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Abstract

In this paper, we study the convergence rate of a lattice approximation scheme for a reflected
stochastic partial differential equation (SPDE) driven by Gaussian space—time white noise, which
can be viewed as an infinite-dimensional Skorohod problem. We establish the L”(€2)-convergence
rate for the lattice approximation in the uniform topology under Lipschitz assumptions. The
proof is based on a penalization method and a detailed analysis of deterministic parabolic
obstacle problems. Our result shows that the convergence rate is logarithmic, reflecting the
additional difficulty caused by the reflection term. To the best of our knowledge, this is the first
explicit convergence rate for approximations of reflected SPDEs.
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1 Introduction

In this paper, we investigate the convergence rate of the lattice approximation for the reflected
stochastic partial differential equation (SPDE) on [0, 1] driven by multiplicative Gaussian space-
time white noise

2
%(t,x) = %(t,x) + f(t, z,u(t,x))
+o(t,z,u(t,x))W(t, z)+n(dt,dz), t >0, x € (0,1),
u(t,0) = u(t,1) = 0, ¢ >0, (1.1)
u(0,z) = up(z), = € 0,1],
u(t,z) >0, t >0, z €[0,1] a.s.,

\

where the initial value ug is a non-negative random function defined on the interval [0,1] with
uo(0) = ug(1) = 0, the coefficients f,o : Ry x [0,1] x R — R are measurable mappings, {W (t, ) :
t > 0,z € [0,1]} denotes the space-time white noise on a complete probability space (2, F,P)
with a filtration (F%):>0, and 7 denotes a positive random measure on [0,00) x [0, 1] supported
on the zero set of u. We assume that initial values are Fy-measurable and Fy is independent of



{W(t,z): t >0,z € [0,1]}. As usual, let (F;)¢>0 be the filtration generated by Fy V o(W (s, ) :
s €10,t],z € [0,1]) VN, where N denotes the family of P-null sets.

Such equations can be interpreted as infinite-dimensional Skorohod problems and arise naturally
in various applications, including stochastic interface models [I3] and financial markets [19]. The
reflected SPDE was first introduced in [27] in 1992 for additive noise (i.e., o = 1). It was
later extended to the case of multiplicative noise in [10] in 1993, where the existence of solutions
was established, while the uniqueness remained open until it was resolved in [33]. Due to the
presence of the reflection constraint u(¢,z) > 0 and the associated random measure 7, the analysis
of the reflected SPDE is significantly more involved than that of standard SPDEs, so it
has attracted the interest of many researchers. Various important properties have been studied,
including reversible measures [13], [34], the integration by parts formulae [35], hitting properties
[8], occupation densities [36], the large deviation principle of the Freidlin—Wentzell type [33], strong
Feller property [38], Holder continuity [9], hypercontractivity [31], log-Harnack inequality [32] and
so on. T. Funaki and S. Olla [I3] in 2001 proved that the fluctuation of a V¢-interface model on
a hard wall weakly converges to the stationary solution of the reflected SPDE driven by additive
noise. We also refer the reader to the monograph [37] for a comprehensive account.

On the numerical side, lattice approximations (also called finite difference schemes) for SPDEs
without reflection have been extensively studied. Lattice approximations reduce the infinite di-
mensional problem to finite dimensional stochastic differential equations (SDEs), allowing the ap-
plication of finite dimensional stochastic analysis. This approach was first introduced for SPDEs
by Funaki [12] with application to the study of invariant measures. After that many results have
been published, such as SPDEs with one-sided Lipschitz continuity [28], stochastic elliptic type
[26] and stochastic Burgers equation [I]. Recently, it has also been widely used in the study of
singular SPDEs after the groundbreaking work by Hairer [20], for example, weak universality of
the 2d parabolic Anderson model [25] and the dynamical ®; model [40]. On the other hand, the
convergence rate of numerical approximations to various SPDEs is very important both in the-
ory and applications, and it has attracted considerable attention. The convergence rate of spatial
lattice approximations of SPDE without reflection was first studied by Gyéngy [17], and the im-
plicit and explicit schemes were studied in [I8]. It also was shown in [I1] that the optimal rate
of uniform convergence in this case is %— as the spatial discretisation tends to zero. In addition,
convergence rates of numerical approximations have also been studied for non-linear SPDEs in var-
ious schemes, including 2D Navier-Stokes equations [5], stochastic Landau-Lifshitz-Bloch equation
[16], stochastic Burgers-type equations [2I], stochastic Allen-Cahn-type equations [I5], stochastic
nonlinear Schrédinger equations [6].

However, the presence of reflection in the reflected SPDE (|1.1)) introduces additional difficulties,
and much less is known about its numerical approximation. The lattice approximation for
was studied by Zhang in [39] in 2016, where the convergence of this scheme was established using
tightness arguments, but no explicit convergence rate was established. In particular, the author
pointed out that “Because of the appearance of the random measure (local time) term it seems
hard to get the precise rate of the convergence”, [39, Remark 2.1]. This is the main motivation of
the present work.

The primary objective of this paper is to establish an explicit convergence rate for lattice
approximations of the reflected SPDE ; see below for the associated lattice scheme (also
called a Skorohod-type system). Following the approach in [39], the core of our analysis lies in
studying deterministic parabolic obstacle problems and their lattice approximations. The strategy



is based on a penalization method: First, we establish convergence rates for the penalized equations
of and respectively. Those allow us to quantify the penalization error. Second, we
derive error estimates between the parabolic penalized equation and its lattice scheme. Finally,
by balancing the penalization and its discretization errors, we obtain a convergence rate for ,
which yields, as an application, the desired convergence rate for .

Now let us state our assumptions and introduce some notations. We assume the following are
satisfied throughout this paper.
(A.0) The initial value ug is Fo-measurable, and ug € C*([0,1]), a € (0,1) with uo(0) = up(1) =0
such that for any p > 1

E |luo B < 0.

(A.1) (Lipschitz condition) There exists a constant C' > 0 such that for any z,y € [0,1],¢ € [0, 7],
u,v € R,

|f(t,m,u) - f(t,y,U)‘ + ’U(t,l’,U) - O'(t,y,’U)| < C(’:E - y| + |’LL - U|)
(A.2) (Linear growth) There exists a constant C' > 0 such that for any x € [0,1],¢ € [0,T], u € R,
|f(t, 2, u)| + [o(t, z,u)] < C(1+ |ul).

Let us prepare some notations. Throughout the paper, let T' > 0 be fixed and let C' > 0 denote
a generic constant, independent of n € N, e and A\, whose value may change from line to line. Let
C([0,T] x [0,1]) be the space of continuous functions u(t,z) defined on [0,7] x [0, 1] such that

lull7,00 := sup lu(t, )| < oo.
t€[0,T],z€[0,1]

Similarly, C([0,T];R™) denotes the class of all R™-valued continuous functions U defined on [0, T
such that

U] 700 := Sup  max |Uk(t)] < oo (1.2)
Although the same symbol is also used to denote the norm of C([0,T] x [0, 1]) above, the context
ensures that no ambiguity will arise. For brevity, we also sometimes write Qp := [0,7] x [0, 1] and
use p((t,z), (s,y)) = |t — S’% + |z — y| for the parabolic metric.

Under the above assumptions, we prove that the lattice approximation u™ defined by
below converges to the solution u of the reflected SPDE ([L.1)) in the uniform topology || - |70
with the explicit logarithmic rate (log n)_”p/Q, 0< Kk <y:= % A a, see Theorem below. The
logarithmic rate arises from the use of Lipschitz estimates for the penalized system, which leads
to exponential dependence on the penalization parameter. Although the penalized term is in fact
monotone, exploiting this structure at the supremum norm level remains a challenging problem. It
remains an interesting open question whether the logarithmic rate can be improved to a polynomial
one.

The remainder of this paper is organized as follows. In Section 2] we introduce the lattice
approximation framework and state the main result. In Section [3] we analyze deterministic obstacle
problems and establish convergence rates for their lattice approximations via penalization methods.
In Section we apply these results to the reflected SPDE ({1.1]) and complete the proof of the main
theorem.



2 Preliminaries, Lattice framework and main result

We begin by recalling the definition of the solution to the reflected SPDE (1.1)), following [10]; see
also [39].

Definition 2.1. Let uy € C([0,1]) be a non-negative function with up(0) = up(1) = 0. A pair
(u,n) is called a solution of the reflected SPDE ({1.1)) if the following are satisfied:
(i) u = {u(t,r)}s>0,2¢[0,1) is an Fi-adapted continuous random field, and u(t,r) > 0 a.s.
(ii) n is a random measure on R4 x (0,1) such that
(a) n({t} x (0,1)) = 0 for every t > 0;

(b) o
/ / (1 —z)n(ds,dx) < oo, t > 0;
0 Jo

(c) for every measurable function ¢ : [0,00) x [0,1] — R,

t 1
| [ wts.yntas.an)
0o Jo
is Fi-measurable.

(iii) For every ¢ € C2([0,1]) with ¢(0) = ¢(1) =0,

t

@wwiﬂmwws/ummmmw

(uo, & / / d(x)o(s,z,u(s,x)) W(ds,dz) + / / o(x)n(ds, dx).

(iv) (Reflection condition)
o) 1
/ / u(t, ) n(dt,dz) = 0.
o Jo

Remark (i) on p.19 [I0] tells us that the weak form (iii) above is equivalent to the mild solution

1 t ol
uta) = [ Gty + [ [ 6= 52 (5.9 us. ) dyds (2.1)
t ol
—l—/o/oG(t—s,:c,y)a(s,y,u(s,y))W(ds,dy)

t 1
+/ / G(t — s,z y)n(ds, dy),
0 JO

where G(t, z,y) is the heat kernel of the Laplacian g—; on the interval [0, 1] with Dirichlet boundary
conditions, i.e.,

G(t,z,y) ZeXp m )¢ ()85 (y),

and ¢;(z) := v/2sin(jzr). In this paper, instead of the weak form, we mainly use the mild form as
[39].



We will recall some important properties including the well-posedness and regularity results at
the end of this section.

Next, let us introduce the lattice approximation for the reflected SPDE according to [39],
see also [I7] and [12] for the case of SPDEs without reflection. For each n € N; let z := k/n,
k=0, ---,n. We define the (n — 1)-dimensional stochastic process u"(t,zx),k = 1,--- ,n —1 as
the unique solution of (n — 1)-dimensional reflected SDE (also called the Skorohod-type SDE)

du™(t, z1) = n?(u™(t, xpp1) — 20" (L, zp) + u"(t, 2_1)) di
+no(t,xg,u"(t z)) dW(t xpe1) — W(t, xg))
+ f(t, xp, u"(t,zx)) dt + dnp (t), k=1,--- ,n—1, (2.2)
un(t7$k) 207

(u" (0, z) =uo(wy)

with the constraints
u"(t,0) = u"(t,1) =0, t > 0.

