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�OîUï!ðS¦U�

Λ �
òSô�L��7�>ë�í®[

0 ≤ i ≤ k−1z�ü�� R �
Exti

Λ(B, Λ) = 0
� ëSí [

0 ≤ j ≤ k
z�üg�"R �

Extj
Λ(Extk

Λ(B, Λ), Λ) =
0
�W¿���LÉäå�ÆXåZ¢[åL�æ��

Extk
Λ(B, Λ) = 0

�
¿��.X

x



7�8

k = 1
[ LYæ!�

f : P −→ B
��D ��ò�ô

P
� �

B $
[�CED�L��O�

Y
�

ker fLÉäå�\L.�
B∗ = 0

V\�j��ç�[3G
C2Hå��0º�ªÿ

0 −→ P ∗ f∗

−→ Y ∗ −→ Ext1
Λ(B, Λ) −→ 0

"/�.z
Λ
;Å�B`�}9n���L���Z�LÆ���

f ∗∗ : Y ∗∗ −→ P ∗∗
��è����
¿���Z�LÆ��

���

�,�.�
θ−1

P ◦ f ∗∗ : Y ∗∗ −→ P
]
è
����¿\�.XÂ�   ��P
RW�

(θ−1
P ◦ f ∗∗)∗ = f ∗∗∗ ◦ (θ−1

P )∗ : P ∗ −→ Y ∗∗∗

]
è
� L.�����
�
P
]�D��
ò
ô\�
¿�P   �,�.�

(θ−1
P )∗ = θP ∗

�W¿_�"�

f ∗∗∗ ◦ θP ∗ = θY ∗ ◦ f ∗

�
¿��¢�,�Æ��ç�[
À � � ���

0 −−−→ P ∗
f∗

−−−→ Y ∗ −−−→ Ext1
Λ(B, Λ) −−−→ 0

∥

∥

∥





y

θY ∗

P ∗ ∼
−−−→ Y ∗∗∗

� 0 � 
_�¸X��   �
P
R��
θY ∗

]�C D���¿��Q����£��/'��
�Æ�
θY ∗

]2: D��
¿�P   � �

θY ∗

]�è��\�W¿º�"�
f ∗
]Wè����W¿\�0X VYPWR��

Ext1
Λ(B, Λ) = 0

�
¿��.X

k > 1
LÉäå�.X

Qk −→ · · · −→ Q1 −→ Q0 −→ Extk
Λ(B, Λ) −→ 0

�
Extk

Λ(B, Λ)
[ D%������[Q£�û L�ä/
�(��3=������

Coker(Q∗

k−1 → Q∗

k)
�

B1

LF�-��(
�
0→ Q∗

0 → Q∗

1 → · · · → Q∗

k → B1 → 0]3G
C�H���¿��.X-�   �

0 −→ Y −→ Pk−1 −→ · · · −→ P1 −→ P0 −→ B −→ 0
�

B
[>D �W� �\[Y£�û LÈäº�®L0�

Q1, · · · , Qk

�>D ��òWô®�W¿U�WZULO� �O�Oç
��À � z�ä_�
V"�É�

φ0, · · · , φk

�
�%�Wäå�ªÿ

Qk −−−→ · · · −−−→ Q1 −−−→ Q0 −−−→ Extk
Λ(B, Λ) −−−→ 0





y

φk





y

φ1





y

φ0

∥

∥

∥

0 −−−→ P ∗

0 −−−→ · · · −−−→ P ∗

k−1 −−−→ Y ∗ −−−→ Extk
Λ(B, Λ) −−−→ 0

Ñ



Z�[
À ��� � [
Λ
;Å�B`�}9n#��L���LÆ��ç\[ ���

B∗∗

1 ←−−− Q∗

k
x





θB1

∥

∥

∥

0 ←−−− B1 ←−−− Q∗

k ←−−− · · · ←−−− Q∗

1 ←−−− Q∗

0 ←−−− 0
x





f

x





φ∗

k

x





φ∗

1

x





φ∗

0

0 ←−−− B ←−−− P0 ←−−− · · · ←−−− Pk−1 ←−−− Y ←−−− 0
�¢À � z¢äº�WV ���

f : B −→ B1

��� �Wäº�WZ\L7�$
W�\�0X "%�0zUZ¢[WÀ �
�
� [

Λ
;Ê�J`�}9n��UL 
 (

f̃ := Extk
Λ(f, Λ) : Extk

Λ −→ Extk
Λ(B, Λ)

