb, £/ (Bl) &V lg=aat € H
Thsd, O

i 2.3.2. B G DETRVEHDES H IZOWTUTRKAEMTH D,
(1) H ¥ G OWHHTH 2,

(2) HE G OHEFEIZE->THTHD,

(3) a,be H ZblE ab~t € H TH 5,

. (1) = (2) H %2 G OWH/WEL T2, (Bl) &Y a,be HRHIEabe H THHHMH G DT H
DEEZEHZT D, BEEAIEX G THRYLDODOT H THRYILD, fid23.1 &0 1ce HTHY 1 1%

EBWCEBATTH D, (B2) L& VIEEOTOWTEGET S,

(2) = B) HOEH#RLIVHLNLTDH D,

(3) = (1) H L;i STROMS acH 225 lg=aa' €¢ H ThHb, £ :aeH%:}:éo ok
TlgeHEVal=1ga ' € H THD, £>T (B2) VYLD, HEIAEEIZ a,be H %253, (B2)
FV b leH THhd, LEM>Tab=ab ) e H %Y (Bl) Hk ‘)ﬁﬁo O
AN

R 2.3.3. H,K W2 G DA THLH2LE HNK & G OHAHTH D,
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SEBA. a,be HNK 5%, ab- ' e HNK ZxrtBiEd\V, ac H be H THD015 H BN/ THD Z
CIiZ&Y ab e H THDB, FARKIZ K DO THEILI1ZEY) ab e K THD, £oTab e HNK
Tbhd, O

G OWAES A, BIZHLT
AB = {abla€ A, be B}
At = {atac A}
LEDD, K B={b} DL FITIE AP} & Ab LEEL, bA LRAKTH 2,
Ab={ab|a € A}, bA={bal|ac A}
B 2.3.4. G L., TOWHHES A B, CIIHUT, IRMPKDILDZ L ERYE,
(1) A(BC) = (AB)C
(2) (A7)~ t=4
(3) (AB)"!=B~14"!
B 2.35 B GE TOETERNEAES HIIHUT, UFNEFEMETH S Z & 2mt,
(1) H & G OWMAEETH 5,
(2) HHCH»> H'CH
(3 HH' c H
M 2.3.6. H D G OMABETHD L F
HH=HH '=H'=H
NI RVACENG (1 7 el

B, FHOHEEBOTOHELRRAL TRV A, BIRIE HE ' =113 BICEL AV, (AEE
L BVORPEER L, )

M 2.3.7. G &, TOETHRVENES HIIHUT, |H| <oo ™D HH C H %56IX H X G OB
DEETHD,

SEBA. he HIZRUTh e H 2RBIE&, HHCH &Y B2 H THY, RFRIITEY KT
BEDOneNIIHLUTAR ¢ H THD, HIZEREETHZ20H, §RTD A BWERLZZLIFTET, L
72 oThHh2 mneN m<n BWEFEELT R =h" R85, 2O IFENIZE>T AR =1 Th
5. n—m=1%85F1=hecHTHY, h'=1cHTH3, n—-m>00DIn-—m-1<0Th>
T, ko Thl=prm"lecH %2, O

i 2.3.8. H, K Mt G OWMAHETH D & FIRDEY LD,
(1) HK 7 G DA TH 3 20 DOBE+ 5% HK = KH TH b,
(2) LM H 2468 G OBARTHZ451E (HK)NL=H(KNL) Tha,

SEBH. (1) HK X G O HTHZLT5, 20L& (HK) ' =HK THhd, ~ i H'=H K '=K
BOTHK) '=K 'H'=KH 2%5%20DTHK=KH %%,

WZHK =KH Thc235, 2OrE (HK)HK) '=HKK 'H '=HKKH =HHKK = HK
ThHd0NH HK 1& G DA TH S,

2z €e HKNL &$%, rc HK &Y he H Y k€ K WMFfELT 2 =hk TH%, v € L TH>T
he HCL Thdhrbk=h"'zscL Thd, &>TkeKNL ARV x=hkec HKNL) THd, MUE
Y (HK)NLC H(KNL) £%%,

yeEHKNL) Y92, D> hecHE ke KNL WMFELT y=hk THB, 2O X y=hkc HK
ThHY, he HCLTH2»by=hkeL LBV D, £ >CTyec HKNL THY H(KNL)Cc HKNL
Thd,

PAEZ&Y (HK)NL =H(KNL) MY LD, O
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B GIZEWT G YL {1} 1F G DA TH D, {1} 2 G DBRLREDE (trivial subgroup)
WS, HZRHAMEZHIZ 1 LELSILHE, £/ G LERLIZHDEEZ BT 28 (proper subgroup)
L\‘io

S %G ODERELGL TS,

&
&

a"tax™ - a,"" (a; € S,n; € Z,r € N)

DIDITLTNTOERIE G DI TH D, Zhz (S) LFEE, S TERINSEDEF (subgroup generated
by S) £\WS5, S WHERBES {51, ,5) THDLX(S) & (s1---,8)) LBEL,
iz S={a} D& &

(o) ={a" |neZ}={--,a%a ' 1,a,6® -}

Thd, IN% a THEEINDKEE (cyclic group) &\ a & TDERIT (generater) &5, HAHE
(a) ORLEL% IC a DAIEL (order) &\ o(a) EFEL,

A 2.3.9. (S) BHABTH S Z L ZRE,
R 2.3.10. XK[EIFE (a) (ZDWTRDSER Y YLD,
(1) am=1¢%2 meNDFETZIL L (o) WERKEBTHZ 2 L XFAMTH 2,

(2) (a) WERKEFTHDE TS, am =185 meNDILmNDED%E n 2 FTHIE n=o(a) T
B> TIRDEN LD,

(i) am=1<=mn|m
(i) (a) ={1,a,a? - ,a"" '} TH>T, INOHDTIFTNTHERD,

(3) (a) DEBLKERER 5 13
o 7a72aa71,17a3a23"'

FEARTHERY (0) BINLDTEHE RS,

FEEA. (1) am =122 meNPFETILTDH, ZOLE, FEDLeZIZDNWTl=ng+r,0<r<m
%% qrel PMFETD, 20X el =(a™) =a" THZ205, (a) C{l,a,a? - ,a™ '} TH>T,
ZHIRERTH S,

W (o) DERBECTHEETNIE, HD0<s<t W ULTa®=al THY, ZO&EFa"*=1,t—s€N
Ths,

(2)(i))am=1,F2Lm=ng+r,0<r<nBdqreZ EEdsd, DL

EREMN n OR/NMENDS r =0 THD, 2T n|m THd, n|m LRETHE LN o™ =
() &V (@) = {La,a?-- 0"} EBB LT EAND, THENTRTRES S L &R,
0<i<j<nilHLlTad=ad £9d2d7 " =1,0<j—i<n &R nDRNMIIKTS, oTZh
S5F9IANTERRY o(a) = |[(a)) =n TH 5,
(2) ---,a %07 1,a,a?, - WINTERLLZZLEZRBIEI, i<j(i,j€Z) ITHUT al =d! LK
ETDE, BIEHEKIZ T =1,0<j—i &R&Y (o) IFEREEFEICRD, EoT, ZNHDLIETNTE
55, O

2.4 ERHE\

H %8 G OWMHLd5, G LOBKE ~ % [aH=0H DX T a~b] TEDD, ZOLE ~ X G ED
FEBARTH D Z L 2RT D,

F9. MEED acGIZH LT aH =aH THEDPH a~a ThHd, RIZa~b LIHETD, ZDEX
aH =bH TH23"5 bH=aH Tb~a BEIID, a~b D b~c 8IHETNIE aH =bH =cH T
HEME a~c THD, AEEY ~ IXEMEREBRTH 5,

