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1. Let S be another class of maps called “specialized maps” (e.g., smooth
maps in algebraic geometry), which is

1.1 closed under composition, X 5N Y.Y 52es8= gofesS
1.2 closed under base change (i.e., stable by pullback)
(NOTE:this condition is not required on the above class S’.)

1.3 and containing all identity maps, X 2 xes.

2. Let S be as above. If the orientation 6 on S is stable by pullback, i.e.,
satisfies

0(f') = g"o(f)
for an independent square with f € S

x 9 . x

d

Y —— Y
g

0 is called a nice canonical orientation of B.
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with f being confined, i.e., f € C, is an independent square.
Theorem
(S.Y., “Oriented bivariant theory, I’, Int. J. Math. 20 (2009), 1305—1334), in
fact a work of 2005-2006.)

LetV be a category with a class C of confined maps, a class Znd of
independent squares and a class S of specialized maps. Define

MS(X L Y)

to be the free abelian group generated by the set of isomorphism classes of
confined maps h : W — X such that

foh:W—=YeS.

(1) The association M$ is a bivariant theory, i.e., satisfies 7 axioms, if the
bivariant operations are defined as follows:
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(ii). Pushforward: Forf: X — Y andg: Y — Z with f confined,
fooMEX 2 2y > ME(Y L Z2) is defined by f. ([v LN X]) = [V v
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(iii).Pullback: For an independent square ﬂl Jf
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and extended linearly, where

(2) For a specializedmapf: X - Y e S
Oue (1) = X 5 X] e ME(X 5 V)

is a nice canonical orientation of M& for S. X x Ly

(3) (A universality of MS) Let B be a bivariant theory on the same V with the
same C, Znd and S, and 6g a nice canonical orientation of B for S. Then
there exists a unique Grothendieck transformation

VB : Mg - B
suchthatfor X 5 Y € 8, s : ME(X 5 Y) = B(X & V) satisfies
78 (O (1) = On ().
(In a sense, this is a RR-formula with us = 1x or dr = 1y.)
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Commutativity
M$ is commutative in the following sense: for the fiber square

/

X/ g

A

zZ — 5 Z
g

and Vo € M (X 5 2),v8 € M&(Z' & Z) we have
g(a)eB=F"(B)ec.

X' — X
g
@) @
z @if z
If g*(a) @ B = (—1)del)de(B)f*(3) o @, it is called skew-commutative (see
[Part I:Bivariant Theories] of Fulton-MacPherson’s book).
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using Lowrey-Schiirg’s “Derived algebraic cobordism”, J. Inst. Math. Jussieu,
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We can define many (in fact, infinitely many) nice canonical orientations.
First we define the following, motivated by the relative dim. reldim(f) of a
smooth map f: X — Y in algebraic geometry:

Definition
If there is an assignment reldim(f) for a specialized map f : X — Y such that
1. reldim(f) is a non-negative integer and
2. it satisfies the following conditions
21 forf: X—=Y,9:Y—>2€S8

reldim(g o f) = reldim(g) + reldim(f),
2.2 reldim(idx) = 0.
X 2 x
2.3 for an independent square where f,f' € S, f’l ll
Y —— Y
reldim(f) = reldim(f"). ?

then the integer reldim(f) is called a relative dimension of f : X — Y.
REMARK: Cleary there is a very trivial one: reldim(f) := 0 for Vf € S.
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1. If ar : F — pt is confined (e.g., a proper map), F is called confined (e.g.,
a compact space).

2. If ar : F — pt is specialized (e.g., a smooth map), F is called
specialized (e.g., a smooth variety).

3. If ar : F — ptis confined and specialized, F is called confined and
specialized (e.g., a compact smooth variety).

Let F be confined and specialized. Hence [F 2, pt] € M&(pt — pt). For
ax : X — pt,

(ax)"[F 25 pt] = [X x F 215 X] e ME(X 25 X)