Since the definition of the reflected SDE (2.2)) is standard and similar to that of the reflected SPDE
(L.1), we omit the details here, see [39, Definition 2.1] for example. We just point out that n}(t),t >
0 is an F-adapted, continuous, increasing process with 7;/(0) = 0 such that fg’ u™(s, xp)np(ds) =0
forallt>0and k=1,2,--- ,n—1.

Let us here introduce some notations to write in its abstract form. Set

up(t) == u"(t,zx) and W (t) := /n (W (t,zpr1) — W(t,xx)) .

By the properties of W, one knows that W" = (W(t),--- ,W™ ,(t)) is an (n — 1)-dimensional
Brownian motion. Let A™ = (A},) denote the (n — 1) x (n — 1) matrix with elements

no— 92 A" =1 for |k —i| =1, A" =0 for |k —i| > 1.

For t > 0 and each y = (y17y2, e aynfl) € Rn_l? let Fn(tvy) = (f(taxlayl)v U 7f(t7$n71>yn71))
and let X" (t,y) be the (n — 1) x (n — 1) diagonal matrix with X7, (t,y) = o(t, 2k, yx). Then using
those notations, as explained in [39], the system can be reformulated as the reflected SDE on
the domain Q,, ;= {z € R" 1.2 >0,i=1,2,--- ,n— 1}

du™(t) = n2 A" (£)dt + F™ (¢, u"(t))dt + /aE" (¢, " (t))dW™(t) + di(t) (2.3)

with the initial value u"(0) = (ug(x1),uo(z2), -+ ,uo(xn—1)). Since the domain Q,, is convex, the
well-posedness of the system (2.3) is well-known, we refer to [24] and [29]. It is known that

2 2 2
ej = (\/;sin(jxlw), e ,\/;sin(jxk_lﬂ), e ,\/;sin(jxn_m)) eRvYj=1,2--,n—1

are the eigenvectors of n?A™ with corresponding eigenvalues

A} = —4n? sin® <j7r> ,
2n

which form an orthonormal basis of R"~!. It is known that the semigroup

G"™(t) := exp(n?A"t)



generated by n2A™ on R"~! admits the representation

n—1
G"(t)x = Z Nz, ejej, =€ RL (2.4)
j=1

Using the semigroup G™(t) and It6’s formula, the solution of (2.3) admits the mild representation
¢
u"(t) =G"(t)u"(0) +/ G"(t — s)F"(s,u"(s))ds
—f—f/G”t—s)E”(su( )dW " (s /G’”t—sdn()

For n € N, we extend the solution u™(t) € R"~! to a continuous random field on [0,7] x [0, 1] by
the polygonal approximation. More precisely, for « € [zk, zkt1), K =0,...,n — 1, define

u(t, z) = u"(t, ) + (ne — k) (u"(t, xp11) — u"(t, z1)) (2.5)

for x € [zk, xp41), K =0,--- ,n— 1 with «"(¢,0) = u"(¢,1) := 0.

The main purpose of this paper is to study the convergence rate of the interpolated lattice ap-
proximation u™ (¢, ) to the solution u(¢, z) of (L.I). To simplify the notation, for a = (ao,...,an) €
R™ with ag = a,, = 0, we denote by Z,a(z),z € [0,1] its piecewise linear interpolation, namely

(Zha)(x) = ar + (nx — k)(akr1 — ag), T € [Tk, Thr1)
with Z,a(0) = Z,a(1) := 0. Using this convention, we have
u"(t,z) = Lu"(t)(x), t € [0,T],z € [0,1]. (2.6)

We now state the main convergence theorem, which gives the explicit convergence rate of u™ (¢, x)
to the solution u(¢, x) of the reflected SPDE ([1.1).

Theorem 2.2. Assume (A.0)—(A.2) are satisfied. Then for every 0 < k <« and p > 1, there
exists a constant C > 0 such that

E[|lu" — ull} ] < C(logn)™ %, n >2. (2.7)

Here and in the sequel, we set v := % A a.
In particular, the lattice approzimation converges to the solution in LP(Q; C([0,T] x [0,1])) with
an explicit logarithmic rate.

Remark 2.3. (i) For SPDEs without reflection, it is well known that the optimal strong conver-
gence rate of lattice approximations is polynomial of order n=1/2= see [17, [11].

(ii) In contrast, the convergence rate obtained in Theorem is logarithmic. This slower rate
reflects the additional analytical difficulty caused by the reflection term. As discussed in Section 1,
the use of penalization introduces exponential dependence on the penalization parameter, which
leads to a logarithmic rate after balancing errors. Whether this rate can be improved remains an
open problem.



As preparation, let us summarize some important properties about solutions of (1.1]) and (2.3)),
which will be used later. The first one is about the moment estimates of solutions. By Theorem
2.1 [33], Proposition 5.1 [39] and [29], we have the next theorem.

Theorem 2.4. Under the assumptions in Theorem [2.9, the existence and uniqueness of solutions
hold for both (1.1)) and (2.3)). Moreover, for each p > 1, there exists a constant C > 0 such that

E{[Jullf o] +supE[[lu" 7] < C.
neN

It was well known that Holder continuity of solutions to SPDEs is important to study the
convergence rate of lattice approximation. However, it is not trivial for reflected SPDEs. It was
first proved by Dalang and Zhang in 2013 for the reflected SPDE (|1.1]) with coefficients f and o
independent of ¢ and z, see [9, Theorem 3.3]. On the other hand, in [9], the authors assume that
the initial value ug(z) = 0. So, [9, Theorem 3.3] can not be applied to our case directly. In the
following, we generalize the main result in [9] to the reflected SPDE (|1.1) under the assumptions
(A.0)—(A.2), which will be used in the proof of Theorem [2.2]in Section

Theorem 2.5. Assume (A.0)—(A.2) are satisfied and let o, := (2a) A 1. Then for any

_ (e
I<a< —,
2

there exists a monnegative random variable M such that
lu(t,x) —u(s,y)| < M (\t - s|% + |z — y|)a, s, t €[0,T], =,y € [0,1] a.s., (2.8)
and for any p > 1,
E[MP] < 0. (2.9)
In particular, for each p > 1, there exists a constant C' > 0 such that

E| sup J|u(t, ky(x)) — u(t,aj)\p} < COn™P2 (2.10)
(t,x)eQr

where ky(z) := %,x € [0,1].

Proof. This can be proved essentially by mimicking the proof of Theorem 3.3 [9] by Dalang and
Zhang. Because our assumptions differ slightly from those in [9], for convenience of readers, we
give some explanation. As in [9] (2.1)], for each € > 0, set

arctan([r A 0]2
ge(r) == (é[_ ] ), r € R,

and consider the penalized SPDE

u(t, x 2uf (t, x .
W) T | (e (,0) + 0 (4 2) + (0,0 (1) (2, ),

u®(0, ) = up(x),
u®(t,0) = u(t,1) = 0.

(2.11)



Although, unlike those in [9], the coefficients f and o depend on ¢ and x, the assumption (A.1)
implies the Lipschitz condition uniformly on ¢ € [0, 7] and = € [0, 1], that is, there exists a constant
C > 0 such that for any z € [0,1],¢ € [0,T], u,v € R,

|f(t,z,u) — f(t,z,v)| + |o(t,z,u) — o(t,z,v)| < Clu —v|. (2.12)

Then, the penalization result in [33] or [10] gives, for every p > 1,

Lm E[||u® — ul|? =0 2.13
i 0" = lf.] = . (2.13)
and in particular,
sup E[[|u||} ] < oc. (2.14)
e>0 ’
Set
1
Syug(z) = / G(t,z,y)uo(y)dy, t >0,z € [0,1]. (2.15)
0

We now modify [9] (2.5)] by including the initial-value term S;ug(z), and define

t 1
Ns(t,:c) 2:St’LLO(I) +/O /0 G(t -na, y)f(rvyv UE(T7 y)) dy dr

t 1
—I—/O /0 Gt —r,x,y)o(r,y,u(r,y)) W(dr,dy), t >0,z € [0, 1]. (2.16)

Let v°(t,z) := u®(t,z) — N°(¢t,x). Then, as explained in [9], by (2.11) and (2.16)), we know that v°
satisfies the random PDE

Ovt(t,x)  0%v°(t, z)
ot 0Ox?

+ g:(v°(t, x) + N(t,x)),
(2.17)

v (¢,0) =v5(t,1) = 0.

This is exactly equation (2.6) of [9]. The only difference is that the stochastic process N¢ now
contains Siug. We can obtain that for every o' € (0, %) and € > 0, there exists a nonnegative
random variable M, such that

[N®(t,2) = N*(5,9)| < Mep((t,2), (5,9), (t,2), (s,9) € Qr a.s., (2.18)
and for any p > 1,

sup E[| M.|P] < oo. (2.19)
e>0

This is the analogue of [9, Lemma 2.1]. Let us now give its brief proof. Write

Ne(t,x) := Spuo(x) + I5(t,z) + I5(t, z), (t,x) € Q.



Under the assumption (A.0), we easily have that for every p > 1, there exists a constant C' > 0
such that

E[|Suo(z) — Ssuo(y)[P] < Cp((t,z), (s,9))°F, (t,2), (s,y) € Q7. (2.20)
Indeed, noting that the heat semigroup S; preserves Holder regularity,
[[Stuol|ce < Cllugllce,

we have
|Stuo(x) — Seuo(y)| < Clluollca|z —y|*, =,y € [0,1].

By the standard semigroup estimate, we also have

oup. [St0(2) ~ Sauo(w)] < Cluolcet — ol 5.t € 0.7)
z€(0,1

Combining the two estimates, we have

‘Stuo(x) - SSU()(y)‘ < CHUOHCQ‘ p((t,x), (Svy))aﬂ (t7$)7 (S7y) € 9r,

which yields by taking the p-th power and then expectations together with (A.0).

On the other hand, for I and I5, the proof of [9, Lemma 2.1] or [I7, Lemma 3.5] can be applied
to our case, thanks to the uniform p-th moment estimate and the Lipschitz continuity .
More precisely, by (2.14), (2.12)), (A.2), the heat-kernel estimates [9, (2.8)—(2.10)], the Burkholder-
Davis-Gundy inequality and the integrated Minkowski inequality, for every p > 2,

iglgE[Uf(t@ — I (s,y)I”] < Cp((t,2), (5,9)%, i =1,2, (t,2),(s,9) € Qr. (2.21)

Combining this with (2.20)), we obtain that

SpB[IN(1, ) - N(s,)!] < Cpl(t.0),(5.0) %', (60). () €Qr (222)
e>
For every o/ € (0,%), if p > ﬁ, then we have
o B
2 p

Applying the anisotropic Kolmogorov continuity theorem ([7, Corollary A.3] and its proof) together
with , we can easily obtain the desired result and ; note that p can be chosen to
be arbitrarily large.