RE 2.4.1. H 28 G OWMATHE H L $5, a,b€ G IZDODWVTIROFXMILFAETH 5,
(1) a~b (37%DH aH =bH)
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(2) beaH
(3) a € bH
(4) a='be H

SEFH. (1) = (2) b=bl € bH =aH T >,
(2)= 3)beaH £F2&, HD he H WFELT b=ah THd, 2O E h e H THDIN"H
a=bh"' cbH TH?,
(3)= 4 acbH £92L, $d hec HWFHELTa=bh THD, 2O ZTab=h"1eHT
(4) = (1) % he H WFIELTalb=h THb, TOEE a=bh!, b=ah ITFERELTEL,
EED hy € HIZHUT ahy =bh~thy € bH TH D05 aH C bH MY LD, EED hy € H IZX UL
T bhy = ahhy € aH TH 205 bH C aH WY D, BAEXY oH =bH TH5, O

PEDZ EIFBR ~ % Ha= Hb TEFEL TEMBRIZEY LD,

aH % H OLERIRER (left coset) LW\, ERIRERAOESGE G/H LEL, AKIZ Ha 2 H DA
FIRE (right coset) &V, HRIREREOESE H\G &L,

~ X FEMEB R TARIRBIZ T ORMERH L 25 DT, ARRFEIZE T 2K

G = Ual

PEHND,

RS 2.4.2. G = U, i PERARIET R THE 2L L, G = U, Ha ' PEBARICHET 28
B Ths o LIZIETH S C & 2 rt,

Bl 2.4.3. 3 IRWFIEE S3 25 X5, S3 DLl

. 1 2 3 . 1 2 3 . 1 2 3
=1 23) 2713 2) #5721 3)
(123 (123 (12 3
94_231795_312ug6—321
Thb,
H={(g)={g1.02} L UTERAEEZEZTHDL
gH = g¢gH={g1,92}
gsH = gisH = {g3,94}
gsH = geH ={g5,96}
Thd, —H. HEIREZ
Hgy = Hgo={g1,92}
Hgs = Hgs ={93,95}
Hgy = Hgs = {94,96}

Thd, 2 TCIDEE, ERHKEIZEDENE ARIREIZX2EMNTRL>TWD,
K =1(94) =1{91,94,95} EUTERIREEZZATHD L

g K = K =g5K ={g1,04,95}

K = g3K =gsK ={92,93,96}
ThY, BREREL

Kgi = Kgi=Kgs=1{91,94,95}

Kgo = Kgs=Kgs ={92,93,96}

BB, EoTIDGE, ARREIC K BN L ARARBIZE2HHIE—H LTS
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LBl &SI, M H (X ERRBEIZ L DER EARARBUZLDHIN T L & SV
N aH = Ha PMERD a € G IZDWTHWDLDE &, H % G OEREDEE (normal subgroup) &5,
K2 G 7 — NV SIREE O I ER A BETDH B,

I 2.4.4 (Lagrange). G ZHAMEEL L H 2 ZDMAHELTD, ZOLE, LHD a € G ITHLT
laH|=|H| THd, /-, BREDZLEFRFOB%E |G H LELLE |G| =|G: H|-|H| TH5,

HBH. acG &L, B f:H —»aH % f(h) =ah TEDD L, ZHIZLHEHTHS, £oT |aH| = |H|
Ths, il G=U,, e H 2EZNE

Gl=)la;H|=|G: H| - |H]

iel
Thd, O

CORMOEL S ERAEOR |G H| % G 128135 H 0K (ndex) £ 5, AREAFIZOWTE
FRED 2 L DD 1, B B ERAOR L Bl B ARIAFORIL BT 5,

fl2.4.5. G 2AMHEELTD, 2 € GIINUT 2 DM |G| ONETHD Lz, ZNZE>T. G
DEEDIG 2 1220 T 216 =1 B SZDZ L9035,
2.5 FRBE

G EBELU N 2ZDEHRBOMEETD, ZOLE, FED aec G IZDWT aN =Na THD, FoTER
BTG, AEOKIZ T2 HENR, RFRBELEOES G/N U TFTOLS BREEEZEZ 5,

(aN)(bN) = (ab)N
FTINDPFERLSEREIND Z L ERT,
ZODGE aN =d'N 785 o € G BWEHETENE LNE, ED o 2FD ERERNED-T
LED LWV DTIHEE (B4) WEBZRINTWVD LIFWVWAARN, UAEN->T, EHENFER
EHZIND7ZDIZIEaN =a'N D bN =N LAREL 72L& (ab)N = (a/b')N DY) L7272
THIER S B,

aN =a'N D bN =bN YIRTET D, 5 ni,nes € N WEFEELT o =any, b =bny THD, T/
BN = Nb DT, 3 nge N BEELT nyb=bng Chd, £>TIDL X

a't! = anybny = abngng € (ab) N

&Y (d'V)N = (ab)N TH3, o TIOHEAIFHERIEHIND,
COFEFICEU T, SEEBEUDRY LD Z X SN T, HEIC

(1N)(aN) = (aN)(1N) = aN, (aN)(a"'*N) = (a"'N)(aN) = 1N

MY LD, FoT G/N IFZIDHEIZE>T IN 2HACE T2HITRD, aN OFItiE a N TH 2,
ZO#E G D N IZ&LDFIREE (factor group) W\, FIRHEEKRDESLF UL S E2M>T G/N £»n<,

Bl 2.5.1. Z #MEREE RS, ne N % —DEET D, n TEEINDEWHEE (n) & n OEBEROES
T, INE nZ &L, ac€Z 2&50 nZ 2L DERMHEIT

a+nZ={a+nl|lecZ}
Thd, £/2{0,1,--- ,n—1} BERBZEDENDORENREKRTHD, £oT
Z/nZ={0+nZ, 1+nZ,---, (n—1)+nZ}

Thbd, A HIZIX
(3+5Z)+ (4+5Z) =T+5Z =2+5Z

DEHITRD,
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2.6 EHOERBEERE
G ={a,b,c}, H={x,y,z} . TNTH

o o

o o |e
SIS S o
Q2 oo
ISIERS NS N
L 8 w|w

ZEERETOHLET D, TN LI, ThiE
a<— T, b+—y, c+—z

DMIRT, HUEDERDZAHKD, ZDLDBLE, ZODFIAENIFALEDTHDLEZDZ
Eikd, IhE LU TIROEEE T D,

G, H 2Rty 32, @84 f:G— H T, {TED a,be GIZHUT f(ab) = f(a)f(b) £ BB EDE, G
Mo HAD (FHELULTO) RE, £ZEFRABEKRE VD, G & H OFICFEAMPFETLLE G & H IZRA
BThHhdr VG2 H eEL, HBEABEHLUTHUEDLART I ENHKD,

)T, ZODBOMDER f: G — H M FED a,be G IZHUT f(ab) = f(a)f(b) & H=T
LEIOGHE BLLUTO) KRR, FAFERBERE VS, BERBL S5 H D,

Bl 2.6.1. —MARIEHRE 2.1.12 G = GL(n,C) %25, C* =U(C) =C\{0} &9 5, det: GL(n,C) — C*
ZATFNZ T DIFHIR %3G I 2 G4 L THIE det(AB) = (det A)(det B) 23K D XL DD T, ZAULHEF
THd,

