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Overview (1) : Configuration space integral, trivalent graphs and Vassiliev
invariants
configuration space integral

Aim : non-trivalent graph cocycles } o Vassiliev invariants

Background : Main objective is the topology of K, := {long knots in IR"}. Today we focus
on HgR(’K3) = {R-valued knot invariants}.

e (R. Bott-C. Taubes, T. Kohno 1994, ...) For any Vassiliev invariant V,
3T : a formal sum of trivalent graphs % IT) =V (e QgR(’Ky closed).

Example. I(X — Y) = vy : Casson’s knot invariant, where

o 4

R .-"A
X= a'.'. a'.'. .L .L Y = B 3 Soo
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e (A. Cattaneo, P. Cotta-Ramusino, R. Longoni 2002) 3 gﬁ’* : graph complexes (k > 2),
1: 6% > Q’:F:"3)+*(’I(,,) cochain maps (n > 4),
I: H'(G5 - H’;g"”(m), (0 o trivalent graphs)
H"(g’;) = {Vassiliev invariants of order k} if n is odd.

Conjecture. I: @, g’;* - Q' _(%,) is a quasi-isomorphism (n > 4).

The trivalent part supports the conjecture, and can be seen as “high dim analogues of
Vassiliev invariants”.



Overview (2-1) : Non-trivalent graphs

Little is known about non-trivalent graphs, but 3 some results that suggest some relation to
Vassiliev invariants.

Theorem (S. 2012)
n>3o0dd = 13 I‘i € gf;‘ : a graph cocycle of defect 1, such that
Ir) e Hzg'_s)“(’K,,) is not zero. In particular if n = 3,

aah, 6= [ 1ah=npn ¢ex,
f

where G is Gramain’s 1-cycle of K.

Theorem (Longoni 2004, K. Pelatt-D. Sinha 2017)

If n > 4 is even, then 3 G, : a graph cocycle of defect 1 such that
I(Gy) € Hzg‘3>+‘(Emb(sl,H@")) is not zero.



Overview (2-2) : Non-trivalent graphs

The cocycles below seem to be equal to I(l“;), although they are defined in different ways.
Theorem (V. Turchin 2006)

3 v; € (mod 2 Vassiliev spectral sequence for %3) with (v;, Gy) = va(f) mod 2.
Theorem (A. Mortier 2015)
3 a; : a 1-cocycle of % that satisfies (a;, Gy) = vy(f) and

(@}, FHy) = 603(f) = fr(foa(f). (*)
Here FH is Fox-Hatcher 1-cycle of % (explained later).

We have a result analogous to () :

Theorem (S. Kanou-S. 2022)
(I(Fé), FHy) = 6v3(f) — fr(f)v2(f).



Overview (3) : defect 1 graphs and Vassiliev invariants

At present no way is known to produce non-trivalent graph cocycles, but the computations
in [Kanou-S] in fact show the following.

Theorem (S. 2022)

For any graph cocycle I‘;c € g’;", we can evaluate I(I'!) € ng'_s)”(’l(,,) over some
cycles (generalizing Gy and FH y; explained later) in a combinatorial way.

In particular, if n = 3 then

° (I(I‘}C), G) is a Vassiliev invariant of order < k — 1.

° (I(I‘;(), FH) is a Vassiliev invariant of order < k.

Remark

The above Theorem does not claim the non-triviality of I(T'!) € Hzg’_3)+l(7<,,). It seems
that we need rather complicated combinatorics to prove the non-triviality.



(Framed) long knots
Definition
e Along knot is an embedding f: R! — R” satisfying
X 21 = f) = (,0,...,0).

e A framed long knot is a pairf: (f,w) € Ky x 1,50(n) such that the first column of
w(x) is f@)/If )I.

e K, = {long knots in R"}, K, := {framed long knots in R"}.

H'(%3; A) = Map (m9(%3), A) = {A-valued isotopy invariants of (long) knots}.

w(x)

() N o
S(x) /

Lemma (Sinha)

7% K X Qp,_,SO(n — 1)

n\ ‘p/,]

Ka

where p: 7?,, — I, is the first projection. In particular 7?3 ~ K3 X 7.



