Low energy approximations of the Feynman path integral

for Schrodinger evolution operators

ELi=PN
KIRAS BRI LR

February 14, 2014

=7 HA (KBRAZ BRI FHEA)  Low energy approximations of the Feynman p February 14, 2014 1/25



§1 Introduction and Motivation

- EF DA EDLE
(20 1) EEEFE
A, B € C>(T*R")

=7 HA (KBRAZ BRI FHRA)  Low energy approximations of the Feynman p February 14, 2014 2 /25



§1 Introduction and Motivation

- EF DA EDLE
(20 1) EEEFE
A, B € C>(T*R")

— 0A OB 0B 0A :
{A, B} = za: (E% — Eapﬁ) Poisson Bracket

=7 HA (KBRAZ BRI FHRA)  Low energy approximations of the Feynman p February 14, 2014 2 /25



§1 Introduction and Motivation

- EF DA EDLE
(20 1) EEEFE
A, B € C>(T*R")

— 0A OB 0B 0A :
{A, B} = za: (E% — ER) Poisson Bracket

A, B € L(L?*(R"))

[A, B] = ih{A, B} ERBFIE
(ie. #=a, p="22)

=7 HA (KBRAZ BRI FHRA)  Low energy approximations of the Feynman p February 14, 2014 2 /25



§1 Introduction and Motivation

- EF DA EDLE
(20 1) EEEFE
A, B € C>(T*R")

— 0A OB OB 0A :
{A,B} = %: (8% Ppa  Dza Dpe ) Poisson Bracket

A, B € L(L?*(R"))

[A, B] = ih{A, B} ERBFIE
(ie. #=a, p="22)

(Z®d 2) Feynman REBEDEFIL (F T RMIBID)
H(x,p) € C°(T*R"™)

a(t,x,y) : suitable symbol, S(t,x,y) : phase function defined by H.
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A, B € L(L?*(R"))

[A, B] = ih{A, B} ERBFIE
(ie. #=a, p="22)

(Z®d 2) Feynman REBEDEFIL (F T RMIBID)
H(x,p) € C°(T*R"™)

a(t,x,y) : suitable symbol, S(t,x,y) : phase function defined by H.

Ut)f(z) =0s [ a(t,x,y) exp{£S(t,z,y)}f(y) dy
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A, B € C>(T*R")

_ 9A 8B __ 9B 9A -
{A,B} = %: (8% ops — Doa 6%) Poisson Bracket
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[A, B] = ih{A, B} ERBFIE
(ie. #=a, p="22)

(Z®d 2) Feynman REBEDEFIL (F T RMIBID)
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FAEF b ERBEIEFEL

(Case 1) M = R"™, H(z,p) = %|p|2 + V(x) € C*°(T*M)

| EEYIES [ TEEFE | BEESETL
V(z) = O(|z[>)+error. | H = - A 4 V(z) A}iinoo[U(%)]N
(Fujiwara theory) = exp (‘T’tﬁ)
V(@ =Cle|" |H=-54+V() | lim[UEN
(C>0,n=4) :exp(%ﬁ)?

(Case 2) M = S2, H(x,p) = %gst(p,p) = %gijpipj (on local charts)
| HaERE¥ | EA¥METFE | BRESETE |

geodesic flow | prequantization exists | lim [U(%)]N
N—oco

(various speeds) | real poIaIization fails! | =
~ —q 2
H=-"(a40)7 | expl52 (1A +5))]7
Here A = \/1_‘%1 (v g”a ;) and R = 2 (scalar curvature).
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HHEAFEVALT 4 VA—RRIERAZROEI X

(Case 1) M = R™, H(x,p) = 5lpl” + V(2) € C=(T"M)

en I f(x) =Rf K(t,z,y)f(y) dy.
| ELYIES [ ERNFOHE | Bk |

V(x) = O(|x|?)+error. time locally K(t,z,y)
global diffeo € C>=((0,t) x R?™)
on config. space
V(z) =C|z|" infinite many Ifn=1 K(t,z,y)
(C>0nz=4) small periodic curves | is nowhere C*