B 2.6.2. G, H 2ffL L. f:G— H%2¥EAELTD, ZOLE f(lg) =1y, fla™!) = fla)™! (a € Q)
ThdILrrt,

F92.6.3. G, H 2B L. f:G — H 2¥AMLT 5,
(1) f(G) & H OHATTHD & &rt,
2) N={ae G| fa) =1y} I& G DERIHBETH S 2 & 2R,

e



Chapter 3

RN

3.1 EHEH

£4 R EICIEE BESERINTVD LTS, RHE (ring) THD LI

(R1) R IZMEHTH 5,

(R2) RIZFEEICEHUTERTH 2,

(R3) [HEER] D a,b,c € R IZOWT a(b+c) = ab+ ac, (a + b)c = ac + be B Y LD,
T Ie R WS, HIZ

(R4) [BAITTOIFAE] FIEICBT 2 BAIE 15(# 0) BEET B,

BEYIOY ¥ R 2BMTALDEBLD,
(R1), (R2), (R3) BV 1H, MO

(R5) [ZH#UER] 750 a,b € R IHUT ab = ba UK Y 2,

Wiz X ND & E R 2 FH#IR (commutative ring) &5,
B R OMEIZETLHEAMILCETTE NN 0 £/21% 0 & #EHL, RVBEMICEZEDHRTHD & X, Rk
IZEET DA E BIZBAITTE W 1 F20d 15 2 EL,

M 3.1.1. HRODEEDIT 2 X2V T 0r=20=0 ThdI &t (ZD0IF R DOIERHLLTOHR
RiTE 0 DI LT, 0z €Z LIFESIEK]RTHS, ULHALIDOMEIZE ST 0gz & 0z #XHIT 5 BEITA
%%, )

R PR EEDEDE X, R IFFEIIDVWTE/ A RTHEINSH, TOHEBEE U(R) BERLND,
U(R) #E& R OBEHEE (unit group) &V, TDii% R OERITT, F/2IF8H (unit) &5, (EHDTZ
HHO L FITFHEIT, BRIBEVBNILE LD ERET D, )

AL E2 D8 R ICBWT, 0 ADITARTOILMNIERITLTH D & X R MK (skew field, division
ring) &5, FHIAHRRUAZ R (field). F 72 IZAHYE (commutative field) &5,

Bl 3.1.2 (FE). 27Z—D2Di a B O2EAIC a+a=aqa,aa=a THEHAZEDWE, ZIFRIIRD, I
NEJ|REVS, FRIZFAILZ EZH80,

Bl 3.1.3 (FHEHIER). Z I X@EFEDOINEL HIETHAILEZ D OAMERTH S, IhEzBEEHIR (rational
integer ring) £\ 5,

Bl 3.1.4 (HHEBUA, FEUK, EELIK). Q R, CIHBEEDNEL FIETHTH S, ThE TN THNEEHK
& (rational number field). ZE#H{F (real number field), BEFREUK (complex number field) £\,

Bl 3.1.5 (®17FIER). R & (AL RS RWV) BRE 95, R DIz ln &35 n IRIESHITHI 02 EITEHE
DEFETERIZZ S, % R b n ROLITIHER (full matrix ring) W M(n, R). F721& M, (R) & &
<o RMPENIILEE TIE M(n,R) BHEAILEE D,

R %42, 0#£a€ RMW RDEZBRTF (left zero divisor) THD Lk, 2 0+#be R WFIEL

Tab=0&¢R2ILTHd, FAKIZ0#£ae RH» RDABATF (right zero divisor) THd Lk, H5
0Abe RMVEFIMAEL T ba=0 B2 IETHD, 0134 (H) FRFLRODBENI LIZT D,

19
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el 3.1.6. B L& ® DB R OIEHITIZE (F) FRFTIRA, FIZ R VRAZLIEX RIZE (H) FR
FAIAFEL BN,

SERA. @ Z1IFHIGETH Y, POEBERFTHDLTD, HD0Abc RBPFHELTab=0ThHd, ZD& X
b=1b=atab=a"'0=0
LBY b£0ILFET D, 0

R B TH D L Xl o WEBERNTTHEI I e, HERNTTHD ZLIXFEMETH Y. ELDKH]
ZELMBENB, ZDEE a ZHIZERTF (zero divisor) £\,
BRIt % B DR R 2B (integral domain) TH D L&k, R ICERTFWFEL RN L THD,

Bl 3.1.7. RKIFBIHTH D, FAEHEEIR Z ZMETRERVPEETH D,
M 3.1.8. A% L, FAELUTHREATHDLTD, ZOLE AIIKIARD Z L E2RY
B 3.1.9. FHEEER Z LORITHIE M(n,Z) OBEEILE DR E DN REY X,

BECIRIER Taz = ay B 51E o = y) AURD LD, —BOBETIEIALEL AWV, U Uikl
Tld UFOESIT a0 L0 ED T CRIRIEIIAH Y 37,

eE 3.1.10. R 2¥%2 45, 0£ac R 2, yc RIZH LT ar=ay B5IE =y TH5,

BEEA. ax =ay £ 95, alz—y) =0 &8 %, a#0ZDT, BRIEEERFPLEZNZENS 2 —y=0T
Hd, £oCrx=y TH5, O

M 3.1.11. #HEHKR C LORTHIER M(2,C) T, az=ay THEIN x £y L7425 X D EHl%xRE,

3.2 EHOERAICLI>TEREINDR

neN,n>2%—DEETD, BEELLIIZa,beZ IZRHUT, B2 LcZ WFEHELTCa—-b=nl &R
52LXa=b (modn) &ELZLIZTD (1.21), 20L& I ZOBRIXAMBERTHE, TD a 2ELH
A X

a+nZ={beZ|a=b (modn)}={a+nl|lecZ}

THhol, BEDFAMEEHSERDOESIE
Z/nZ ={0+4nZ, 1 +nZ, ---, (n—1)+nZL}
Thd, # 251 T Z/nZ SIERE Z OFAEE nZ (2 & DRIRHET
(a+nZ)+ (b+nZ) = (a+b)+nZ
THENPFERSERETEID I L2/, AL LD
(a+nZ)(b+nZ) = ab+ nZ

T Z/nL \TEDPFERSEHRTED L 2HERT D,
a+nZ=ad +nZ,b+nZ=b+nZ 52, D LU cZPFHELTd =a+nl, b =b+nl/ TH
5, ZDO& X
adt = (a+nl)(b+nl") =ab+n(al’ +bl+ n%’) €ab+nZ

THEM5 dV +nZ=ab+nZ THY, FEFIFHERIEHT

ZInZ EHIHERETH YD, FIKIZDOWTIE 1+nZ %ﬁﬁfnt@“é%/% RTHD, E0TEAL KHE
ISR D LD Z EIXB B IHEND S, UZadi>T Z/nZ EHEEOEEZ2 5D, AR TIESUR® S n 28
HOENREEIZF a+nZ € Z/nZ % a LEEFELS I LT D, Z/nZ OB, SLIUCERTE2ERD,
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Bl 3.2.1. Z/9Z %% 2%, FEICEHTIHERIIUTOL IR,

01 2 3 45 6 7 8
0j0 0O0OOOOO0OGO0OTO
110 1.2 3 4 5 6 7 8
210 2 46 8 1 3 5 7
310 3 6 0 3 6 0 3 6
410 4 8 3 7 2 6 1 5
510 51 6 2 7 3 8 4
6/0 6 3 06 3 0 6 3
7107 5 3 1 8 6 4 2
810 8 7 6 5 4 3 2 1