Fox-Hatcher 1-cycle of K,

A framed long knot can also be seen as a pair (f, w), where

o f: 8! < 8" with specified £(0) = oo and f’(0),
e we Qr SO(n+ 1) with the first column f”/|f’| and the last column f.

n+1
An “Sl-action” FH: S x K, — K, is defined as follows;

forr € S' and f € K, “rotate” f by the multiplication of w(#)~! € SO(n + 1) and
re-parametrize itto get ¢ - f.

Inv1

“rotation”

by t € S1

The orbit FH7: S — K, of f € K, is called the Fox-Hatcher 1-cycle.



Gramain and Fox-Hatcher cycles

Note that FH looks very similar to the S1-action of LX = Map (S, X).
Fact (P. Salvatore-Turchin(-A. Kupers) 2022)

There is an action of the framed little 2-disks operad on ¥ and H, (%) is equipped with
a BV algebra structure. The 1-cycles Gy and FH 7 can be written respectively in terms of
the Gerstenhaber bracket and the BV operator.

Remark

This is an affirmative answer to the question raised by R. Budney and Salvatore. The
existence of the BV structure on H, (%) was found earlier [S].



Chord diagrams and cycles of K,

Given a chord diagram C with k chords, we have

e a“long immersion” gc: R! « R3 (c R”) with k transverse double points that encode the
chords of C, and
o ac: (S"™3)*k 5 9, that “resolves” the double points of g¢.

n>4 = [ac] € Hyu-3)(%K,) depends only on C.
n =3 = for any choice of g¢, 3 f € K3 such that
ac = Z € fkfel yuons€k

€] yeenn€p €{+1,—1}
Definition
A knot invariant V is a Vassiliev invariant of order < k if, for any C with k + 1 chords and
any choice of gc,

Viee) |= Z € - €1V(femer)| =0

€1yeens€h41€{+1,-1)



Configuration space integral (CSl)

Conf(X) := {(x1,...,xK) € X*¥ | x; # xjif i # j}.

Configuration spaces associated with graphs:

26
A L
I= ,’ L > N P
~ Y e ~
2 3 4 5
o Er := (.fs(ybyZ’-N)) yi=f(xi)3
=1 e%, x Conf,(R") | Axy<--<x; [ Ep % gn1
e For an edge e, define ¢, : Er — S"! by L
r

=
i e=1j,
oulfo) = {(y, y)llyj =yl e=ij b

L) /If (x) e is a loop at the vertex i.

—1fi{ed
o OF = Ae: adges @5 Volgit € QU VIS g
e The first projection nr : Er — %K, is a fiber bundle with fiber ¢ Conf, (IR").
e IT) := nrywr € QZR(‘K,,), where 7ty is the integration along the fiber.
Lemma

G2 = R(I'| b1(D) = k and Tyey(r(valence() - 3) = 1) (I : the defect). If T € G+, then
degI(T) = k(n — 3) + .



Coboundary operation on graphs

Proposition
1. (Axelrod-Singer) 3 Fiberwise compactification of Er so that ¢, extends smoothly on
the compactification (thus I(I') converges).

2. dI(I') = I(dT') (essentially by Stokes’ theorem), where 9: gﬁ’l - gﬁ’”l is given by

collapsing
ol = +I'/e, F|;>

I/e.
e€{edges and arcs}
Warning. In fact we need a “correction term” when n = 3.
Thus I: gﬁ’* - ng‘"m*(‘Kn) is a cochain map (n > 4).
Example
We have 3X = §Y, where X,Y € 6" and X = 9Y € 6> are
o e
X= S Y = Y L e
1 2 3 4 1 2 3
oX = R T Y WO S . W)
1 2 3 1 2 3 1 2 3

Thus vy := I(X — Y) is a 2(n — 3)-cocycle.



Defect 0 graphs ~» non-zero cohomology classes

Question. How to show the non-triviality of [I(I')] € Hsg'_"')(‘l(,,) for a cocycle I' € Q’;’O?
Answer. Evaluate I(I') over a cycle a¢ for some chord diagram C.

Suppose I' = aC + Y; a;I';, where I'; are graphs of defect 0 other than C.

Proposition

(I(I), ac) = *a.

Outline of proof. (I(I'), ac) = a{Il(C), ac) + X; ai{IT), ac).

e (I(C), ac) = f wc localizes to the following configurations, and each edge serves as
ac

Link($""2,Rl) = +1.

c I(O), ac)

e For V¥ configurations in Er;, 9 a doublepoint of f¢ to which no edge comes, and
(I(T;), ac) is defined continuously for & > 0. Thus (I(I';), ac) = 0 (h — 0) by

dimensional reason. m}



The casen =3

e G acocycle ~ V:i=II) e H® (%) is a knot invariant.
3 dR

Choose crossings ¢1, ..., ¢k of a diagram of f € K3 that determine a chord diagram C.