Now noting , we can repeat the proof of [0l Theorem 3.3] and especially the estimate
(3.18) [9] to complete the proof of the first part of this theorem. In fact, by the same argument
together with the estimate on N¢ and , we can obtain

E[[u®(t,2) — u(s,y)["] < CE[Mc[]p((t, ), (s,9))*". (2.23)
Then letting € | 0 together with (2.13) and Fatou’s lemma, we have

E[lu(t,2) — u(s, ) "] < Cp((t,), (5,))"". (2.24)



Hence, similarly, applying the anisotropic Kolmogorov continuity theorem again, we know that there
exists a nonnegative random variable M satisfying (2.9)) such that (2.8) holds for any 0 < & < %*;
note that o/ € (0, %) is arbitrary.

Finally, we prove the second part of this theorem, i.e., . By (2.8) and &, ( [nx], we get
lu(t, z) — u(t, kp(z))| K Mn™% x € [0, 1] a.s

Taking the supremum over (¢,x) € Qp, the p-th power and then taking expectation, we obtain
(2.10). Consequently, the proof of this theorem is complete. O

Remark 2.6. In [9], for simplicity, the authors only gave the proof for reflected SPDE with the
initial value ug = 0. For the general case, the authors pointed out that u(t, x) — Syug(x) will solve a
similar reflected SPDE with initial data 0, see the second paragraph on P. 135 [9]. But, by the change
of variables u(t,x) := u(t,x) — Siup(z), the obstacle condition is changed to u(t,z) > —Spup(x),
which is a space-time dependent case. Therefore, it seems that [9] Theorem 3.3] cannot be applied
directly for the study on the Holder continuity of the reflected SPDE with non-zero initial values.
Noting this point, in the proof of Theorem instead of the change of variables proposed by
Dalang and Zhang, we put the initial value Syug into N¢(t,x), see . This permits us to prove
the result by repeating the proof of [9] Theorem 3.3].

3 Convergence rate of lattice approximation for deterministic parabolic
obstacle problems

Following the main idea in [27] and [39], we first introduce the deterministic parabolic obstacle
problem together with its lattice approximation, and then we establish the explicit convergence
rate of this scheme.

Let up be deterministic such that uy € C*([0,1]),a € (0,1) with u(0) = wug(l) = 0, and let
V e C(Ry x[0,1]) with V(0,z) = up(z) > 0 and satisfying Dirichlet boundary conditions V' (¢,0) =
V(t,1)=0,t > 0.

Consider the deterministic parabolic obstacle problem

0Z(t,x) 0*Z(t,x)
at - Ox2
) > =V (t,x), (3.1)

// (5,2) + V (s, 2))n(ds, dz) = 0.

=n(t,x), x€]l0,1],

As in [39], we also consider its lattice approximation system by using the following deterministic
obstacle problem (called also the deterministic Skorohod-type problem) in R?~!:

dZ™(t) = n?A"Z" (t)dt + dn"(t),
Z"(t) = =V"(t),

/ N2 + V@), dn ) = 0, T > 0,
0

where the obstacle V" = (V*,--- V" ) € C([0,00); R"™1) is given and (-,-) denotes the inner
product of R"~!. Recall that A" is the matrix defined in Section

(3.2)

10



We first recall the definitions of solutions to (3.1)) and its discretization scheme (3.2), and then

summarize several important facts.

Definition 3.1. A pair (Z,n) is called a solution of (3.1) if the following are satisfied:
(i) Z € C(R4 x [0,1]) and

Z(0,2) =0, Z(t,0)=Z(t,1) =0, Z(t,z) > =V (t,x).
(ii) n is a deterministic measure on Ry x (0,1) such that for alle > 0,7 > 0
n([0,T] x (g,(1 —¢))) < oc.

(iii) For any test function ¢ € C%(]0,1]) with ¢(0) = ¢(1) = 0,

t t 1
20.0) - [ (2005 = [ [ owpn(as.an). 1> 0

(iv) For any ¢ > 0, fot fol(Z(s,x) + V{(s,z))n(ds,dzr) = 0.

Definition 3.2. A pair (Z",n") is called a solution of if the following are satisfied:

(i) zn = (2}, - ,2" ) € C([0,00); R" 1) and Z"(t) > —V™(¢t).

(i) n™ = (n}, - ,n"_1) € C([0,00); R*™1) and for each i, n(t) is an increasing continuous function
with 77(0) = 0.

(iii) For all ¢t > 0,

Zn(t) = /0 n2 A" 27 (s)ds + 1" (1).

(iv) For t > 0, S0 [((Z1(s) + V(s))mp(ds) = 0.

In this paper, we call the function V in and V" € R"!in obstacles. Furthermore, to
emphasize the relation between the solution Z(t,z) of and its obstacle V (¢, x), we sometimes
write Z(t,x) = Z(V)(t,z) according to our purpose. Similarly, we also write Z"(t) = Z™(V")(t)
for the solution of .

Lemma 3.3. (i) The continuous obstacle problem (3.1) admits a unique solution. Moreover, the
solution map V + Z(V) is 1-Lipschitz continuous, that is, for any two obstacles V' and V2,

1Z(VY) = Z(VA)ll7ee < IV = V1,00

(ii) The lattice approximation system (3.2)) has a unique solution and the solution map V™
Z™(V™) is also 1-Lipschitz continuous, that is, for any two obstacles V™' and V™2,

1Zr (V) = 20 (V) |ree < IV = V210,

where the norm || - ||1.00 is defined by (1.2)).

For the first part, see [27, Theorem 1.2 and Section 2| and for the second part, see [39, Lemma
3.2 and Theorem 3.1].

The main purpose of this section is to specify the convergence rate of the solution Z™ of
to the solution Z(t,z) of (3.1).
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Throughout this section, we assume the obstacle V (¢,z) in (3.1) satisfies the condition (V):
Let ay, a9 € (0,1). There exists a constant K > 0 such that

|V(t,.%') - V(Svy)| < K:(‘t - 3‘011 + ’.% - y’OQ): CRAS [O7T]7xay € [Oa 1] (33)

For a given obstacle V(¢,z) in (3.1) and any n € N, let V"(¢) be the restriction of V' (¢,z) on the
mesh point x5, k=1,2,--- ,n—1, i.e.,

V() = (V(t,z1),V(t,x2), -, V(t,zp-1)) - (3.4)

Now for n > 1, let Z"(t,x) := Z,(Z"™(t))(x),t € [0,T],z € [0, 1] denote the linear interpolation of
the solution Z™(t) of (3.2]) with the obstacle V" (t) defined by ({3.4), that is,

Z"(t @) = Zg (t) + (na — k) (Zi1 (1) — Zi (1)) (3.5)

for x € [zk, xk41), K =0,--- ,n—1, where Z}/(t) = Z;}(t) = 0. Then the main result of this section
is the following.

Theorem 3.4. Assume (V) holds. Let Z be the solution to (3.1) with the obstacle V(t,z) and Z™
be the continuous function defined by (3.5)). Then there exists a constant C > 0 such that

12" = Z||7.00 < CK(logn)™*/2, n > 2, (3.6)
where IC is the constant used in and
K := min{2a1, as}. (3.7)
The proof will be given in Subsection

Remark 3.5. In [39, Theorem 4.1], it is proved that |Z"(t,z) — Z(t,x)| converges to 0 in the
uniform topology as n — oo by the compactness argument without an explicit convergence rate.
Theorem [3.4] gives an explicit convergence rate. As we pointed out, determining the optimal rate
remains challenging.

Finally, we give a smooth approximation of the obstacle V (¢, z) satisfying in Lemma
below, which will be frequently used. Since we will need explicit e-dependence later, we state
the following quantitative smoothing lemma, together with a brief proof. A general parabolic
mollification estimate can be found, for example, in [23, Chapter 4] or [22, Chapter 3].

Lemma 3.6. Let V(t,x) be the obstacle satisfying (3.3)) and let k := min{2a1, as} as before. Then
for each ¢ > 0, there exists a smooth function V& on [0,T] x [0,1] — R such that V&(t,0) =
Ve(t,1) =0, t €[0,T], and

IVE = V|10 <CKEe", (3.8)
3 21/¢€
Ha; ‘ 86; <CK "2, (3.9)
T,00 T,00

where the constant C' = C(T, k) > 0 is independent of K.
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Proof. The form CK of the constant appearing in the estimates (3.8) and (3.9) is vital for us to
apply to SPDEs in Section {4} So we give a short proof of (3.9) to specify the constant CK as an
example (and omit the proof of (3.8))). Let p € C2°(R?) be a standard parabolic mollifier satisfying

p >0 and / p(t,z)dtdr =1,
R2

and define
t x

pe(t,x) = 5_3p<€2, E) , €€ (0,1).
Extending V outside [0,7] x [0,1] in a standard way preserving the Hoélder bound, we define
VEei=p.*V.
Then we claim that V¢ is the desired function. As we said, we only show (3.9). Since p. € C2°(R?),
we have [ fRQ %dtdm = 0, and then we write

Ve(t,x)

—a = //R2 Ope(s,y) (V(t —s,x—y)—V(t, :U)) ds dy.

Hence, by the assumption (V), we have

oVE(t,x . N
‘(‘B(t) S’C//Wwe(s,y)!(\s\ Ut |y|*2) ds dy.

Noting that
_ s
Oupe(s,y) = =(00) (5. 2)

2 b
e’ e
change of variables gives that

(3
’5‘/8(;7 z) < (2072 4 £0272) < O R,
Hence, we know ||0;V?||7,~ satisfies the estimate (3.9). Similar argument gives
PAVAS
oV < CKe" 2
022 || o
Thus the proof of (3.9) is complete. O

3.1 Convergence rate of solutions to deterministic parabolic obstacle problems
via penalization

In this part, following the construction of the solution (3.1)) in [27], we study the convergence rate
of the penalization system to that of (3.1)). For a given V (¢, ) satisfying (3.3]), we consider the
deterministic parabolic penalized equation
0ZNt,x)  0*ZM(t,x)
ot Ox?
ZMt,0) = ZMt,1) = 0,
ZM0,z) =0,

=\(ZMt,z) + V(t,2)) ",
(3.10)

where A > 1. In [27, Theorem 1.4], it is proved that Z* converges to the solution Z(t,x) of (3.1))
uniformly on Qr as A — co. We aim to give its convergence rate in A.
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Theorem 3.7. Let (Z,m) be the solution of the deterministic obstacle problem (3.1) and let Z*
solve the penalized equation (3.10). Then there exists a constant C > 0 such that

1Z = ZM| 100 < CKAT®2 A > 1, (3.11)
where K and k are the same as in Theorem[3.].