21 2B L ONEET, 0 LOBLIMZ 0 2ELEDONRERTFTH D, LW > THRERHE U(Z/9Z) =

—fEDIGEEWD DI T OER 2 HET %,
T 3.2.2. a,bc N £ 95, ged(a,b) =d THIRHIE, HD x,y € Z MFELT
ar +by =d
LR5,

B, o> b LIRELTHE DR, ZOL % bICHTZRAETRT, b=1451F ged(a,b) =1 Tz =0,
y=1&dEEn, b>11935,
a=bg+r, 0<r<b

5 qr el BEFMLETD,

ged(a,b) = ged(b,r) THEHZ L %ERT, d|bsTD, DT d|aBbiEd|a—bg=r THd, &
ZZd|r BoiXd|bg+r=aThd, 5T d M abDAKTHDILL br DAV TH2D Z LI
fETHhs, ULzd>T ged(a,b) = ged(b,r) B LD,

r=07%561F ged(a,b) = ged(b,0) =b Tz =0,y =1 &FTHIXEW,

d=ged(a,b) £BL, 0<r EFTNED > r BOT byr ICRHNEDREEZBEM TN TE, HD
2y ELPFHELT b +ry =d 278D, ZD& X

d="bx'+ry =bx' + (a—bq)y = ay + bz’ —qy)
EREMS o=y, y=2" —qy LBFIEL, O
ZOEHEHNT, —D Z/nZ ODREERET D IENTED,

EH 3.2.8. a+nZ W Z/nZ DR THDODBEFDFEME ged(a,n) =1 LBRDIELTHDE, T4
HbH
U(Z/nZ) = {a+ nZ | ged(a,n) = 1}
Thb,
BEEA. ged(a,n) =1 &£ 95, ZOLIEM 322 &V, 2D 2,y e ZWFELCar+ny=1Thd, I
DA% n 2EE LTEANE az=1 LA a lTHBETH 5,
a PP THDLTD, DDV ZIFHELTCab=1Tdhd, ULEP>TLcZIFHELTab—1=n/

Thd, BRLT1=ab—nl 2155, ZOXRDALIX ged(a,n) TEVYNLSDT, LD 1 E ged(a,n)
TED YN ged(a,n) =1 &85, O

RIZ Z/nZ DERTEZREL &S,
T 3.2.4. 0#a € Z/nZ 2DV T FDOEMIEFAMETH B,
(1) a BEHRTFTH 2,
2) a FHRBTIEEZ,

(
(3) ged(a,n) >1 ThHd,
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FEFR. (2) <= (3) 3B 3.2.3 TRINT WD, FERFIFHEBTIERNDT (1) = (2) B IO,
(3) = (1) ged(a,n) =d>1&F5, ZDeEIn=dl LTNEX1<l<n 8D, a=dd &FTHIX
[ £0ThoCaled n=0Lhs, £>TaBERTTH2, 0

EIE 3.2.5. Z/nZ IOV T TFOEMIZFEETH 5,
(1) Z/nZ 13ETH 5,

(2) Z/nZ 3R TH 5,

(3) n IZEHMTH 5.

SRR, HIOEH LY (1) <= (2) Y LD,
(3) = (1) n BEBLSHIX, FED 1<a<nZHUTged(a,n)=1THE75 aldHHTHY Z/nZ
FATH D,
(1) = (3) Z/nZ MMARBIE, FED 1 <a<n ZHUTged(a,n) =1 TR TERLY n IZFEKT
%, O

] 3.2.6. 1287 + 405y = 1 & A= BEDM (z,y) = —DKD &,
B 3.2.7. ®ATHIER My(Z/2Z) Dii%e §NTHET, ETOREIEEZRER L,
M 3.2.8. a,b e NIZXHUT d=ged(a,b) £§2, 2O X {ax+by|z,y€Z}=dZ TH2 I L %RYE,

S 3.2.9. n,a,b £ HAKE T B, Z/nZ 1282 —ABRR az = b HRERKDZODBE5H5M X
ged(a,n) | b THD I & &t

3.3 HWPI’®

R %BiE$5, RDETRNENES S A R OB (subring) THD &1k
eabcSHBbFEa-beS, abcS TH5,

Zliilz4 9%, SHROWA/ERTHDLET S HAIFERTHD,

5 3.3.1. Z 13 C, R, Q DIAETH 5,

#l 3.3.2. R=M(n,R) &5 2,

ailr a2 - Qin
. . - Qg -+ QA2p

S={(a;j) eR|i>jBEIXay;=0}= ) : a;; €R
0 Ann

BIHE S IE R OWHETHD = & 2 HRAT 5,
A=(a;),B=(b;) €S £F%, A-Be S RELNTHEMD AB € S 2mtiEE\, AB = (c;))

b SR
Cij = Zaikbkj
k=1

Thd, i>j T2, i>kB5Eap,=0Tk>jAB5Eb,;=0THd, £2Ti<k<jDLIDA
aikbkj 750 }_’_7’3:!)?':?571):1 >j ’(3;)%)7:)“:)\ —E}—AT@ k c:iﬂ'bf aikbk]’ =0 Ta;)‘) Cij =0 <‘.’. é JZ’)T
ABe S Ths,

ZOHID S DRIZHED Z e EEHENOEBRTDIL, WAWAREMEZTZE %Eﬁ#df)ﬁb‘mi@
59, BNENKETHD, LML R DEHEAT, TOHEEL R OEE %2 HWTE MTwé#@
HOBRTHDIZEERLUIZATNES HENRTHDI I LE2RTIENTES, #E&@ 26, HDE
ERHLWHEATEBIIRD L ERLAEVE XTIE,. ThDNE SN/ @%ﬁ%Atbfﬁbmrwam
MEIMEEZEZDZEDENTHD I EHE,

Bl 3.3.3. A[ER Z/67Z L TDEHHES S =1{0,2,4} 2F2D, ZDL X SITEHHBRIIARD, Z/6Z 1%
M1 2EH, SIFHAMNTL L 2ED, ZOLDITHPERETOBRDOBATIEHNT LE LR,
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a,beR}

M 3.3.4. R= M(2,R) DI HEE

=105 )

X R OEMAETH D Z L 2mt,

3.4 ATTIVERRER

R %2BX 942, RDETHENEIES I R DA FTTI (ideal) Thd LI,
(M) i,j el 55X i—jecl THh?,

(I12) aeR,icl BblXaicl THD,

(I8) aeR,icl BblXiacl THD,

RABRLTIETHD, (1), (12) 22 THEE [ IZEATTIV (left ideal) & XiEh, (11), (13) %z TH
& 1TI3HAA T TV (right ideal) & KiENd, 1 T T7IVEE (H) 47 7VEXBIT 2 ZOICEEA 77
(two-sided ideal) & H NS,
AHERIZEWTIE, A1 T 70, KA 770, Wil 77 V& KAlT 2 BEdR <, B F7Ibend,
I%BRDAITTINTHDL T3, a,bc RIZHLTa=b(modI) Za—bel THDILTEDD,
ZheE, ZOBRIF R LORMERERE LS, a e R 2 &L RMEREIT

a+I={a+tiliecl}
ThHd, FAEEHORIKDOESE R/T £RT, a+[,b+1€ R/TIZHUT, ik Rk
(a+D)+ B+ =(a+b)+1I, (a+I)(b+1I)=ab+]I
TEONE, INLDHAERIFERIEZEIND,