(Case 2) M = S2, H(x,p) = 39st(P,P) = 3gijpip; (on local charts)

—it

eI AR f(z) = [ K(t,z,y) f(y) dy. (B IZEH)

S2
] EEVES | HHEAFOHE | BOE \
geodesic flow infinite many K(t,x,y)
(various speeds) small periodic curves | is distribution.
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BADEED (ZD1)

- BLRRBREFIELOEADLDH B
(fbiCH, deformation quantization 74t &).

=7 HA (KBRAZ BRI FHRA)  Low energy approximations of the Feynman p February 14, 2014 5 /25
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- BLRRBREFIELOEADLDH B
(fbiCH, deformation quantization 74t &).

- RAZHEFILEOBE. L2(M) LOBREIERZTRET S
7= D real polarization BNERNAGWZ &£ H B.
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BADEED (ZD1)

- BLRRBREFIELOEADLDH B
(fbiCH, deformation quantization 74t &).

- RAZHEFILEOBE. L2(M) LOBREIERZTRET S
728 @ real polarization NEINBWZ & HH 5.

- BFESNIERFRIR. ERICL>TEIDNBANAGLL.
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BADEED (ZD1)

- BLRRBREFIELOEADLDH B
(fbiCH, deformation quantization 74t &).

- RAZHEFILEOBE. L2(M) LOBREIERZTRET S
728 @ real polarization NEINBWZ & HH 5.

- BFESNIERFRIR. ERICL>TEIDNBANAGLL.

(AR MILERAITRNGCEKROH 21EFARIE, A + BR)
B=0 (RKEARLNTWS)

3 =1/6 (geometry of spectrum clustering)

- BIE FAb D&
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CEEAZICKELT, WO THEEVARBIAH DL EH .
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BADEED (ZD2)

CEEAZICKELT, WO THEEVARBIAH DL EH .

CAVRY MNREFREPER (ARUL) DRFT Vo v L
EEZDE, MOBDRERICRD.
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BADEED (ZD2)

CEEAZICKELT, WO THEEVARBIAH DL EH .

CAVRY MNREFREPER (ARUL) DRFT Vo v L
ZEADE, MORNMRERICRS.
(BIEFRDEY ) X
BO®% K(t,z,y) = H® L? ERESNEEEHK {u;j(z)}
EEoTBLTHDY,

K(t,xz,y) = Z eTjuj- ()u;(y).
J
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BADEED (ZD2)

CEEAZICKELT, WO THEEVARBIAH DL EH .

CAVRY MNREFREPER (ARUL) DRFT Vo v L
EEIADE, BORNRRICLD.
(BERROE Y M) )
WA K (t,z,y) & HO L? ERIESBEEH {u;(x)}
EFEoTEVNTHD L, s
K(t,z,y) =) e = Ju]-(w)uj'(y).
J

t L j OBEREAME T ENE, Kipie(t o, y) € C™.

(BT XILF—ISGEVERICH L, BEBES (ERE) »'5HETES
NEFNEN)
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§2 Feynman R E&TE 2D

space

ERED
S(s,t,x,y)
(t,z) = [J[3X(1)? - V(X(r))dr
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§2 Feynman R E&TE 2D

space

ERED
S(s,t,x,y)
(t,z) = [J[3X(1)? - V(X(r))dr

RERED &, BEEOM%Z
BLEDEZZE
Joy e# 5040 £ (4)D[X]

= e 1 f(x)

QiE. (0,y) & (t,z) ZHER

(s,y

. BH X 2EOES.
X () HERE & DIX]1d QLD Lebesgue-like

X () TR AR

BEm 7747 VREED TEAINS cylinder sets EDEABEEIE

AEMER%E € DEFRAE ICHEERT & 72\ (Cameron)
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RIS ELELLE (SEIRAT 2 15%)

0,y

RESEIL T FRBES %
; EZZ5%5. KoBHHERE,
() SRR EE (£H) 5 &
(3, x3) THR272% (B4 n/}IL{?ﬁ)

BREOEE a EHEICKHL
EZT(BAIRER).