Proof. Let us first recall two standard facts concerning the penalization equation (3.10). By [4,
Corollary 2.3] and [27, Section 2.2], we know that

(i) For each V € C([0,T] x [0,1]), has a unique strong solution Z* € L2([0,T]; H'(0,1)) N
C(]0,T] x [0,1]) and it is increasing in A.

(ii) The solution map V + Z* := ZNV) of is 1-Lipschitz continuous, that is,

1Z2 (V1) = ZAV)lI700 < IV = V700

for any two continuous obstacles V! and V2.

Fix € > 0, which will be specified later. Let V¢ satisfy and in Lemma hereafter.
Let (Z¢,7n°) denote the solution of the obstacle problem with the smooth obstacle V¢, and let
ZM¢ be the solution of the penalized equation with the same V¢, that is,

OZNE(t, x) B 027N (t, x)

= \(Z*(t,z) + VE(t,2)) ",

ot 0z
Z)\,s(t’o) — Z/\’E(t, 1) — 07 (3.12)
ZM(0,z) = 0.
We first point out that by (ii) and (3.8)), one has
1Z2(V) = ZM (V) ||I700 < IV = VE| 700 < CKE”. (3.13)

Here and in the sequel, we use Z*¢ = Z*¢(V®) := Z*(V?) to denote the unique solution of the

penalized equation (3.10)) ( or equivalently (3.12))) with V¢ replaced by V.
Noting that V¢ is smooth and satisfies (3.9)), we set

Gz-: = ”(815 - 8mx)V8HT,oo-

We claim that o
12 = 2240 < 2

holds for each A > 1 and € > 0, where Z° = Z(V*) denotes the solution of (3.1)) with the obstacle
V replaced by Ve. Recall that for the smooth obstacle Z(V*¢), (3.1) and the penalized equation
(3.12) has a unique strong solution, see Corollary 2.3 [4]. By (i) above and [27), Step 2], one knows
that

(3.14)

ZNE(t, o) < Z8(t, ).
Thus, in order to show the claim (3.14), it is enough to show for all ¢ € [0,T] and z € [0, 1]

Z8(tx) < ZM(t,x) + % (3.15)
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Set
YA =2 4 Ve

By (3.12)), we know that Y€ solves

DY M — 0y YN = (8 — D) VE + A(Y ). (3.16)
Consider the constant function o
yi=—

Since (0 — Ozz)VE| < G-,
Oty — Oray = 0 < (O — Opa) VE+ Ay) ™.
Thus y is a subsolution of (3.16) by noting that

y(0,2) = —% <Ve0,z) = Y)"E(O,x), y(t,0) = y(t,1) = —% <0.

By the parabolic comparison principle for semilinear equations, see [23, Theorem 2.9] for instance,

we have a
Y)Hs(t?x) > _767

which gives that

ZN 4 VE 4 % > 0. (3.17)

Let now ZM := ZMe 4 % By , we know that ZM¢ 4+ Ve > 0. Set
& = (25 — 2T
Subtracting with V replaced by the smooth obstacle V¢ from gives that
O(Z° — ZN) = 0y (25 — ZP°) =1 = A (2F + V). (3.18)

Let us multiply (3.18) by w and integrate over [0, 1]. Then using standard arguments for positive
parts (see [4, Lemma 6.1] or [27] for example), we obtain

1d, _ b
5 IO+ 1030 = [0t (do.dt)
0

1
1 / B(t,2) (2 (t,2) + VE(t,2)) " da. (3.19)
0

On the set {z : @(t,z) > 0}, we have Z° > ZM¢ = Z> < % Hence Z° + Ve > ZM + Ve + % By
(3.17]), we have

ZF+VE>0.
Therefore, the first term on the right hand side of equals to 0, see Definition On the
other hand, by the positivity of w, it is clear that the second term on the right hand side of
is positive. Therefore, noting that A > 1, we obtain

1d, ~
5 g PO + 0072 < 0.
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Since w(0) = 0, it follows that w = 0, and hence (3.15]) holds. Therefore, the claim (3.14)) is proved.
Combining (3.14) with (3.9) in Lemma [3.6] we have

125 — ZM|| 100 < CICATLeR72, (3.20)
Using Lemma [3.3] (3.13) and (3.20), we obtain
12(V) = Z2(V)llreo

<Z(V) = Z2(V)llroo + 125 (VE) = ZY (V)70 + 12 (VE) = ZA(V) 17,00
<CK(e™ + A1),

Now choosing
e=\"12

we have

1Z — ZM|100 < CK A2,
which completes the proof of (3.11]). O

Remark 3.8. Using Theorem [3.7] together with the construction of solutions to the reflected SPDE
(1.1)) as in [10], one can also derive the convergence rate for the corresponding stochastic penalized
system to (1.1)), see also Remark for more information.

3.2 Convergence rate of solutions to deterministic Skorohod-type equations via
penalization

This part aims to study the convergence rate of solutions of the penalization equations to that of
the deterministic Skorohod-type equation (3.2]). More precisely, let (Z™(t),n"(t)) be the solution
of (3.2) with the obstacle V"(t) and let Z™* solve the finite dimensional penalized ODE
d _
ﬁzw(t) = n2A"Z"AE) + N(Z™MME) + V),
Z™A0) = 0.

(3.21)

By [39, Theorems 3.1 and 4.1], it is known that

lim || Z" — Z™|7.00 = 0.
A—00

Recall that for U € C ([0, T]; R™1),

10l = sup | max | |Uk(®)]-

The goal is to give the convergence rate in A. The detail is stated in the next theorem.

Theorem 3.9. Let V(t,x) satisfy (3.3)) and let V,*(t) be defined by (3.4]), which is determined by
V(t,z). Further, let (Z™(t),n™(t)) be the solution of [3.2) and let Z™* be the solution of (3.21)
with the same obstacle V™(t). Then there exists a constant C' > 0 such that for all A > 1,

700 < CK AR (3.22)

sup || 2" — Zz™A
neN
recall that K is the constant in (3.3) and k is defined by (3.7]).
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Let us first give some preparation and then give the proof of Theorem [3.9]in the last part of this
subsection. The first one is the one-Lipschitz of the penalized ODE (3.21)) on its obstacle V" (t).

Lemma 3.10. Let _ _ -
V= (‘/ln7 e 7V'r?—1) and V" = (Vln7 e 7Vﬂn—1)

belong to C([O,JJ;R”_I). Let Z™ and Z™ be solutions of the penalized system (3.21)) with obsta-
cles V™ (t) and V™(t) respectively. Then we have

12" = Z* M|z oe < V" = V"l1,00.

Proof. This can be shown essentially as in [39] Lemma 3.2], in which a similar result is established
for the deterministic Skorohod-type problem . For the reader’s convenience, we state the proof
here. Set ~

0 =[V" = V"7 0o-

It suffices to prove the one-sided estimate
ZPN) < ZpMt) 46, 0<t<T, 1<k<n-—1 (3.23)

The reverse inequality then follows by symmetry, after exchanging (V", Z™*) and (TN/", Z"’)‘).
Define

b(t) 1= ZPNE) — Z0NE) — 6. B(t) 2= (ba(t). - Bur (1),
Noting that Z;"*(0) = Z;"*(0) = 0, we know

br(0) = =0 <0.
By the definitions of Z™* and Z”’)‘, we easily obtain

%m 1) = n2(A™B(1))x + 03 (A"0L) + A (Zi(0) + VEW®) T = (Z ) + VR 0) ]
where 1 := (1,---,1)” € R*"L. Set
b (1) = max{bi(t),0},  b*(1) = (0 (1), b4 (1)),

Applying the chain rule to Z;%(b;(t))% we get

d — n
CTZ _2n2Zb+ ()i + (A"01))
k=1
+ 2>\Z by (¢ [ (Z0M8) + V()™ — (201 + an(t))‘]. (3.24)
By [39, Lemma 3.1], we know that
(b*, A"b) <0
By the definition of A™, we also haved | b (t)(A"61), = —8(by (t) + b (t)). Combining those,

we know that the first term on the right hand side of (13.24]) is non-positive.
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We can show that the second term on the right hand side of (3.24]) is also non-positive. Indeed,
whenever b, (t) > 0, then by(t) > 0, that is, Z,Z’A(t) > Zg’k(t) + 6. Since |V*(t) — V2 (t)| < 9, we
have

ZPAE) + VIME) > ZPAN () + 6+ ViR () — 6 = ZNE) + ViE(t).

Since the map r — 7~ is nonincreasing,
(ZEAO+VE0) < (220 + 0 0)
Thus, whenever b (t) > 0,
bl (1) [(Z,Z’A(t) FVR) T = (2N + Vk”(t))’} <0.

Therefore, combining the above observations with (3.24)), we obtain

&‘&‘

n—1
; ;@:(t))z <0.

Since b} (0) = 0 for all k, it follows that
bi(t)=0 foral0<t<T,1<k<n-1.

Hence, we obtain N
ZPNt) — Zp (t) — 6 <0,

that is, holds. Therefore, the proof of this lemma is complete. O
Lemma 3.11. Assume the conditions in Theorem[3.9 hold. We further assume

V e CH2(]0,T) x [0,1]) with V(t,0) = V(t,1) = 0,
and V" (t) is determined by V (t,z) as before. Then
Gn

0< Z0(t) — Z2\(1) < o 0<t<T 1<k<n-1, (3.25)
where v )
t,$k 2
G, = su — (P A"V (2 .
0<t<T, 1£k’§n—1 dt ( ( ))k
In particular, we have
ov 0%V
Z" — 72700 < AT || == — . 3.26
l e < (H s Tm) (3.26

Proof. Set
YIE) = ZR() + V), YN = 20N + VR, k=1, ,n—1.

Then by the definition of the solution to (3.2)), we have Y;(¢) > 0 for all k,t. We also know ymA
solves

%Yw(t) = AT () 4 A(YAD) T+ g (1), (3.27)
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where

gp(t) =0V (t,xy) — (nQA”V"(t))

Py
We claim that
A Gn
Y, (t)Z_T’ 0<t<T, 1<k<n-—1. (3.28)

Define the constant vector

G G

g = Q(t) = <_)\n7 Ty _)\”) € Rn_l'

Then one easily knows that y is a subsolution of (3.27)). In fact, since y is constant in time, we have

d

—y(t) =0.