FIEIZDWTOAEBRICFENRNZ L E2HERT D, a+ [ =d + 1,0+ 1 =0 +1 L7T5,
a=a+i, b =b+j BB i jcl WMFETD, ZD&E

a't —ab=(a+i)(b+j)—ab=1ib+aj +ij

Thd, (13) £V ibel, (12) &V ajel. 12) &Y ije I THY, (I1) &Y ab = ib+aj+ij € I
Thd, FoCTdV+I=ab+1 &8N, FRIIEHEIND,

REIZBE S 28 AERIE T <IZH9 D, 041 BEAIG, a+1 OFICIE —a+1 &Y. R/ IZHERE
Ths,

FIRIZETDRAENE T <IZON D5, ORENEHENPDOON R/T IFBREBS, ZH%e RD I
LB EIRIR (factor ring) £\ D,

o RAAHMIRZ GIX R/I L AHERTH D,
e RMWHEAIIL 1 2EBL IC R THBIELIE R/I EHAITL1+T 2ED,
B 341. ne NIZNULTnZ={nl|(€Z}IFZZDATTINTHDILERE, (ZDLIOFREN

Z/nZ THh B, )
R—{<g l;) a,b,cER}, 1_{(8 8) beR}

M 3.4.2.
LBLETERODAITTIVTHD L emt,

BRIZBWC, RAGY {0g} X ROATTNTHD, Ik R DEBRMRA T T (trivial ideal) &
W,

R 3.4.3. it OB R EZDATTINIIZOVWT, I=R THBIL¥ lgel THdHILIXFEH
Thbd, %Y,




24 CHAPTER 3. BRY 1K
344 REWHERLLaceRETD, aR={ar |T€ER} F RDATTINTHDI %Y, (ZDaR
% a CTHERINDBIEA 77 )L (principal ideal) £\ 5, )

M 3.4.5. REZWIMTARVEELae R &F5, {riary |r1,ma € R}IF RDATTINEIFRLEBZNZ L%
mE, FLa2ELATTNDIL, BNOELDIFINEEZ &,

M 3.4.6. AHBEHEIR Z OEEOA TT7IVIFHIEA T 7V THD I L& rit, (ZOLDITEREDA T T
7))%@5( 7“—7)1/‘(%6 J: 5 @%%ﬁlﬁ'f 5‘7)[,{%&{1\ 50 é[:%c:%%ﬁk——cabéilﬁ/r %YJLI%’{(‘E%IE'{ 7__7”/%
15 (principal ideal domain) £\ 5, )

3.5 IROAZEERE
BOBE LU &> ICBIZE AHPHREARAE 2 515,
R S %8Bt 43, G f:R— S H AED abe RICHUT
fla+b) = fla)+ f(b), flab)= f(a)f(b)
ERTEE, f B (BLLTO) ALY WS, EAMSLHIHTHE L AR VS, R Y S ORICH

BNGFETDEE RE SIEABTHD LWV RS eFEL, FMARIFERE UTARENIZFALEDTH
BEERDIENHRD, R, S WIIZHA R E DL &, WRBDERIC

f(lRr) =15
RERTDHILEZ,
B 3.5.1. f: R — S 2O LT D,
(1) f(R) 1% S DWAHBTHS 2 & %5,
2) T={acR|f(a)=0} & ROAFTVThHd I LERE,

3.6 FIEAIR
R ZEZWIRE G D, RDITE2BHETENT o DER
fx)=ag+ a1z + -+ apz"™ (a; €R)

z z (2T 2% R EDZIENX (polynomial) &\ 5, f(z) ZHIZ f LEEFEL, v ZRETT (indeterminate)
FEBEHEVS, AT 2 IZBT S R LOZIHARKDOES % R[z] £&HL,
Rlz] IZB T2 Mk FELZBEHEOGAELFEU LD ITERT D, T80, MEE

f(@)=ao+az+- - +a2”, g(x)=bo+bix+ - +Dbpa™

IR LT
¢
f@)+g(@) =D (a;+bi)z’

i=0

THB, 77U € =max(n,m) T. EHINTOERVREKIL 0 T2, FARER

n+m

flx)g(x) = Z cka®,  op = Z a;b;
k=0

i+i=k

L4 D, ZNITEOT Rlz) BAHERE 85, ThzE o 1295 R EOZIERIR (polynomial ring) £,
fl@)=ap+az+ - +a,@" ITEVTa, Z0 D& X, n % flz) DRI (degree) L\ deg f(z) F
FiZ deg f LEL, f(z) =0 D& XTX, AT deg0 = —c0 & § 5, FEAEE d, F/2E d=—o00 (T
HUT —00<d, —co+d=—-00 T3,
UFTIE R Z28IBET 5,
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R 3.6.1. R 2®Ir 95, f(z), g(x) € Rlz] IZHLT
deg(f+9) < max(degf, degg)
deg(fg) = degf+degyg

N RVASK
. O HORBHISNTH S, } A

fl@) #0, 9(z) #0 95, flz) = Filjai® (am # 0), g(z) = YXj bz’ (bn #0) LT
f@)g(x) = S S Jaibp_ia® THBD, 2™ OFREUE amby, Ty am 0 & b, #0 THBH L E RN
BRTHD2IENS apb, #0 THD, £oT. ZOL T DHOADKLY LD,

f@)=0 F/F gz) =0 D& ZE, EFED n € {—00,0} UNIZHULT —c0o+n=—-00c FYHLMNT
»H5, O

T 3.6.2. ¥ik R EO—ZBSIEAB Rlo) L2 BHTH S,

SEFA. Rlz] WHALTEZEDAMERTH D Z LIFHLNTH I 05, Rlx] ICERTFARNI L2 R/EIEI 0,
f(x),g(z) € Rlz], f(x) #0, g(x) #0 £T 35, ZTDL X deg(f) # oo, deg(g) # —oo T, i 3.6.1 &
V. deg(fg) # —oo. THBDSL f(x)g(x) #0 THD, O

deg f(z) =0 THB f(z). 71 f(z) =01F RDTELES ZNTE, ZMIk>T RC Rlz] £
7;—3—-0

B 3.6.3. BIHTARWV R & deg(fg) < deg f+degg LRD DR f(x),g(x) € R[x] D% BRI H T X,
T 3.6.4. R 2B L35, f(x), g(x) € R[z] IZXUT g(z) ODEEIRDFEEN R DIERTLTH DA H
. $5 q(z), r(z) € R[z] PMFEL T
f(@) = g(x)q(x) +r(z), degr <degyg
LRIk IND,
FEFA. f(z) = ap + a1z + -+ + anz™, g(x) = by + b1z + - + bpa™ T2, £ q(z), r(z) DFEIEE
n =deg f \ZBTDMNETHRT, g(z) #0 THEINS degg >0 THD, n=—oc0. EzlEn<m D
EXF q(z) =0, r(z) = gla) ETHEE, n>m &TD, h(z) = f(z) — apb, 2" Mg(z) B L
degh < n T, WHNEDHRE LY
h(z) = g(x)qi(z) +r(z), degr <degg
% q(z), r(x) € Rlz] WEIET D, ZDLE
f(@) = h(z) + anbp 2" "g(x) = g(2)(q1(2) + anby ™2™ "™) +1(2)

ERY, THIERODLZATH D,

RIZ—RMEZ =9,

f(@) = g(@)q(x) + r(x) = g(2)¢'(x) +r'(x), degr,degr’ < degyg
LIRET D, ZDEE
9(x)(q(x) = ¢'(z)) = 1'(x) = r(z)

Thd. qx) # ¢ (x) THIRHIE, FLOREIE degg PAETH Y, HLDRES degg Kl TH D, Z
NIEFEEDT q(z) = ¢ (z). 2T r(x)=r'(z) BRI LHHBO—BHEIRIND, O