XxF —— F

o | |

X = pt

o

X — pt.
ax



NOTE:for [F 255 pt] € M%(pt — pt)
[F 255 pt] o [F 25 pt] = [F x F 2255 pt] € ME(pt — pt)
by the definition of the bivariant product e:
FxF P2, fFp 9 ., F

o | | o |

F pt pt pt.
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Then we have
(IF 25 pt] o [F 25 pt]) o [F 25 pt]
=[F x F 2255 pt] o [F 25 pt]
:[FxeFMpt]

=[F° % pt]



Then we have
(IF 25 pt] o [F 25 pt]) o [F 255 pt]
= [F x F 225, pt] o [F 25 pt]
=[F x F x F22X2F, )
=[F° % pt]

By induction, for n we have

[F 25 pt]" = [F 25 pt]e--- o [F 25 pt]
= [F" % pt]



Then we have
([F z, ptl e [F 2, pt]) o [F 2r, pt]
:[FXF#—X%pt].[Fa_F)pt]
=[FxFxF BFxFxF, pi]
=[F* % pt]

By induction, for n we have

= [F" = pt]

Therefore we get

(ax)"([F <5 ptl") = [X x F" 24 X] € M§(X % X)



Then we have
(IF 25 pt] o [F 25 pt]) o [F 25 pt]
= [F x F 225, pt] o [F 25 pt]
= [F x F x F 22255, pf]
=[F° % pt]

By induction, for n we have

[F 25 pt]" = [F 25 pt]e--- o [F 25 pt]
= [F" 22 pt]

Therefore we get

(ax)"(IF > pt]") = [X x F" 5 X] € M§(X =5 X)

Convention: For n = 0 we define [F 5 pt]° := [pt — pt] and F° :=

pt.
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By the above construction X x F" P, Xis a confined and specialized map.
Hence, for a specialized map f: X — Y,

fopri:XxF" 2 x Ly
becomes a specialized map, hence we have
X x F" 25 X1 e ME(X L V).

Thus [X x F" 25 X] € ME(X 25 X) and [X x F" 25 X] € ME(X 5 V).
This difference can be captured as the following bivariant product:

[X x F" 255 X] = [X x F" 255 X] e [X 2% X] (1.1)

Here [X x, X] € M$(X ER Y') is a canonical orientation ¢, u( ). So, we can
express the bivariant element [X x F" 2% X] € M&(X L Y) by

[X x F? 24 X] = [X x F" 25 X] @ 0,c () = (ax)"([F s pt]") Oy (F)-
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Theorem

Assume that we can define the integer reldim on a class S of specialized

maps.Let F be confined and specialized. For a specialized mapf: X — Y
we define

g (1) = (ax)"(IF ™ pt] ™™ )oyyq (f) € ME(X 5 V).
HICH% is a nice canonical orientation, i.e., it satisfies the following:

1. 9§Hg(gof):9§ﬂg(f)00§ﬂg(g) forf: X —Y,g:Y—ZcS.
2. agﬂg(idx)zu.

3. for an independent square where f, f' ¢ S, f’l lf

Y — Y,

g (¥ (1) = 05 (F).

In particular, when F = pt, we have that eg’/ﬁc (H= ng ().
S
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In fact, the above bivariant element [F — pt] € M%(pt — pt) can be
replaced by any element
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In fact, the above bivariant element [F — pt] € M%(pt — pt) can be
replaced by any element

A € ME(pt — pt).

Hence we can show the following formula.
COROLLARY: Let A € M&(pt — pt).

1. (“upstairs” Riemann—Roch “self” formula)
Oryc (F) = (ax)" (8™ D)ebyc (1)
is a nice canonical orientation, where (ax)*(A™m0) € ME(X 2 X).
2. (“downstairs” Riemann—Roch “self” formula)
abyc (1) = bug (o(ay) (2™

is a nice canonical orientation, where (ay)*(A™™0) ¢ ME(Y 2% v).
It turns out that in this case

(a)" (A7) 0 ¢ (1) = b,c (1) » (@) (A",

which follows from Commutativity! Thus Hgg(f) = AGMg(f).