Moreover, by the definition of y, we see y < 0 and then (y)~ = %1; Recall that 1 := (1,---,1)" €
R"™~1. Therefore, the following holds componentwisely:

4. _
at?
By the definition of A™, it easily follows that

n2A"g - My =— nz(A”g) -G, 1.

(A" >0, k=1,2,--- ,;n—1.

Hence d
p7i n2A”g - AMy)” < -G 1.

By the definition of G,,, we have
—Gp<gpt) <G, 0<t<T, 1<k<n-—1,
so we conclude p
i n? A"y + ANy)~ + g" ().

Thus y is a subsolution of (3.27).
Let us define the vector field

F(t,y) :=n*A"y + Xy~ +g"(t).

Then, the system
y=F(ty)
is cooperative. Indeed, for i # j,
0 2 An 2/ An
67%(” A"y)i =n"(A")i; =0,
and the map y — y~ acts componentwise, so it does not create any coupling between different

components. Hence
aFi(t )>0 forallij
5 0LY) =2 r vt7= 7
Oyj
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and the system is cooperative. Since

y(0) = - 521 < V(0) = Y™ )

and y is a subsolution while Y™ 2 is a solution of - the comparison principle for cooperative
finite-dimensional ODE systems (see, e.g., [2, Chapter 3]) yields

y(t) < Y™ A(t)  componentwise for all 0 < t < T,

which gives the claim (3.28]).
Next, using (3.28)), we show that (3.25)). It suffices to show the second inequality Z" < Z™* +

Gr /A of (3.25)), because the first part is well-known. Set

Gn

bi(t) == ZE() = 2 (1) = =% wn() = (0(8) T, k=1 n— L

We shall prove that w = 0, which is equivalent to

G
20 SZ,Z”\(t)—FT", 0<t<T, 1<k<n-—1. (3.29)

Recall that
A A n
Y, (t) := Z,, (t) + Vi (t).

Subtracting the equation (3.21)) from the reflected system (3.2), we obtain
d(Z}(t) = ZyN0) = n? (AN 2" = ZM)(1)), dt + dnji (8) = MY (1) dt.

Since o
Zn— 7" = b+ 7”1,

it follows that
dbe(1) = (A"D(0)), i+ S22 (A )i+ dnf (6) — A(YN0)
By the chain rule,

n—1

d(Z(zﬁ )_2n22b+ dt+

k=1

i 1), dt
k=
+2Zb+ —2)\Zb+ (YA E) ™ dt

:.Il+12+13+f4.

By [39, Lemma 3.1] and noting that A"1 = (—1,0,---,0,—1), we easily know that I; + Iy < 0.
Whenever b/ (t) > 0, we have
G
Zp(t) — Zp\(t) > -
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Hence, we have

n n n n n G?’l n, G’I’L
YV{(t) = ZE) + Vi) > Z (1) + Vi) + =0 = Y () + 5

Combining this with (3:28)), we see that on the set {b; (t) > 0},
Y (t) > 0.

By the property of n;!(t), it follows that I3 = 0. On the other hand, it is clear that
- —2/\Zb+ ) (YA )™ dt < 0.

Combining the above estimates, we obtain

Noting that by(0) = Z(0) — Zp*(0) — G2 = —Gn < 0, we have

so b (t) = 0 for all k. Therefore, is proved.

Finally, let us prove . It suffices to show n?A"V™ is uniformly bounded in n. This can
be easily shown by the mean-value theorem. Indeed, for each t € [0,7] and 1 < k < n — 1, the
mean-value form of the second-difference formula yields some &+ € (xg—1, 2+1) such that

(nQAnVn(t))k = n2 (V(t, ZL’k+1) — QV(t, ZEk) + V(t, l'k—l)) = amzv(ta gk,t)'

Therefore
2 n n
sup su max A"V
n>Il) 0<t£T 1<k<n— 1‘( TT
Hence, this together with -, we obtain (3.26)). -

From now on, let us give the proof of Theorem

Proof of Theorem [3.9. Let V¢ be the smooth function introduced in Lemma[3.6] Define the sampled
smooth obstacle
an’e(t) =Ve(t,x), k=0,---,n

Let Z™¢ and Z™*¢ denote the solutions of the deterministic Skorohod-type equation (3.2)) with
V" (t) replaced by V™¢ and respectively, its penalized system (3.21]).
By [39, Lemma 3.2] and Lemma we know for all n € N
12" = 2™ |70 + 127 —
=[2"(V) = 2"(V")
<2V = V™70
<CKe", (3.30)

Z" V) = Z"NVF)|ree
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where (3.8) has been used for the last inequality.
Noting that V¢ is smooth and then using (3.26]) in Lemma we have

< Hatvs‘ T,00 T HawwVEHTpO

ZmE _ Zn,/\,s
|| ‘T,oo b\

Then by (3.9), we obtain
CKer=?

1275 = Z"2 | 100 < 3 (3.31)
Combining (3.30) with (3.31)), we obtain
12" = 2" e <27 = 2o + 127 = 20 e+ 27 — 2 e
<CK (=" +A7em ),
As in the proof of Theorem choosing € := A\~V/2, we obtain the desired (13.22). O

3.3 Rigorous error estimate between the parabolic penalized equation and its
discretization scheme

The part is devoted to estimating the error between the parabolic penalized equation and
its discretization scheme . We still assume all of the conditions in Theorem are fulfilled.
Let Z* and Z™” be the solutions of with the obstacle V' and respectively, with the
obstacle V™. Recall that for a given V, V" is defined by .
Set

Fy(u) =X ,ueR

for simplicity. Since Z*(0,x) = 0, the solution Z*(t,x) admits its mild representation:

t 1
Z’\(t,x):/o /0 G(t — s,x,y) Fx(Z*(s,y) + V(s,9)) dy ds, (3.32)

where G(t,z,y) denotes the heat kernel of the Laplacian 88722 on the interval [0, 1] with Dirich-
let boundary conditions as before. Similarly, by the variation of constant formula together with
Z™0) = 0, we also have

ZmA(t) = /0 t G™(t — s)Fx\(Z™(s) + V" (s))ds, (3.33)

where G™(t) = e’ 4" is defined by (2.4). For n > 1, define the continuous function Z™(t,z) as
the linear interpolation Z, Z™*(t)(z) of Z™*(t), that is, for = € [}, vp11),k = 1,2, ,n —1

ZmN(t,x) = ZPNE) + (na — k) (ZP0 () — Z27(1)), @ € [ap, open) k= 1,2, ,n— 1

with Z0(t) = Zi*(t) = 0. As in [I7], introduce the kernel G™(t, z,y) by
n—1
G"(t,x,y) = Y exp(N )67 (2) b (kn(y)), (3.34)
j=1
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_ [ny]

~n

where kn(y) as before, and for z € [£, 1]

¢ () = ¢j(wr) + (nx — k)(d; (zk41) — ¢5(2k))- (3.35)
By and the similar argument to [I7, (2.7)] or [39} (5.8)], we have
t ol
2w = [ 6 s P2 s k) + Vs k) dyds. (330)

Let us here summarize some elementary properties about the above kernels.

Lemma 3.12. There exists a constant C' > 0 such that the following hold:

0 1
sup sup / G"(r,z,y)dy < C.
0<r<T z€[0,1] /0
(i)
0o 1 C
| 6ty - 6t Payar < &
0 Jo n

for x €[0,1] and n > 1.

The first part (i) is the standard mass bound for the discrete heat kernel. For (ii), see [I7,
Lemma 3.2]. The next theorem is the main result of this subsection.

Theorem 3.13. For any § € (0,1), there exists a constant C > 0 such that
12" — Z|I100 < CK eCA N2 (072 4 p702 4 =), (3.37)
where ag is the spatial Holder’s index of V(t,x), see (3.3)).
Proof. Subtracting from , we obtain
| Z" (t, @) — Z2(t, )| (3.38)
<[] 16 =6l = s 1B ) 4 Vs, s
b [ [ 6= 5 I Ralw) + Vs a) = B2 600) + Vs, ) s
=17 (t,x) + I3 (t, ).

Let Z be the solution of the parabolic obstacle problem (3.1) with the obstacle V(¢,z). Then, we
know Z + V > 0. By the simple inequality a= < |a — b| for any a € R and b > 0, we have

(2 + V) () < |Z(tx) = ZN (@), (tx) € Qr.
Therefore, by Theorem we have
sup (ZM(t,2) + V(t,2))” < |1Z = 2|1 < CKAT2,

(tvaj)EQT
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which yields that
Myg = |[Ex(Z + V)| < CIAL/2, (3.39)
Hence, by Lemma (ii) and (3.39)), we have for any (¢t,z) € Qr,
t 1
() <My / / G™ — G|t — 5,2,y) dy ds (3.40)
0Jo
SC’C)\l*K/anl/2'

We next estimate I}(t,z). For this, we first show that Z*(¢,z) is Holder continuous in .
Recalling the well-known estimate, see [14, Lemma 3.4.8] for example, for any 5 € (0, 1)

T 1
/ / G(s,2,y) — Gls, o' y)| dyds < Csla — )P, .2’ € [0,1]
0 0

and using (3.39) again, we have that for any ¢ € [0,7] and z, 2’ € [0, 1]

200~ 200 <M [ [ 160 s0,0) = Gt s )y
<CKN'TF2|g — '), (3.41)
Hence, yields that for any s € [0,7] and y € [0, 1],
|ZM (s, kn(y) — Z7(s,y)| < CKA %200, (3.42)
Since F(r) = Ar~ is A-Lipschitz, by and the assumption on the obstacle V', we have

B2 (5, (0) + V (5, Fn()) = FA(Z(5,) + V(5,9)] (3.43)
(1275 k() — 2 (5, kn )] + 12205, kn9) = 225, )| + [V (5, nl0) — Vs,

g)\(En(s) +OIN =28 /cnw),

where

Eut)i=  sup  |Z"ra)— 22 (ra)l, te [0,T].
0<r<t, 0<z<1

Substituting this into I (¢, z) yields
t pl
IF(t,x) < )\// G"(t—s,x,y) (En(s) + CKA R/2 =P 4 lCn_C“?) dy ds
0J0
t 1
< )\/ (En(s) + CIA R/2 =P 4 lCn_a2> </ G"(t —s,x,y) dy> ds.
0 0
Then, using Lemma (i), we deduce that

t
It x) < CKANT2 078 4 n=o2) 4 OX / E,(s)ds.
0
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Recalling (3.38) and, then using this estimate and (3.43|), we obtain
t
En(t) < CKATF 2= 12 4 X212 =8 4 xp=02) 4 O\ / E,(s)ds,
0
which, by Gronwall’s inequality, yields that
En(t) < CeCMNCATF/2n =12 L \270/2 p =B 4 \pma2),
Therefore, (3.37)) is proved by noting that x < 1 and A > 1. O

3.4 Proof of Theorem [3.4]
In this part, we state the proof of Theorem using the results obtained in Subsections [3.113.3]

Proof of Theorem [3.4. By the triangle inequality,

12" = Zl700 < 12" = Z" Moo + 12 = 2100 + 127 = Z|750.