Z DEHIIRHT

e RMPRTHD L X,

o g(z) DEEIRIBEN 1 THD L X,

WCHATE %, REREN 1 THHLHAEE=Y ¥ (monic) BLIHAEL WD,

M 3.6.4 D q(z), r(z) 2. TNTH f(z) & g(x) THI-AZLETOME, KRY LWV, Kl r(z) =0 D
EE f(z) X g(x) TEIVEND LWV g(x) | f(z) &FL,

f@)=ag+ax+- - +a2" € Rlx] £ ae RIZHLT

fla)=ap+aa+---+apa™ € R
Z fx) I a ZRALEEEND, f(a)=0THDEX ald f(z) DR (root) THdD LS,



26 CHAPTER 3. BR¥{k

EH 3.6.5. R 2K & U f(z) € Rlz), a € R £§ 2L SLUFHKY 7D,

(1) [RIKREE] 5 q(z) € Rlz] PFELT f(z) = (z — a)g(z) + f(a) &R,

(2) [EHEE] f(a) =0 THEOORBEFNFMEE z—a| f(z) LBBILTHD,

SEER. f(z) & g(z) =2 —a \TEH 3.6.4 ZHATIIE. H5 g(z), r(z) € Rlz] BEELT
f(z) = (z — a)q(z) + r(z), degr < deg(z —a)=1

Thd, £2Tr(@)=re R THhb, ZOMBLIZ a ERATNE f(a)=r THd, Lo TEIREHINE
URVASH

RBUE BRI HIREBN 5 <IZH 05, O
B 3.6.6. 1k K EO—ZEHLIHAR Kz] I3HIEA 7 7 IVEE (M 3.4.6 2)) THd Z L 2R,

e 3.6.7. R 2% U 0# f(x) €R[z],degf=n &95, ZTDOLE f(zr) DHRLZLIHIE n AL TT
HB,

FEER. n (IZBHT BIRMNET R, n=0D & EE f(z)=r#0 T, RIX0METH D, Lo>TadEIZEY LD,

n>1&9%, f(x) ITRWMEEL R ITNEREIIHLT D, o T fz) KRIEETD LEL TE
L az—D20REdD, ZOLE

f(x) = (z —a)g(x)
£7%8% g(z) € Rlz] PFEL degg=n—1 Thd, REDHREL Y g(z) DIRIZFEX n—1 Thd, g %
f(z) O EFIE
0=f(B)=(8—-a)g(B)

THY, RVBHETHEI NS B—a=0F/d g(B)=0Thd, TN f(z) DRP o THEN»,
i g(z) DIRTHB 2 EIKL., £oT f(z) DREEX n fHTH 2, O

f(z) €R[z]) £95, ZOLEEH f*:R— R (a— fla)) PELND,

tRE 3.6.8. f(2),9(z) € Rlx] £ 4%, RMWERMEADILZELEETHDLE f(v) =g(x) & f*=g" ITH
fiCTHh s,

FERR. f(z) = g(z) BOE fr=g* THDILIFWHLNTH D,

f(x) # glx) T 5, hiz) = f(z) —g(z) £B<L, h(x) #0 BDT h(z) &FE~ degh HDOWREE D,
&oT RMPEREDEEELRSIE h(a) £#0 L7825 a € R WPFIET D, 2T 0+#h(a) = f*(a)—g* ()
THhY f*#g* THhHD, O

Bl 3.6.9. p FEHE L R=2/pZ £FNIE RIFBHETHD, ZDLE f(z) =P — 2 LTHIXEED
a€RIZHUT fla)=0THY, &oT f*=0" Thd, ZHUIRDEIITRIND, £F f(0)=0T
Hb, a# 0 LTIk acUZ/pZ) T UZ/PZ) EME p—1 OFEZNOM 245 &Y oP" L =1 Th
%5, 2T fla)=a? —a=0 &4 5,

SEBDLERE Rlwy,xa, -+, w] RIRHAIIC
Rlxi, 29, - ,2n) = Rlx1, T2, , Tp_1] @]

(R, s mos] EOE 2, BT 2 SIEAR) & LTREEIND, T
f(xl, To,: - ,l’n) = Z ailiQ...inm“m“ LR xni", (ai1i2...in S R)

ERIND, TN%E 21,00, 7, BT D R EDOBIER (polynomial) £\, a;iy.q, # 0 DEX
Qiyigei, 10202 o & f O IH (term) WGy + g + -+ + 14, & T DRE (degree) &\,

& 3.6.10. R WEIRD L ¥ Rlxy, 29, 1, R TH D, /2. TORBEEHI R ORBHEEL —ET 5,

FEEA. R DMEISZND Rz 1388, &5 T Rlxy, 2] = Rlz][z2] &8I T &Y IRUT Rlwy, 20, -+, 74
LIS TH D,

U(R) = U(R[z]) 28X, EEFU &S 2HEMRT Rz, 22, - ,2,) OHFEIT R OREL T 5,
f(z) € R[z] 2% &2, 5D g(x) € Rlz] WFIELT f(a)g(x) =1 THD, WEZELNRD L degf +
degg=0THdMN5 degf =degg=0. TH8DL f(x),g9(z) e R THd, £>T f(z) & R DEHTH
Y U(R[z]) C U(R) TH%, U(R) C U(Rz]) EHE»THY U(R) = U(R[z]) Th 5, O
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flxr, 20, 2p) € Rlxy, w0, 2] CHUT, B f*:RXxRx -+ X R— RMPEHIND,

ﬁ%ﬁ 3.6-11. R ‘iﬁgﬁ{@ﬂ%g%%@tjéo f(xly'IQa"' 7$n)7g(mlax27"' 7:1777.) S R[I’l,IQ,"' 7xn]
ETB, ZDOLE fLgl Ay IXAMBTHD,

SEHR. f=g B5IE f*=g* BHLNTH S,
f—g&2FBZNIE fA0DEEIT f*£0* THEZERFIEIVWI LIRS, 2% n 12T
METRT, n=1 D& ZIIBRIIR U, f % Rlry, - ,xn_1] 2R ETD 2, DZHEAEL AT

m

f(xla"' axn) = Zgz(xla axn—l)xn

=0

L#ELS fAOENS, HD i llDVWT g #0 THD, WIMEDIKELY gi(ar, -+ ,an_1) #0 &2
(a1, yap_1) ERX -+ x RDPFHETD, ZOLEF0# flag, - ,an_1,7,) € Rlx,] THEINH, HD
an, € R PFELUT flag, -+ ,n_1,0,) 0 THD, 2T f*#0Th, O

3.7 Bk

3.7.1 KDEHK

K %2KeEd5d, 1e KIZHLT
1,141, 14141,

EZ. TNTENHIZL, 2, 3, £EL, 0, -1, —2=(=1)+(=1),--- BFZXT
F:{"'7723717071323"'}

EEZEZNE F X K OFREREED, K IZIFERTHRNDT FICEERTIFRL FIFEETHL, F
IFANEEREE LT 1 CAERINDKEBET, Lo TZ/mZ (ne N) F7037 tz!i AL EDTH S
(fifE 2.3.10), ZNZEFA—HT D, F=Z/nZ THDL X F BWIETHD I LI n ERBUIB D (E
H 3.2.5), ZODFEME K O (characteristic) £ \V5, F=7Z DX X K 0)1@“%5( 0 THdE\S,
B p (£0) DIKIZBNT p=0ThH D, FHEN 0 TENMEZ ERBDOEKE E N,