We also get the following, which follows from the universality of UBT:

Corollary
Let A € M&(pt — pt). 3 a unique Grothendieck (auto-)transformation

’)/A:M&Cg%M‘cg

such that ’yA(QMg(f)) = QI@Eg(f) = (ax)* (A" o Oug (f) for a specialized
map f: X — Y. (Because 9@2 (f) is a nice canonical orientation.)



We also get the following, which follows from the universality of UBT:

Corollary
Let A € M&(pt — pt). 3 a unique Grothendieck (auto-)transformation

’)/A:M&Cg%M‘cg

such that ’yA(QMg(f)) = QI@Eg(f) = (ax)* (A" o Oug (f) for a specialized
map f: X — Y. (Because 9@2 (f) is a nice canonical orientation.)



We also get the following, which follows from the universality of UBT:
Corollary
Let A € M&(pt — pt). 3 a unique Grothendieck (auto-)transformation

’)/A:M&Cg%M‘cg

such that ’yA(QMg(f)) = QI@Eg(f) = (ax)*(A™4m©) o Oug (f) for a specialized
map f: X — Y. (Because 9@2 (f) is a nice canonical orientation.)

In particular, we have “‘SGA6”, “BFM-RR” and “Verdier—RR”: (Note:
ME"(2) := ME(Z <25 Z) and M, (Z) := M%(Z — pt)



We also get the following, which follows from the universality of UBT:
Corollary
Let A € M&(pt — pt). 3 a unique Grothendieck (auto-)transformation

’)/A:M&Cg%M‘cg

such that ’yA(QMg(f)) = QI@Eg(f) = (ax)*(A™4m©) o Oug (f) for a specialized
map f: X — Y. (Because 9@2 (f) is a nice canonical orientation.)

In particular, we have “‘SGA6”, “BFM-RR” and “Verdier—RR”: (Note:
ME"(2) := ME(Z <25 Z) and M, (Z) := M%(Z — pt)

1. “SGA6”:For a confined and specialized map f : X — Y we have the
following commutative diagram:
ME"(X) —— ME"(X)
ﬂl l” ((ax)™ (aream)e—) = () o(ay)* (arim()
M§™(Y) ——— MS'(Y),

"/A



1.

“‘BFM-RR”: For a confined map f : X — Y we have the following
commutative diagram:



1. “BFM-RR’: For a confined map f : X — Y we have the following
commutative diagram:

2. “Verdier-RR”: For a specialized map f : X — Y the following diagram
commute:

N
MC*(Y) "Y——% MC*(Y)
f\l l(ax)*(Areldim(f)).f!:f! ((ay)*(Areldim(f))._)
¥



§1.3. A very naive universal bivariant theory

We give another very naive and simple universal bivariant theory M¢
without using the class S of specialized maps.

THEOREM (A very naive universal bivariant theory) LetV be a category with
a class C of confined maps and a class of independent squares. Define

ME(X 5 v)

to be the free abelian group generated by the set of isomorphism classes of
confined morphisms h: W — X.

(1) The association M is a bivariant theory if the three bivariant operations
are defined exactly in the same way as in UBT above.

(i). Product: For morphisms f: X — Y andg : Y — Z, the product operation

o MYX L VyaME(Y S Z) 5 ME(X s 2).

(ii). Pushforward: For morphismsf: X — Y and g : Y — Z with f confined,
the pushforward operation

foMéX L z) - MOY & 2).



(iii). Pullback: For an independent square

x 9 x

‘| |

Y — Y,
g

the pullback operation
g MYX L y) s M L y).

(2). (A very naive universality of MC) Let B be a bivariant theory on the same
category V with the same class C of confined morphisms and the same lass
of independent squares. Let 6y be a canonical orientation for all maps in V.
Then there exists a unique Grothendieck transformation

e M€ - B

such that g - M€ (X 5N Y) = B(X 5N Y) satisfies the normalization condition
that forany mapf: X — Y inC

(X 25 X]) = 0s(F).