Using Theorems and we obtain
HZn - ZHT,oo < CK:()\—H/Q + eC)\/\Q—N/Q(n—l/Z 4+ TL—’B)>; (3'44)

recall that C is the constant in (3.3). Now set

1
v o= min{f,ozg,ﬁ}.

2
Then (3.44) becomes
12" = Z|106 < CK (A‘”/Q + eC’\)\Q_“/2n_7) . (3.45)
Choose
Ap = dlogn,
where 6 > 0 is small enough that
Cé <.
Then, we see
eCrnp =7 = nfi—7.

Substituting this into (3.45)), we get
|1Z" — Z||r00 < CK ((log n) "% 4+ (log n)2_“/2n_(7_06)> .
Since v — C§ > 0 and C is independent of n, A, the second term is bounded by C(log n)_”/ 2 for all

n > 2. Hence
12"~ Zllr00 < CK(logn) ™.

This proves (3.6). Therefore the proof is complete. O
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Remark 3.14. From the proof, it is known that the logarithmic rate essentially comes from
the error estimate obtained in Theorem |3.13] Recall that Theorem is obtained by using
the Lipschitz continuity of F)\(r) = Ar~, which leads to a Gronwall argument and produces the
exponential factor €“*. On the other hand, F} is in fact monotone decreasing, i.e.,

(a — b)(FA(a) - F,\(b)) <0, a,b€R,

which suggests that one may instead use a monotonicity (energy) argument. Such an approach
removes the exponential dependence on A\ at the L2-level, yielding estimates without the factor
eC?. Nevertheless, upgrading this improvement to the sup-norm || - | 7,00 is nonmtrivial, due to
the presence of the discretization-continuum consistency error and the lack of a direct comparison
principle for the penalized equations. Consequently, the current argument yields only a logarithmic
convergence rate in n after optimizing in .

4 Convergence rate of reflected SPDEs via lattice approximations

In this section, we devote to the proof of Theorem by using Theorem Let us recall the mild
forms of the reflected SPDE and its discretization scheme (or equivalently (2.3] . based
on [39]. Let u(t, x) be the solution of and recall its mild form . Let us denote by o(t, x)
all of the parts except the last one fo fo —s,x,y)n(ds,dy) on the rlght hand side of (2.1)), i.e.,

o(t, ) /Gtmy)uo dy—l—//G —s,z,y)f(s,y,u(s,y))dyds
# [ 6= s ot it ) as. ). (1)
Lemma [4.2) below shows that o(¢, x) satisfies the assumption (V), see (3.3)). Let
(2(t,$) = U(t7$) - @(t,.’[‘),ﬁ(dt, d$))

Then it solves the random parabolic obstacle problem

) _ P it ), weo,1],
*(t x) 2 —@(t x), (4.2)
fo fo )+ 0(s,x))n(ds,dz) =0, t>0.

Similarly, we know that the solution of is given by
u"(t) = / G"(t —s)F"(s,u"(s))ds
+\F/ G (¢t — 8)S (s, u" () dW™ (s /G” dif™(s)
+/0 G"(t — s)dn"(s),
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where G"(t) = exp(n2A™t) as before. Then it is known that (Z"(t) := u"(t) — v™(t),n"(t)) solves
the (n — 1)-dimensional random Skorohod-type system

dZ"™(t) = n2 A" Z"(t)dt + dn"(t),
Z”( )= —v (t) (4.3)
Jo (Z7() + v (1), dn™ () = 0.

Recall the continuous random field u" (¢, x) is defined by (2.6 in Section [2l Similarly, we further
introduce the random fields

n"(t,x) =Lyn"(t)(x) and v"(t,z) =Z,0"(t)(x), t >0,z €[0,1]
with ng(t) = np(t) == 0, vg(t) = v (t) := 0. Let the kernel G"(¢,z,y) be defined by in
Section [8] Then, we have
"(t, ) /WMM(M(MH//m#wMWM(M%%MW%
b [ 6 st b k)W s )

—1—/0 /0 G"(t —s,x,y)n"(ds, kn(y))dy,

and

o (t,7) = (t, 7) — //m — s, 2,y (ds, (),

_ [ny]

where k,(y) = = as before.

However, comparing with , it is known that Theorem can not be applied directly.
In fact, the obstacle v"(t) in is not the restriction of v(¢,z) on the gridpoints xj. This
motivates the introduction of an intermediate stochastic Skorohod-type equation with the sampled
obstacle 9" below. For every n € N, let us denote by 9" (t) € R"~! the lattice vector determined
by o(t,x), that is,

T)n(t) = (®(t7 xl)v o 7@<t) xn—l)) ;

see for v(t,z). Let (z",7") be the solution of the following random Skorohod-type problem
with the obstacle 9™(t) in R"~1:

dz"(t) = n? A"Z"(t)dt + dif"(t),
(1) > —o"(t), (4.4)
foT<5”(t) + o™(t),di™(t)) = 0.

Introduce the continuous random field z":
Z"'(t,x) =z (t) + (nx — k) (Z,ZH(t) — Z,’;(t)) (4.5)
for x € [zg, xp+1), K =0,--- ,n— 1, with z(t) = 2Z}/(t) := 0. Let

T (t, ) = T,0"(t)(z), t > 0,z € [0,1]. (4.6)
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Then, we have
1 t o1
Tt x) = / G (1,2, y)uo(y)dy + / / G (t — s, 2,y) (s, y, uls, y))dyds
0 0 0
t 1
+ / / G (t — 5,2, y)o (s, y, uls, y)) W (ds, dy), (4.7)
0 0

where, as introduced in [39, (5.40)],

G"(t,z,y)
=G(t,xk,y) + (nx — k) [G(t, Tht1,Y) — G(t,aﬁk,y)], x € [Tg,pt1),k=0,1,2,--- ;n—1.

Recalling ¢;(x) = v/2sin(jrr) and the definition of ¢ () in (3.35)), one easily knows

[e.e]

G'(t,,y) =D e N (@) di(y). (4.8)

J=1

Finally, set
a"(t,x) = z"(t,x) + 0" (t,x),t € [0,T),x € [0,1].

From now on, we first aim to establish the convergence rate of || — u||7« in Subsection and
then complete the proof of Theorem in Subsection

4.1 Convergence rate of ||u" — u|r

The main goal of this subsection is to prove the logarithmic convergence rate of ||a" — u||7 oo-

Theorem 4.1. Under the assumptions in Theorem[2.3, for every 0 < k <y and p > 1, there exists
a constant C' > 0 such that

Ef|a —ulb ] < Cllogn)™ % ,n>2;

recall that v = % A a.
Proof. This follows immediately from Propositions [£.3] and [£.9] below. O

To prove this, we divide it into two main parts. The first one is the convergence rate of reflected
systems between and , see Proposition below, and the second one is that of v" (¢, x)
to o(t,z), see Proposition below.

Let us start with the following lemma, which shows that o(t,z) satisfies the assumption (V)
imposed on the obstacle in Section

Lemma 4.2. There exists a constant C > 0 such that for all s,t € [0,T],z,y € [0, 1],

p
)

E[Jo(t, @) - o(s,9)|"] < CMy (|t = 5"/ + | — ) (4.9)

where
M, =1+ E[HUOH%Q([O’”)] + sup E[|u(r, y)|p] < 0.

(r,y)€[0,77%[0,1]
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Moreover, for every 0 < f < v and p > A/_iﬂ, there exists a non-negative random variable K
such that

B
p(ta) ~ o(s. ) <K (it =2 e =) st€ 0Ty 0] as.  (410)
and
E[KP] < CM,,. (4.11)

Proof. Put
o(t,x) :== Spup(z) + Ji(t, z) + Ja(t, x).

By (2.20)) in the proof of Theorem it is sufficient to show that there exists a constant C' > 0
such that for all s,t € [0,7] and z,y € [0, 1]

p/2
E[|J1(t2) — Ji(s, )] SCMy(Jt = s+ |z = y])" (4.12)
p/2
E[|a(t, ) — Ja(s, p)"] <OMy (|t — 5" + |z — o) (4.13)
These can be easily shown by the usual arguments, see Lemma 3.6 [17] or [30] for instance. However,

in order to see the constant M, on the right hand sides of (4.12) and (4.13), let us give a brief
explanation for (4.13)) as an example. For 0 < s <t < T, we write

Jo(t,x) — Ja(s,y) = Ki(s, t,z,y) + Kao(s, t,x), z,y € [0,1],
where
(s, t,z,y) / / —r,z,2) — G(s —r,y,2))o(r, z,u(r, z)) W(dr,dz),
Ks(s,t,x) ::/ / Gt —r,z,z)o(r,z,u(r,z)) W(dr,dz).
s JO

By the Burkholder-Davis—Gundy inequality and the integrated Minkowski inequality (See Propo-
sition 1.3 [3] for instance), we have

S 1 2
B[ K (s 1,2, 9)17) <CE( / / Gt~ ro.2) = Gls — vy, 2)Plo(r 2o u(r, 2) P dzar) |
o Jo
s rl 2 p/2
<C (/ / |Gt —r,z,2) — G(s —r,y, z)\ZE[\U(r, z,u(r, z))\p} Y dz dr)
o Jo
9 p/2
< sup E[\U(rz u(r, z) \p \G —rz,z)—G(s—1y,z)] dzdr)

(s,2)€QT
<CM, (|t — s|"* + |o — y)W

where we have used the fact

S 1
/ / ]G(t—r,w,z)—G(s—r,y,z)\dedrg ]t—s]1/2+]az—y],
o Jo
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see (2.8) and (2.9) [9] for instance, for the last inequality. Similarly,
t pl ) p/2 A
E[| Ko|7] <0Mp(/ / G — v Pdydr)” < OMylt — s/
s JO

Combining the above two estimates yields . Consequently, combining , and
, and noting that p/2 > ~vp, we obtain .