]Wè��\��¿\�
�,�.�¢ç�[�G
C
H���0 � 
å�Ùÿ

0 −→ B2 −→ P ⊕B
(π,f)
−→ B1 −→ 0

Z�[3G�C
H�[
Λ
;Ê�B`�}~n ��L���L.�

B∗ = 0, Ext1
Λ(B1, Λ) = 0

V��"�

0 −→ B∗

1 −→ P ∗ −→ B∗

2 −→ 0
]3G
C�H���¿��.XåV�P�RW��ç�[
À �
�
� ��0å�Ùÿ

0




y

B

α





y

0 −−−→ B2 −−−→ P ⊕B −−−→ B1 −−−→ 0




y

β





y





y

θB1

0 −−−→ B∗∗

2 −−−→ P −−−→
γ

B∗∗

1

ZWZ¢�W�
α, β

]W��
�� 
����\��:>D\� C�D LW�0�
γ = π∗∗ ◦ (θP )−1

L5�º�GX�Z
[ºL¢æ¢�

f = (π, f) ◦ α
��¿��¢� �.�

θB1
◦ f = θB1

◦ (π, f) ◦ α = γ ◦ β ◦ α = 0�
¿��¢�
��ç�[
À ���
�

B∗∗

1 ←−−− Q∗

k ←−−− Q∗

k−1
x





θB1

∥

∥

∥

∥

∥

∥

0 ←−−− B1 ←−−− Q∗

k ←−−− Q∗

k−1

Ï
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θB1

]�:>D\�W¿\�WZ\L0�$
W�\�Y� �0�
f = 0

�W¿\�0X V{P�R
f̃ = 0

�W¿
�"�

Extk
Λ(B, Λ) = 0

��0 ��
º�.X
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� lóÎ?u�[¢�����.ä_�.X

7�8

k = 1
[åL�æ

ë
í�[
AΛ

LÉë
í\[
Ext1

Λ(A, Λ)
[¢û��
ò
ô

B
z�üÂ�ÆRW�3G
C
H

0 −→ Λn −→ EΛ −→ AΛ −→ 0

�
E∗ −→ Λn −→ B −→ 0

T �   G C®z �M�ST{[ � � �Sä �7X�Z 
M]S�
B
�

Ext1
Λ(A, Λ)

[¸ûS� ò�ô �{î ï
ð�¦M��¿U�Y� �O�¸��[Yð�¦®±U�

ui : 0 −→ Λ
fi
−→ Ei

gi
−→ A −→ 0 (0 ≤ i ≤ n)L$��æ¢�

d : A −→ An
�

d(x) = (x, x, · · · , x)
���%�
��ç�[���æ�� �

E −−−→ A




y





y

d

n
⊕

i=1

Ek ⊕gi
−−−→ An

�
E
LÉä%
-(
��.�[3G
C�H���0 ��
å�
Z\L���������æ
�0X
�   ��P
R¢ç�[
À �
���

0 // B∗ // Λn α
// E∗∗

0 // Λn
β

// E //

f

OO

A // 0

Ext1
Λ(TrE, Λ)

g

OO

0

OO

ê�Ð



� ��� � L¸�
Imβ ∩ Img = 0

�M¿ ��X\� � � �¸�
Imβ ∩ Img 6= 0

� � (��
B′ = g−1(Imβ∩Img)

L<� � Lj�
g
�

B′
z�� ï �   A BM]