Bl 3.7.1. Q, R, CIZEH 0 DIETH D, Z/pZ (p \FFE) IFEH p DIKTH D,
i 3.7.2. K 288 p (£0) DKL T D, a,be K ITHULT
(a+b)P =aP +b°

DA RVASN

p
SEER. —IEEHIC Z( )a Wi THhB, TITO<i<p &I dE

1=0
()=

THY)., B7I p BENDZVBHERHITIE p FHNZRN, £oT, 2L p O THY KIZTBNT 0 TH
2, O

B 3.7.3. F=7/57Z £$%, ne NIZHULT, G4 f,: F > F % f(a)=a" CEDD, n=23,4,5IC
DNT, f, WHE (28) THEH, ThTNREE &,

f3.74. p 2R WL LU F=Z/pZ 5%, TED ac FIZHULT a? =a THDZ & ZmrE,

3.7.2 ik

I R OB EIRD &> 1EET S,
R* = R\ {0} £ %, BHEA R* x R ISRO > IR ~ 225,

o (s,a) ~ (t,b) < sb=ta
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8 3.7.5. ~ lZ R* x R OFR{EREBRTH B,

FEEA. [EED (s,a) € RX x R IZHUT (s,a) ~ (s,a) THDZLIFHLNTH D, (s,a) ~ (t,b) & THIX
(t,b) ~ (s,a) LIS LD,
(s,a) ~ (t,b), (t,b) ~ (u,c) £§ B, sb=ta,tc=ub THb, &>T stc=sbu=tau THd, t#£0 T

R IFBISIRDT sc=au &72Y (s,a) ~ (u,c) TH b, O
(s,a) ZBORMEHZ a/s EERTIL LU, K= (R* X R)/ ~ KL FiEE
a/s+b/t = (at+bs)/(st)

(a/s)(b/t) = (ab)/(st)
THD S,
W 3.7.6. LROMEL REILFE R EHEIND,

FERR. £ (s,a), (b)) € R* x R & T hNIX 5,6t #0 T R MWHEIKZDT st £0 TH D,
a/s=ad /s, bt =0/t £ D, (s,a) ~ (sd), (t,b) ~ (t',V/) DT as’ =a's, bt’ =b't ThHd, £>T

(at + bs)s't’ = ats't' + bss't' = a'tst’ +b'ss’t = (a't' +'s")st

Y (at +bs)/(st) = ('t +Vs)/(s't) ThHD, FoTIMEKIFERINDG, £/ abs't = Vst &V
(ab)/(st) = (a')/(s't)) &RV, FELEERIND, O

A 3.7.7. LEHOIECE>T KIX0/1 28N T2HTH D,

EEER. a/s,b/,c/u € K {2 LT
(a/s+b/t)+c/u = (at+bs)/(st)+ c/u= ((at + bs)u+ c(st))/((st)u) = (atu + bsu + cst)/(stu)
a/s+ (b/t+c/u) = a/s+ (bu+ct)/(tu) = (a(tu) + (bu + ct)s)/(s(tu)) = (atu + bsu + cst)/(stu)

THDNOFEEIERIDE ) LD, afs+ b/t =b/t+a/s 1ZTITAND, £/, ERED a/s e K (LT
a/s+0/1=a/s EMERTE, £oT0/1 IFINEIZET IR ICTH D, Fil a/s+ (—a)/s=0/1 THD
WB —(a)s) = (—a)/s LB B, BLEILEY K 1 0/1 & Bfiste T 2RETH 2, 0

FEEIZOWTIFS LD TEFHIZEIKT 5,

78 3.7.8. FElOFEIZE>T K IF 1/1 2B THAMMBE ) A RTHD, a/s=0/1 & a=0 &
FETHY a/s (a #0) DL s/a THB,

A 3.7.9. LEOME L FIEIZDONT, FEIEMDEY LD,
BEER. a/s,b/,c/u € K {2 LT
(a/s+b/0)(c/u) = ((at+bs)/(st))(c/u) = ((at +bs)e)/((st)u) = (ate + bse)/(stu)
(a/s)(c/u) + (b/t)(c/u) = (ac)/(su)+ (be)/(tu) = (actu + besu)/(sutu) = (act + bes) /[ (stw)

&V (a/s+b/t)(c/u) = (a/s)(c/u) + (b/t)(c/u) THD. (a/s)(b/t+c/u) = (a/s)(b/t)+ (a/s)(c/u) BF
RRIZHE Y 32D, O

DIEEY K I3k 85, 20K K 2% R D21k (quotient field) W5, B R — K, a— a/l
FHEHTHY, NEFA-BHUTRCK LRZIENTES, Mk K1k HDEWRT M R 250K
INDIK] THEDELREIENTES,

B 3.7.10. HHEKIR Z OfKIIEHEIK Q TH D,

Bl 3.7.11. 4K K 28I A2 &, ZOEKIE K HETH D,

B 3.7.12. R 2835 &, R LD n BHELIEAER Rlxq,...,2,] FBHTH D, Rlzy,...,z,) ORI
{f(xl,...,mn)

g1, ..., zp)

flxr, .o xn), 91, ... xn) € Ry, ... xp], g(@1,...,2n) # 0}

Thd, Iz R EOBEBEBME LW R(zy,...,2,) EEFL,
R Ofitk% K L9425 &, #4YRH—FUIEL>T K(z1,...,2,) = R(z1,...,2,) TH D,
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3.7.3 ZTRIKEREUE

meZNEARTHDLIE m=a? LBD acZWHEIETEHILTHD, meZ MWFHBMA (square free)
THdLlE, m#0,1 TH>Tm 2EVED 1 LADFEABIFHELENZETHD, m WEHFHBTH
Bens Zeid, fRIZEAE Vm BWEVRBBIZAPTIRNENS 2L THD,

5 3.7.13. 3, 15, —6, —105 R L IXEHHHTH D, 0,1, —4, 9, 12 R EIFEHHE TR,
m % HEBREBEE U
Qlvm] {a+bym|a,beQ}

QWm) = {‘”Wm a,b,c,d € Q, c2+d2¢o}

c+dym

(‘_/.3:3\<0
R 3.7.14. Q[/m] I3MATH B,

PR, £9 R=Q[ym] Cc C L RT, ZWBNHRETHEIL%ERT, 1 € R THd, a,8 € R BZBIF
a—0B,afeERBHLMNT, £oT RIFAHIRTH S,

0 # a+bym (a,b € Q) IZxUT, WHAFET DI L2 REIEE, (a+by/m)(a—by/m) =a’—b*m
& m AWEFEHZDT 0 IZIXRSR\0, a+by/m OFILIE C ITIFFETDIDT, TN RIZEEFND Z
EEVZIFEV, ER

1 B a—bym B a B b
a+by/m  (a+by/m)(a—by/m) a2 —b>m a2 —me\/%e Qlvm]
THhd, 2T R=Q[y/m] IFMKTH B, O

f9 3.7.15. Q[/m] = Q(v/m) TH3 T & &Rt

Q[v/m] & 2K (quadratic field) &5, ZAUIZIHAE Qr] IZBWT (22 —m)Q[z] L\WHS 1T 7T
NEZEZ, THUTLDREIRE Qz]/(22 —m)Qz] EEATVWS I L LRI THD,

FRRIZ f(z) € Qz] ZBEHNZIHX (L VNI WIREDZHADHEIIDMRL BVLIHA) L9252 &, B
NCHHT S & D ICERE Qlz]/f(2)Qx] IFMRE 8D, D& BK%EREUA (algebraic number field) &
W,