Note that 0 < 8 < v and p > 7%18 imply that 8 < v — %. Hence using the anisotropic
Kolmogorov continuity theorem ([[7, Corollary A.3] and its proof) together with , it is easy to

obtain (4.10)) and (4.11)). O

Using Theorem together with the above lemma, we have the explicit convergence rate of
Z"(t, x) defined by (4.5) to the solution z(¢,z) of (4.2)) in the following sense:

Proposition 4.3. For every 0 < k <~ and p > 1, there exists a constant C' > 0 such that
E[|z" — 2|}, ] < C(logn)™ %, n >2. (4.14)

Proof. Thanks to Jensen’s inequality, it is enough to prove for large enough p. Note that
Z(t,z) and z"(t) are solutions of and respectively. By Lemma it is known that the
obstacle v(t, x) is Holder continuous in (¢,x) and satisfies the assumption (V) on the obstacle, see
, with k = 8 € (0,7) and the random Lipschitz constant I, see (4.10]). Then by Theorem
it follows that for any ¢ € [0, 7],z € [0, 1],

|Z"(t, ) — Z(t, )| < CK(logn)™2, n > 2 a.s.
Noting that K satisfies (4.11]), we easily obtain (4.14)). d

Next, we turn to the study on the convergence rate of v"(¢,x) to v(¢,x). We first formulate a
criterion for the convergence rate of a sequence of random fields in the uniform topology.

Proposition 4.4. Let U"(t,x), (t,z) € Qr be an Fi-adapted random field satisfying the following
assumptions:
(i) There ezists a constant C > 0 such that

sup  E[|U,(t, z)|P] < Cn7P/2, (4.15)
(t,x)EQT

(ii) There exists C > 0 such that

ﬁwam@—m@wmscmwm@wwwwmmwwegm (4.16)

Then for every 0 < 0 < % and p > ﬁ, there exists C' > 0 such that
E Ul 00| < Cn77”.
Proof. Let ¢ € (0,1), which will be specified in the last step. Then one can cover Qp by at most

N(8) < Cp 63
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balls of radius § in the metric p. Indeed, whenever p((t, ), (s,y)) < 6, then |t —s| < 62, |z —y| < 4,
so a grid with mesh 62 in time and ¢ in space suffices, and the number of grid points is of order
573. Hence, there exists a finite set I's C Qp such that #I's < Cp 63, and for every u € Qp there
exists v € I's with p(u,v) < J. Noting that

sup |Un(u)| <max|Up(v)| + sup |Un(u) — Un(v)],
u€Qr vel's p(u,v)<d

we have that for p > 1,

E[usequT Uy () yp} <c, (E[%% |Un(v)\p] + E[ﬂ(i}g;é \Up(u) — Un(v)|p} ) (4.17)

First, the assumption (4.15]) yields that

E[maX|Un(v)\p} <C6 3P (4.18)

vel'y

On the other hand, by the assumption (4.16|) and [7, Corollary A.3], for any 5 € (0, % — %), there
exists a non-negative random variable K independent of n such that

‘U’Vl(u) - Un(v)| < K:p(ua v)ﬁa u,v € QT

and E[|KC[P] < co. Hence,

sup  [Un(u) — Un(v)P < K7 6°P.
p(u,w)<o

Taking expectations gives that

sup]E[ sup  |Un(u) — Un(v)ﬂ < 0P (4.19)
neN p(u,0)<d

holds for a constant C' > 0. Combining (4.17)), (4.18)) and (4.19) yields that

E[usequT ]Un(u)\p} < C’(é_gn_p/2 + (5/83’).

Now choosing
— p
§ =n 2053

we have ,

__Bp®
IE[ sup |Up(u)lP| <Cn BT |
ueQr

Since 8 can be taken arbitrarily close to %— %, we have 2(153113) is arbitrarily close to %— %' Therefore
for every
1 3
< - ——
2 p

there exists a constant C' > 0 such that E[supueQT |Un(u)|p] < On~" which completes the
proof. O
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Remark 4.5. Let a,, > 0. If we replace Cn?/2 in (i) by Ca,, and C in (ii) by Ca,, then by the
similar argument, we can obtain the following:
There exists a constant C' > 0 such that

E[\\Unugm} < Cay.
In particular, if a,, = (logn)~""/2, k € (0,1),n > 2, then we have logarithmic convergence rate
E[|[Unlfy.| < Cllogn)™/2, n > 2.

This will be used in the proof of Theorem

Recalling the representations (4.1) of v(¢,x) and (4.7) of v™(¢,z), we prepare the following
estimates on the kernels.

Lemma 4.6. Let Ay(t,z,y) = G(t,7,y) — G™(t,z,y). Then there exists a constant C > 0 such
that the following hold:

(i)

sup/ /A (t,x,y)* dydt < g (4.20)
z€[0,1] n’

(ii) For any 0 < s <t <T, z,y € [0,1], and n > 1,
t el
/ /0 At — v, 2, 2) P dedr < C [t — 8|2, (4.21)
S

s 1
/ / |An(t—r,m,z)—An(s—r,y,z)|2dzdr§C(|t—s|1/2+|az—y|). (4.22)
0o Jo

Proof. By (4.8]) and the series expansion
G(t,z,y) = Ze‘f ()5 (y),

we have
oo

a(tz,y) =Y e T g(@) — 67 (x)) 5 ().

7j=1

Using the orthonormality of {¢;};>1 in L*(0,1),

/ At )Py = 3 5 (gy(@) - ()™ (4.23)

7j=1

For (i), integrating (4.23)) in ¢ € (0, 00), we have

/AN 2
/ /\A (t,z,y)* dydt = Z(d)j() %(x)). (4.24)

271.2]2
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Inserting the elementary bound

sup [¢(2) = 97(2)| < Cmin{1, 2}, j>1, n>1,
2€[0,1] n

into and noting that
1 1 C
Z mm{7 ,7} Z nZ Z <

i<n j>7’l

we obtain ({4.20]).

Noting that for any = € [zk, Tx11],
G"(t,z,y) = (1 - 0)G(t, vk, y) + 0G(t, 21 1,v),0 = nz — k € [0,1],

we obtain (4.21]) and (4.22)) easily by using the well-known properties of G(¢,x,y), see (2.8)-(2.10)
[9]. O

Remark 4.7. (1) Let AX(t,2,y) := G"(t,7,y) — G™(t,z,y). Then the estimates (4.20)), (#.21) and

(4.22) still hold replaced A (t x y) by A¥(t,z,y).
(2) The estimates and ( can be improved to the following:
(i) For every ~ € (0 1) and every € € (O L 7) there exists C' > 0 such that

sup// |An t—'rxy)‘?dydr<0mm{ -1 n‘”\t—sﬁ—%—a}
z€[0,1]

forall0<s<t<Tandn>1.
(ii) For every v € [0, 1], there exists C' > 0 such that

S 1
/ / |An(t—r,a:,z)—An(s—r,y,z)|2dzdr§Cn_7(|t—s|1/2+|a:—y|)l_7
0o Jo

foral0<s<t<T,z,yel0,1],n>1.
But these estimates cannot contribute to the convergence rate of E[||a” — u||%. ] because of the
reflections. So we only use the simple estimates in Lemma

Lemma 4.8. Let X(t,x),t > 0,2 € [0,1] be an Fi-adapted random field satisfying that for every
p=>1

sup  E[[S(s,y)"] < G (4.25)
0<s<T, 0<y<1

Then the random fields
t ol
At(te) = [ [ (Gl s.0.9) = Gt = 5., S5 9) dy s,
0o Jo

t 1
ALt ) :_/O /O (Gt = s,2,9) — G"(t— 5,,4))5(5,9) W(ds, dy), (t2) € Or

are well defined. Moreover, for every 0 < 6 < % and every p > ﬁ, there exists a constant C > 0
such that
E[I14715,..] +E[1431,..] < on .
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Proof. By Proposition it suffices to verify that AT (¢,x) and A5(¢,x) satisfy the assumptions

and (E10)

Let Ay (t,2,y) = G(t,z,y) — G"(t,,y). For any (¢,z) € [0,T] x [0, 1], using the weighted Holder
inequality and taking expectation, we have

E[|47(,2)P] < (/Ot/ol|An(t—s,x,y)|dyds>p_1 /Ot/ol|An(t—s,x,y)|E[|E(s,y)|P] dy ds.

Taking supremum over (¢, z) and using (4.25)), we have

sup E[|A?(t,x)\p}§0< sup // |A(t s,:n,y)|dyds>p. (4.26)

(t,x)eQr (t,z)€Qr

On the other hand, the Burkholder-Davis-Gundy inequality gives that

t pl p/2
(// An<t—s,x,yn?\z(s,mﬁdyds) ]
0 0

Then, by Minkowski’s integral inequality again, we have

< [ e s P ) g vt

Hence, this together with the assumption (4.25) gives that

E[|A3(t,z)|"] < CE

t 1
/ At — 5,2, 9) [S(s, )| dy ds
0 0

LP/2(Q

t 1
45t ) ey <€ [ [ 180t =)y (4.27)

Therefore, using (4.26)), (4.27) and (4.20) in Lemma we have there is a constant C' > 0 such
that
swp_ E[|A7(t,2)"| + sup E[|A3(t2)P] < Cn7P,
(t,z)eQr (t,x)GQT

which testifies the condition (4.15)) .
Let us continue to testify (4.16), i.e., there exists a constant C' > 0 such that for (s,y), (t,z) €

Qr
neN

Since the proof of A} (t,x) is easier, we just give the proof for A% (¢,z) as the example.
s 1
A5(t.0) = 435, = [ [ [Bult=r.2) = Als = )] S 2) Wi

//A oz, )5, 2) W (dr, =)
= Ay,(s,t, 2, y) + Ays(s,t, 7).
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Similar arguments to (4.27) gives
s rl
||A5L,1(5,t,$ay)||%p(g) < C/ / |An(t —r,2,2) — Ay(s — 1y, 2) > dz dr,
0o Jo
t ol
145505, t,2) ey < C / / At — 12, 2)|? ds dr.
s JO

Hence, by (4.21)) and (4.22)) in Lemma [4.6] (4.28) holds for i = 2. O

Using the above results, we obtain the convergence rate of ||[0" — 9|7 0.

Proposition 4.9. Under the assumptions of Theorem (2.2, for every 0 < 0 < 3 L and every p > 1,
there exists C' > 0 such that

E[lo" — ol ] < C (o7 +n "), (4.20)
recall that o is the index used in the assumption (A.0).