0
�S] � �"�É�Q[ B ]

Λn
z�@!��
 �Y� �0�

Λn −→ Λ
����4 ����D�� � � �"
!(��

HomΛ(B′, Λ) 6= 0�W¿\��Z\L0�$
W�\�¢���
B′
]

Ext1
Λ(TrE, Λ)

[¢ûW�WòWô\�W¿U�¢� �0�
(1)

[>=
�\V\�"�

HomΛ(B′, Λ) = 0
�W�º�0RW]W� �0�WNW[W�# �!\�W¿\�0Xg�   �WP�R��

x ∈ ker α
L�äå��L.�

f ◦ β(x) = 0
��¿������Æ�

β(x) ∈ ker f = Im g
��¿_���

β(x) ∈ Im β ∩ Im g = 0
��¿��.XåV�P�R
�

β(x) = 0
��¿����,�.�

x = 0
V��"�

α
]
:�D
XÂ�   �WP�RW�

B∗ = 0
�W¿��.X

ç\z
k > 1

L>äº�0X
i ≤ k− 1

[ºL¢æ¢]��$�$�\[>= �W� �¢V�N¢X
i = k

[ºL
æ�T

Extk
Λ(A, Λ) ∼= Extk−1

Λ (ΩA, Λ)
�S¿U��ZUL!���UN 
!(��jë�íU[

Extk
Λ(A, Λ)[�û
�
ò�ô

B
]

Extk−1
Λ (ΩA, Λ)

[�û���ò
ô���T�¿����,�¸�
1 ≤ j ≤ k − 2

�
¿\�

j
z¢ü �.RW]W�

Extj
Λ(B, Λ) = 0

��¿��0Xì�   ��P�R
Extk−1

Λ (B, Λ) = 0
�

���-(\V�N�X
�%
 v7�

k − 1
[_L�æ�z���� �.R

Extj
Λ(A, Λ) = 0 (1 ≤ j ≤ k − 1)

L��
R�V�N¢X

Pk −→ · · · −→ P1 −→ P0 −→ A −→ 0
�

A
z3D��
����[�£
ûÂL>ä�
-(��

0 −→ A∗ −→ P ∗

0 −→ · · · −→ P ∗

k −→ X −→ 0

]>G�C�H®�W¿U�0X\ZWZ¢���
X
]

Coker(P ∗

k−1 −→ P ∗

k )
�W¿U�0Xº�   �QPSRW�.ç

[ ���

0 −−−→ X∗ −−−→ P ∗∗

k −−−→ · · · −−−→ P ∗∗

1 −−−→ P ∗∗

0 −→ 0(complex)
∥

∥

∥

∥

∥

∥

∥

∥

∥

Pk −−−→ · · · −−−→ P1 −−−→ P0 −−−→ A −→ (exact)

� ��
�(���ë�í�[
1 ≤ j ≤ k − 1

z�ü �ÆR
�
Extj

Λ(X, Λ) = 0
� 0_�ÆX �   �

Extk
Λ(A, Λ) ⊂ X

��¿����
�¸�¢ë�í�[
Extk

Λ(A, Λ) ⊂ X
[Qû
��ò�ô

B
zQü��

R
�3G�C
H
0 −→ B −→ X −→ X/B −→ 0

� � 0 � 
�� � N G C H � � �S� Z�L z V��"�
0 −→ Extk−1

Λ (B, Λ) −→ Extk
Λ(X/B, A)] G C �M¿��{XåV¢P�R

(1)
[ = � �

A = X/B
L �{R��	� ä 
 (M�¢ë í [

0 ≤ j ≤ k−1
z{üg� R��

Extj
Λ(Extk−1

Λ (B, Λ), Λ) = 0
�S¿M� X�
M�

0 ≤ j ≤ k−2z�ü �.RW]
Extj

Λ(B, Λ) = 0
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 qj�

k − 1
[ �
­�z���� �

R
Extk−1

Λ (B, Λ) = 0
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