R 28Kk L35, f(x) € Rlx] WBEM (irreducible) THd &, H2 g(z),h(z) € Rlz] ITH LT
f(x) = g(x)h(z) THDEHIX g(x) £7/21% h(z) 2% Rlx] DHE (K>T ROHE) L2dr 95, B
TRV E FIEAEH (reducible) W5,

K #2k&d4%, 2O&E f(r) € Klz] & (K OHBBIZL B4 2RVT) BEZIHADOMIZ —EIZ 0
INd GERIFERT D), f(x),g9(x) € K[z] WHBEDOBEMKR T2 67280 X, f(z) & g(z) XEWIIHR
Thd e,

IROEHIFFEHZBIET 50, FHEBIROBGLAULSIC2—27 VY ROBEREZHNTRIND,

T 3.7.16. K kLT 5, f(z) & g(x) WEWICETHBAEIE,
f(@)h(z) + g(x)l(z) =1
Y 5% h(z),l(z) € K[z] BMEET B,
WOFHHR LN ETHB,

I 3.7.17. K #kE U f(2) € K[z] MRS AR $3, Z0& XHAR Klz)/f(2)K[2] XETH 5,
(K=Q,degf(z)=n DL E, ZOEIBKE n REL VD, n ZEDTIIREUE L E VD, )

SR, 0+# g(x) € K[z]/f(x)K[z] £ U, g(z) BB THZ 2L 2REIEED, glz) #0 THEMH g(z) 1&
f(z) TEOEINT, £z f(z) ZEENBRDT, flz) & g(z) EEWZETH D, EH 3.7.16 &V

f@)h(z) + g(x)l(z) =1
L 7R% h(z),l(z) € K[z] DIFET S, 20X, ZOR% Klz]/f(x)K[z] TEZNIE
g(z) lx) =1
&Y g(z) & Klz]/f(x)K[z] CERITTTH 2, O
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ZOEHBIZE ST Q L n ROBMZEHAMAET R, THITH LT n IREPFOEND, —MRIZEERY
ZHAZ WA 2 EIAEZ TR, BT TIR, K <H5NLIHADERHEEH 23T 5,

F(@) = ao+ a1z + - + ana™ € Ziz] HEBBERTH 2 L1, TRTORMOBAANED 1 ThHD
9B, ERD f(x) € Zz] 1F. HIIFATK o LIFBZHRX g(x) ZHVT f(z) = ag(z) £RTZ
IR B,

f# 3.7.18. f(z) = YN air’, g(x) = 2T o bja) & Lla] DFBZHAL TH, ZOLF f(r)g(zx) €
BEIHATH 5,

SEEA. p 2HREEL 9D, f(z) & g(z) FRBZHAZDOT
plao, plai, -+, plai-1, pla;,
plbo, plb1, -, plbj—1, pib;
3% 0, § WEET D, ZDLE f(x)g(x) D 2 OFREUL
aobitj + arbiyj—1+ -+ a;—1bjp1 + abj + aip1bj1 -+ aiysbo

L) p THIDYINZY, U2 T f(x)g(z) DT NTOREERD Y EZ 2L, f(v)g(x) FEKS
HATH D, O

BB 3.7.19. f(z) € Z[z] 2 Zlz] THMTH S5 513 Qz] THMNTH 5.,
SRR f(z) £0 L LTEW, f(z) 13 Za] CEEITHS & L. Q] THEUTAVET S, f(z) = g*(x)h*(z),
degg*(x) > 1, degh*(z) > 1 TH 2 g*(x),h*(x) € Qlz] LT D, Q LOZIHAIX, » D ABLELZ H
33 iiko>T Z EOSZHERIZTE ZENTEZDT

af(z) = g(z)h(z)

B5acl & glx),hz) € Zz) WE5ND, ZDED%R a LLUTIEDED%R LD I ENHERKLIDT, ED
EDDIHLRNDEDE a LLTED, a=1480IF f(z) 1 Z[z] CTHWTHIREIIKT D, a#1 &
EREN

9(x) = ago(x), h(z) = Bho(z), o, B € Z

T go(z) & holz) BEHBLZERE T2, a£18DT, pla tRBZER p WEET D, p iFaf(n) =
g(z)h(z) = aBgo(x)ho(z) DT RTOFEBEE VYD, ZIT go(z)ho(z) IFFHLEALDT p|af TH
%, pldFEHBRDOTp|la £F-Ep|B THD, ZOLE, HIZEp|a bTdE

“jw) = (jgo<a:>) (Bho(x))
 Zjz] BB MRT, LENST a ORMECET 5.

EIE 3.7.20 (71 ¥ A& A (Eisenstein) OBEMHIETH). p 2F LT, f(z)=ar+az+--+
Ap_12" L+ 2" € Z[x] ITDWT

plan—t, plan—z, -+, plai, plao, p*tao

THHLFE, TOLH f(z) i Qlz] THHRTH S,
SEER. f(z) A Z[z] TN TH D Z L 2 mid &0, f(z) = g(a)h(z), g(z) = Y it bix' € Z[z], h(z) =
Yiocird €Lz £F B, f(z) DBEROFBIL L BDOT by =c, =1 THB, 72 ag=bycg ZDT p
&by £721F co D—FDAZEINYISD, p|by, ptco £T 5,

plbo, plbi, -+, plbicy, ptbi
8% i DFETD, 0<i<m<n THd, f(z) D z' OHBUX

boci +bici—1+ -+ bi_1c1 + bico
T, ZHE p TEO YNNG, KEICFIFET D, O

RIFZDOEENSLESBIZNND,

R3721. pEFEHLLn>1LTB, ZOLE " —pIdENTHS, EoT. FEDn>11ZLTn
RRBUKIFAFET B,
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3.7.4 BRI

BRRIZABRRIZ OV THI SN TV SRR ZGE A UICEHI 9 5, BUEE TORMTINSDREHZE 5 X5 2
SR TIERVD, ZITHIATL Z LIFEARNZAEE UTRERATEWTRLY,

T 3.7.22. (1) F %88 p OBGRKE T2 L. $2 neNBEELT |Fl=p" L85,

(2) EROFER p & ne NITHUT, |F|=p" LRZ2EREK F BDAENZ DRI HFETD, ZOLE
F OEHIE p THD,

RS pr T B AR DRER SRR BUAD B & L BIER U TH B, MK p Ok Z/pZ 2 £ R, L)y
BB T n WERZER f(o) 216Y. SHEABORARE (Z/pL)[z)) f(2)(Z/pL)[z] 2 EZ2DTH
5. MiMAHERTHE S,

Bl 3.7.23. p=2 1953, f(z)=2>+x+1€(2/22)x] EZ 5, f(z) PWEHNTRNET DL, 1 KA
DORUZARL, LD >T Z/22 1%L 25 TRALARY, LML f(z) 120,1 2RALTSE 0121F
BHR, &oT f(x) & (2/27)[x] TTH D, F = (2/27)x]/f(x)(Z)2Z)[x] LB &, TPk
4=22 DIKTHB, PREBEIIBITD c DE o 2T a2 +a+1=0, T8bb o2 =a+1Th3,
ZNIHERETDE F={0,1,a,a+1} TH>T. TOHAIX

+ | 0 1 o o+l x |0 1 o  a+l
0 0 1 «@ a+1 0 0 0 0 0

1 1 0 a+1 a 1 0 1 o a+1
a a a+1 0 1 a 0 a a+1 1
a+l|a+1 a 1 0 a+1|0 a+1 1 o

Thd,