Proof. By Jensen’s inequality, it is sufficient to show :4.29) holds for p > ﬁ. In the sequel, we
assume this condition on p. Subtracting (4.7) from (4.1]), we have

(t, ) — T(t, ) = I0(t,x) + IM(t,z) + I5(t, z),

where
It 2) / An(t,a,y)u(0, y) dy,
0t ) //A —sox,y)f (s, uls, ) dy ds,
Iy (t, ) r=/0 /0 An(t = s,2,y)0 (s, y,u(s, y)) W(ds, dy)

with A, (t,z,y) := G(t,2,y) — G™(t,z,y) as before. Then, by Theorem and the linear growth
condition (A.2), we know that

E[|f (s, y,u(s, )"l + Ello (s, y,u(s,y)) "] < C(1+E[Jullf]) < 0.
Hence, Lemma 8| yields that for every 6 € (0, 3) and p > 25,
E[Hfglugoo} <Con =12
So in order to complete the proof of this theorem, it suffices to show
B[ 1,0 ] < Cnev. (4.30)
By the definitions of Z,, and G,,, we see
I§ (t, x) = Z,,(Syug) (z) — Spug(x);
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recall that Syug(z) is the semigroup defined by (2.15)). As we pointed out in the proof of Theorem

we have
| Stuol|ce < Clluglce, 0 <t <T.

Applying Lemma below to S;ug, we obtain

sup |Ig'(t, )| < n™%(|Seuollcapo,1))-
0<x<1

Therefore
sup |y (t, z)| < Cn~Y||ugl|ce.
0<t<T, 0<z<1

Hence, (4.30) is proved by the assumption (A.0) on the initial value uy and taking expectations. [J

Finally, let us state the lemma used in the above proof. For a function g defined on [0, 1], let
T,g denote the piecewise linear interpolation on the mesh xp. Let us first show a sharp estimate
on the interpolation error of Z,,g.

Lemma 4.10. For any 0 < o <1 and g € C*(]0,1]), we have

1Zng — gllLoe0,1) < 2" llgllceo,1)-

Proof. For each = € [xk, azk+1], let 6 = nx — k. Then 6 € [0,1]. By the definition of Z,,, one easily
has that

Zog(x) — g(2)] < [gloa ((1 = 0) |z — ax|” + 0] zpps — [7)
<™ |gllce o, (1 = 0)0% +6(1 — 0)7),

which completes the proof. O

4.2 Proof of the main result

In this section, we give the proof of Theorem Recall that v"(t,z) and z"(t,z) are continuous
random fields defined by (4.6)) and (4.5)) respectively, and

u(t,x) == z"(t,x) + 0" (t,z), t € [0,T],x € [0,1].
We first give the uniform moment bound of @™.

Lemma 4.11. For anyp > 1,
sup IE[HE”H%OO] < 0. (4.31)
neN
Proof. Recall that z"(t) € R"! is defined via the random Skorohod-type system ([(4.4)), and 0" (¢, z)
is the linear interpolation of the values v(¢, zy).
Since u"(t, ) is piecewise linear in z, its supremum over x € [0,1] is attained at the grid points.
Hence, we have

[@" |70 = sup  [a"(t,z)| = sup |2 () + o(t, ).
0<t<T, 0<z<1 0<t<T, 1<k<n-—1
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Applying Lemma to the Skorohod-type system (4.4)), we obtain

sup |Zk; )+ o(t, xk)| <2 sup ‘@(t,ajk)}.
0<t<T, 1<k<n—1 0<t<T, 1<k<n—1
Therefore, we have
@700 < 2 sup [o(t,ze)l =2 sup  [0"(¢,2)| < 2/ 7,00 (4.32)
0<t<T, 1<k<n—1 0<t<T, 0<z<1
By Theorem and the relation between u(t, z) and 9(t, z), we know that E[[|7]|%] < co. Conse-
quently, we obtain (4.31]) easily by (4.32]). O

Let us now give the proof of Theorem

Proof of Theorem [2.3. By Jensen’s inequality, it is enough to prove (2.7) holds for large enough p.
In the sequel, for each 0 < kK < v, we assume p > % Set

"(t, ) /G”tl‘y)(Ok())d
/ / G (1~ s,y f (5, k(). T (5. 1))y
—i—/o /0 G"(t — s,x,y)o(s,kn(y), u" (s, kn(y)))W(ds,dy).

Then, according to the proof of Theorem 2.1 in [39], especially (5.37) [39], we know
Elllu — w5, o] <C(Elu — @[5, ] + Eflu” — a5, )
<C(Elllu — @"|[7o0] + E[l]0" — 7" |17 5])- (4.33)
We first note that, by Theorem
Ef|u —a"|}.) < C(logn)~ % . (4.34)

So in order to complete the proof of this theorem7 the main task to establish the convergence rate

of the second term in (4.33]).
Recalling that 0™ (t, x) satisfies (4.7) and setting

Al (t, 2, y) == G"(t, 7, y) — G"(t,2,y),
as in the proof of Theorem 2.1 in [39], we write
0" (t,x) —0"(t,x) = BY(t,x) + By (t,x) + B3 (t,x) + By (t, ), (4.35)

where
Bl (t,x) / / Ar(t—s,x y)f(s kn(y), E”(s,kn(y))) dy ds,
By (t,x) :/ / Ar(t—s,z,y)0 (s kn(y), ﬂ”(s,kn(y))) W (ds, dy),
By (t,x) ::/ / G"(t —s,x,y) [f(s,kn( ), 0" (s, kn(y))) — f(s,y,u(s,y))} dy ds,

0 JO

t ol
B} (t,x) = /0 /0 G"(t —s,x,9) [U(s,kn(y),ﬁ"(s,kn(y))) — J(s,y,u(s,y))} W (ds,dy).
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From now on, we aim to give the convergence rate of E[||B!'||%. _],7 = 1,2, 3,4. First, we claim that
there exists a constant C' > 0 such that for all n € N

E[HB’fH’}m} < COnP2 (4.36)
Indeed, by the Cauchy-Schwarz inequality, we have that for each (¢,z) € Qr,
|BY (t,z)|P (4.37)

// A% (t s:vy|2dyds // £ (s, En(y), @"(s, n(y)))\Qdyds)p/Q.

Taking the supremum over (¢,x) € Qr, and then expectation, we obtain

E[[|1B 117, ]

<Og;gl(//rA*t—sxy>deds)p/2 ([ [ 15Geobat) a6kt ayas)”

< CnP/? (1 +E [te[o,js“]l}fe[o,l} |a" (¢, k’n(:l,‘))|p:| )’

where Lemma [4.6] Remark [£.7}(1), and the linear growth condition (A.2) on f have been used for
the last inequality. Now we conclude the proof of (4.36)) by Lemma m
In view of the linear growth (A.2) on o and Lemma we have

sup sup E[|a(s,kn(y),ﬂn(&kn(?/))) P] < o0.
neN (s,y)€Qr

On the other hand, by [39, (5.44)], we know that there exists a constant C' > 0 depending on
sup,, [||u"]| ) < oo and E[||u||%. ] such that
E[|1B (¢, 2) — B} (s, 9)[) < C(Jt = 5| + |z —y|}"/*

for all s,t € [0,T],z,y € [0,1]. Hence, Lemma yields that for any 0 < 6 < %, there exists a
constant C' > 0 such that
[HB [ } <Cn¥. (4.38)

Let us continue to estimate B and Bj. We claim that
E(||BE. o] + E[IIBEI. o] < C(logn) /2, (4.39)

Here we only give details for the proof about B} and a similar argument yields the desired estimate
on BY. By [39) (5.46)], it follows that there exists a constant C' > 0 such that for all (t,z) € Qp

E[;Bg(t,x)\p]gc(n—P+E[||a"—u|ygoo}+E[ sup |u(t,kn(x))—u(t,x)|p]>.

0<t<T, 0<z<1

Then, by Theorem and (2.10) in Theorem we have
sup  E[|By(t,2)7] gc(n—P + (logn)~F + n—Pd) (4.40)
t€[0,7],z€[0,1]
<C(log n)*%.
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Now let
an(s,y) == o(s,kn(y), @" (s, kn(y))) — o(s,y,u(s,y)), (s,y) € QT

By the Lipschitz continuity assumption (A.1) on o, we have
a5, )| <C(Jhn(y) =yl + [0 (s, Fu(y)) = u(s, )]
<C (5 + 185 hal0) — (s, n ()] + (5, K1) — u(5,0)])-
Then, a similar argument to gives that

sup  Ef|on(s, y)"] <C(logn) ™% . (4.41)
s€[0,T],y€[0,1]

We next consider the increment estimate. Let 0 < s <t < T and z,y € [0,1]. Write
Bj(t,2) = B} (s,y) = Bis(s.t,0,y) + Bia(s.t,2),
where .
le(s,t,m,y) = / / (G”(t —rx,z) — G"(s — 1y, z))&n(r, z) W(dr,dz)
and o

S
BZQ(s,t,x) ::/ /0 G"(t —r,x,2)a,(r, 2) W(dr,dz).

By the Burkholder-Davis-Gundy inequality and the integrated Minkowski inequality,
s I B p/2
E|B}, "] < C (/0 /0 Gt = 1,2, 2) — G (s — 1,5, )P, 2) [0y 2 d7~> .
Using (4.41)) and Remark [4.7}(1), we have
s 1 - p/2
BB, <Clogn) 7 ([ [ 16nte =) - 6o =y o) dear (1.42)
0 Jo

< Clogn) P/ (|t — s|'/2 + |z — y|)"'”.

Similarly, we have
E[|B},|P] < C(logn)~"P/2|t — s|P/*. (4.43)

Combining (4.42)) and (4.43)), we obtain

E[|B](t,x) — By (s, )] < Cllogn) ™"/ (|t — s|'/* + & — y])"">. (4.44)

Using Remark together with (4.40) and (4.44]), we obtain the desired estimate (4.39) for BJ.
Consequently, combining (4.36), (4.38) and (4.39)), we have

E[0" —o"|f7,o] < Cllogn)~ %"

Substituting this and (4.34) into (4.33]), we obtain

Efllu — u"|lf,0) < Cllogn) ™%

This completes the proof of Theorem 2.2. O
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Remark 4.12. (i) In [39], it is proved that
HIL%E[HB;LHT{)W] =0,i=1234

From the proof of Theorem we know that the convergence rates of ]E[||Bz"||?pp ) are established
respectively.

(ii) Let u* be the solution of the corresponding penalized SPDE for (L.1), see [10] for example.
Then, using Theorem together with the standard construction of solutions to the reflected
SPDE , we can obtain that for every 0 < k < % A a and p > 1, there exists a constant C' > 0,
independent of A, such that

E [Hu)‘ - uH%OO] <ONTP2 A > 1.

Since its proof is simpler than the proof of Theorem we omit the details. This gives the explicit
polynomial convergence rate of the penalized equation to the reflected SPDE. As far as we know,
this is a new result.
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