§2 Simple examples of bivariant theories and
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Let’s consider the category F of finite sets as an easy example.
DEFINITION (cf.[§6.1 The bivariant theory F and §10.1.2 The Frobenius] of
FM.) For F, let any map be confined and any fiber square be
independent. Foramap f : X — Y we define
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1. (product)
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§2 Simple examples of bivariant theories and

Riemann—Roch formulas
Let’s consider the category F of finite sets as an easy example.
DEFINITION (cf.[§6.1 The bivariant theory F and §10.1.2 The Frobenius] of
FM.) For F, let any map be confined and any fiber square be
independent. Foramap f : X — Y we define
F(X 5 v)=F(X L v)

to be the abelian group of R-valued functions on X.

1. (product)

o FXL V)eR(Y S Z) 5 Fx 2L 2)
fora e F(X 5 Y),8€F(Y % Z)and for x € X
(a e B)(x) = a(x) - B(F(x)).
2. (pushforward) for any map f : X — Y (note that any map is confined)

gof

f..FX L5 2) s F(Y S 2)
foryeyY



. (pullback) For a fiber square

/

x -2 . x

A

Y — 5y,
g

g FX LYy SFxX Ly
is defined by (the usual functional pullback)

(9" )(xX') == a(g' (X))
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Lemma Forany map f : X — Y we define

0:1(f) :=1x e F(X 5 Y)
the characteristic function, i.e., 1x(x) = 1. Then 64 is a canonical orientation
for all maps and it is a nice canonical orientation, i.e., we have
1. 01(gof)=06¢(f)e6:1(g) foraymapsf: X — Yandg:Y — Z,
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REMARK: Letr € R\ {0}. Forany map f : X — Y we can define
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The following is obvious:
Lemma Forany map f : X — Y we define

0:1(f) :=1x e F(X 5 Y)
the characteristic function, i.e., 1x(x) = 1. Then 64 is a canonical orientation
for all maps and it is a nice canonical orientation, i.e., we have
1. 01(gof)=06¢(f)e6:1(g) foraymapsf: X — Yandg:Y — Z,
2. 04(idx) = 1x.
3. 01 is a nice canonical orientation.
REMARK: Letr € R\ {0}. Forany map f : X — Y we can define
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The following is obvious:
Lemma Forany map f : X — Y we define

0:1(f) :=1x e F(X 5 Y)
the characteristic function, i.e., 1x(x) = 1. Then 0y is a canonical orientation
for all maps and it is a nice canonical orientation, i.e., we have
1. 01(gof)=06¢(f)e6:1(g) foraymapsf: X — Yandg:Y — Z,
2. 04(idx) = 1x.
3. 01 is a nice canonical orientation.
REMARK: Letr € R\ {0}. Forany map f : X — Y we can define

0,(f) == r\x\flv\&(f) _ r|X\7m1X.

Here |Z| denotes the number of element of a finite set. Then we have
1. 6,(gof)=0,(f)e0,(g)forf: X —-Yandg:Y — Z,
2. ,(idx) = 1x.
3. ifr # 1, then 6, is not a nice canonical orientation.
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The following theorem follows from the theorems of UBT:

Theorem
For the category F of finite sets there exists a unique Grothendieck
transformation
VF:RﬂC—A]F
such that forany mapf: X — 'Y
Yo (Oue (1)) = 04(F).
Note Oyc (f) = [X 25 X] € MC(X 5 Y) and 6+(f) = 1x € F(X 5 V).
REMARK: The “SGA 6”, “BFM-RR” and “Verdier-RR” of ¢ : M€ — F
become the following respectively:
(1) “SGA6” (forany map f : X — Y):
MC(X 25 X) — 2 F(X 2 X)

&=ﬂl lﬂ:&

ME(Y 2 y) — 5 F(Y 2% ),
TR

AV S X)) = [V 25 Y], (V2 X)) = bty for [V 5 X] e ME(X 25 X).
Fora € F(X % X) fa = f.a.



(2) “BFM-RR” (forany map f : X — Y):

MC(X — pt) —Z— F(X — pt)

| B

ME(Y — pt) — F(Y — pt),

LIV 5 XD = [V 2D Y] (V5 X)) = bty for [V 2 X] € ME(X 25 X).