= Vo =D acy= Y @ aV(fa.q) =DV

€] 5eees€r €{+1,—1}

Since (I(I'), a¢) = +a depends only on C, the invariant V is of order < k;
for C with k + 1 chords,

DV (f) = D*V(fo,y=41) = D*V(fe=-1) =a—a = 0.

Theorem (Bott-Taubes, Kohno, ...)

All the Vassiliev invariants for (long) knots can be obtained from graph cocycles of defect 0
(= trivalent) in this way.



Defect 1 graphs

Question. How to show the non-triviality of [I(I})] € Hsg'_3)+1(7(,,) foracocycle I € G'2
“Answer”. Evaluate I(I‘Il() over a cycle FH(ac) (or G(ac)) for some chord diagram C;

idog xac
FH(ac): S' x ("3 =,

Diagramatic description of FH(a().

P FH —~
St x K, — K.

o S™3-factors serve as “resolutions” of doublepoints of f¢, and
o Sl-factor is decomposed into 2m Fox-Hatcher moves

@Sl

[ L) D) e
Je Jor

where m = #§{crossings in the diagram of f¢} (m = 4 for the above f¢).

The corresponding chord diagrams cyclically change as:
XN, ~ KN
C c’

cyclic change
—_

Thus FH(ac) is homologous to FH(ac) if C

c.



Defect 1 graphs

Let F}( =Yial; e gﬁ" be a graph cocycle. Each I'; is one of the following two types:

Q 5

(i) semi-chord diagrams (i) graphs with free vertices

Theorem (S. 2022)

(I(F}{), p+«FH(ac)) = Yier 2ai, wherei € I < T is a semi-chord diagrams one of
whose “resolutions”

is equal to a cyclic transformation of C.



A rough sketch of the proof

Very similar to the proof of “(I(T'), ac) = xa” in defect 0 case.

e If one of the “resolution” of T; is a cyclic transformation of C, then

Iy, p.FH(ac)) = f wr;

p«FH(ac)
localizes to the following configurations.
FH-move

—

A\

1 2 345

“resolution”
ri —_—

o If the resolutions of I'; are not equal to C, then 3 a doublepoint of fc to which no edge
comes, and (I(I';), FH(a()) is defined continuously for o > 0. Thus
(I(I'j), FH(ac)) = 0 (h — 0) by dimensional reason.



The casen =3

For a graph cocycle I‘Ilc of order k and defect 1, we have an invariant
V() := (I(I‘;{), p«FH7) of framed long knots.

Choose crossings c1, ..., ¢ of a diagram offe % that determine a chord diagram C.

= (Th, pFH@)Y = Y. @ &V(Fan.q) = DV

€] 5eens€r €{+1,—1}

Now we can compute D"V(f) in a combinatorial way, and in particular D* V(f) depends
only on C. Thus V is of order < k;

for C with k + 1 chords,
DMV(F) = DV(foy=41) = DAV(Foy=-1) = 0.

Non-triviality of V is unknown!



A non-trivial example

Example (S. 2008, 2012)
n >3 o0dd = 3 a graph cocycle I‘; = Y1<i<9 a;il'; of defect 1,

T, = s T3 =
1 2 3 4 5 1 23 45
a5
---- RS
Dy = oot 4 N Tg =
1 23 4
3,305
NS N
Tg= 2l .34 Ty =
1 2 1N s

(a1,...,a9) = (-2,1,2,-2,2,-1,1,-1,1).

Theorem (Kanou-S., 2022)
o(f) = (@), p.FH7) = 6v3(f) - fr(Poa(f).

Since v is of order < 3, this should be a linear combination of vs, fr - vs, fr3, vy, fr* and fr.

The coefficients can be determined by explicit computations.



Questions

1. Is I(I‘}() € Hsg'_s)“(‘l(,,) non-zero in general?
— We might need rather complicated combinatorics.

2. How about cocycles of defect > 1?
— We need more cycles. The action of (framed) little disks operad might produce

them.
3. Are there any cycles other than ¢ ?

4. How about Embg;)g([R'”, R™)?