(2) “BFM-RR” (forany map f : X — Y):
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| B
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LAV S XD) = [V Y] (V5 X]) = Aty for [V 5 X] € MO(X 25 X).
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(2) “BFM-RR” (forany map f : X — Y):

MC(X — pt) —Z— F(X — pt)

| B

ME(Y — pt) — F(Y — pt),

LAV S XD) = [V Y] (V5 X]) = Aty for [V 5 X] € MO(X 25 X).
So, “SGA6” and “BFM—-RR” are the same.

(3) “Verdier—-RR” (for any map f : X — Y):

MC(Y — pt) —E— F(Y — pt)

/| e

M¢(X — pt) —— F(X — pt),
TF
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DEFINITION: If amap f: X — Y satisfies that each fiber has the same finite
number of points, namely, X = Y x F with a finite set F, then f is called a
“specialized” map. The finite number |F| is called the “Euler number” of f,
denoted x(f). (NOTE:f: X — Y is isomorphic to the projection

pri 1 Y x F = Y, thus a specialized map is a projection, but we stick to the
above naming. Also x(f) = |F| = 1)

LEMMA: For two specialized maps f: X — Yand g: Y — Z we have

x(gof) = x(g)x(f).

LEMMA: Let S be the set of all specialized maps. For a specialized map
f: X —YesS, wedefine

0s(f) == x(f)1x = x(No:(f).
Then 65 is a nice canonical orientation, i.e., we have
1. Os(gof)=0s(f)ebs(g)forf: X =Y, g: Y —>Z€S,
2. Os(idx) = 1x,
3. for the following fiber square

g7 (0s(f)) := 0s(f").
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The following theorem follows from the theorems of UBT:
THEOREM: Let the situation be as above. On the category F of finite sets
there exists a unique Grothendieck transformation

fy/::Mg —F
such thatforanyf: X - Y eS

Ve (Oug (1)) = Os(F) = x(F)01(F).

REMARK: As to the abelian group M (X N Y), we note thatif f: X — Yis

not surjective, then Mg (X 5N Y) = 0. Note that this kind of thing happens, for
example, in the case of bivariant theory F of constructible functions (see
[§6.1.2 Definition of F, Remarks., p.62] of FM).
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REMARK: The above equality
Ve (Oug (1)) = x(F)01 ().
is a Riemann—Roch formula for the Grothendieck transformation
Y : Mg —F

with respect to the canonical orientations eMg on M$ and 6 on FF.
The “modifier” x(f) can be considered as a bivariant element

ur = x(AH1x e F(X x, X) and we have x(f)01(f) = ur e 6+(f).
Or, it can be also considered as a bivariant element

dr == x(H1y € F(Y 2% Y) and we have x(f)6:(f) = 6:(f) o d.

Furthermore from this Riemann—Roch formula we can get the following
“SGA 6”7, “BFM-RR” and “Verdier—RR":
(1) “SGA 6” (for a specialized map f : X — Y):

MS™(X) —— F*(X)

f{ lf; (x(h1xe—)=x(nt.

M%*(Y) T F*(X),



(2) “BFM-RR” (forany map f : X — Y):

M5, (X) — F.(X)

‘| I

ME,(Y) —— F.(Y)

(3) “Verdier—RR?” (for a specialized map f : X — Y):
ME,(Y) —"— Fu(Y)

f!l lx(fﬂxof!:x(f)f*
MS,(X) —— F.(X),
TR
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sheaves] of [FM]. (The definition of K(X EN Y) is complicated, see §10.1 of
[FM]). It remains to see whether one could use the universal bivariant theory
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So far we consider the category of finite sets, but we can extend the above
arguments to the category EAN'S of sets, namely, infinite sets can be allowed.
In this case, we need to define a confined map and a specialized map.

DEFINITION: For the category EN'S of sets,

1. amap f: X — Y is called confined if the inverse image of a finite
subset of Y is finite, equivalently, if every fiber is a finite set.

2. amap f: X — Y is called specialized if each fiber is finite and the
number of elements of the fiber is the same at each element of Y. In
other words, X = Y x F with afiniteset Fandf: X — Y'is
isomorphic to the projectionpr; : Y x F — Y.
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Thank you very much for your attention!
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