X
X

(-) R4 Hya Sa iR es
() R HigTAR
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RIS ELELLE (SEIRAT 2 15%)

. FRISEI LT, FARS &
L BB RONHARE,

: (t, ) KOBRRIRER (ER) 2 &
'(t3, x3) THE2Y % (BLIRIE)
' BHROEE a SRLBEICHL
EZT (BRIERE).
Ju _a(tjﬂtj-l—lija Tjy1)
en Sttt 1:%5@i11) £ () da
=U(tj4+1 — tj) f(zj41)

0,y

(small time evolution op.)

O x() Rowmnan
X () Ko s
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RIS ELELLE (SEIRAT 2 15%)

. FRISEI LT, FARS &
L BB RONHARE,

: (t, ) BB AER (£R) 0 &

(3, 3) THE2Y % (BL20RE)

S RBROBE o EBEICSL

EZT(BLIRRE).

Jar a(tis tit1, @5, Tjq1)
enStitit1m@it1) £ () da

=U(tj+1 — t;) F(xj41)
(small time evolution op.)

0,y

© X() Rommigs L AT, BEAELEL
X (1) ROBIHETH R ERDELIICEET S
N-1 . N-1
Jar o Jar T1 altjstipn, @, mjpq)enSEtivn®imivn) £ (y) [] da;
N-—1 9—0 Jj=0

= ,HO Uty — t)]f(x) = [ er5Ot=) f(y)D[X] (N — o).
=
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REREDZERT MDA

REBESZHENICHBICRD 2D, W DHODFER
1. Trotter Kato DARE, 774 VI VIEDOHEMESLE AT
Vaki

2. TS VIUEHM N HBEWIBEEFIIREEAEEREE L. Wiener JAIE
= LETER YT 2 A E

3. BRI N ERBOFH L WEAERED EEZA DAL
(FREEF D AHEN Albeverio 5D HEME)

4, BEBITERBVWT, T4y 7ERRICHTIFUEICES 1TDHEC

HERABUCEN S Ak
hERE
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1. Trotter Kato DARE, 774 VI VIEDOHEMESLE AT
Vaki

2. T VIUERH h HBEIWIEEFLIIHREEEREE L. Wiener AIE
= LETER YT 2 A E

3. BRIV N EREDOHF LWAERED EEZA DAL

(FREEF D AHEN Albeverio 5D HEME)

4, BERTEZRAWVWT, T4 7y 7ERRICHT 2HUEICSITEHEC
HERABUCEND A%
RERE

SO, BESEEM = RA LEH
DT EL, FREDDREID O ZHREDMEREFEHTEEZ S ITRWNT?
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BERSEEDHER

Assumption V' (z) € C*(R"™), |0*V (x)| < Cq for |a| = 2.
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BERSEEDHER

Assumption V' (z) € C*(R"™), |0*V (x)| < Cq for |a| = 2.

1. S(tyz,y) = [{[AX(1)? — V(X (7))]dr
((0,y) & (t,z) A RESHARBOERES I BAEHTERSINS)
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BERSEEDHER

Assumption V' (z) € C*(R"™), |0*V (x)| < Cq for |a| = 2.

L S(t,z,y) = [p[3X(7)? = V(X(7))ldr
((0,y) & (t,z) A HARBOFRBI V' BAARETERIND)
2. D(t,z,y) = det(82S(t, z,y)/0xdy) (van Vleck determinant)
XL,

a(t,x,y) = (2wih)~"/2D(t,z,y)/? &£ &<.
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BERSEEDHER

Assumption V' (z) € C*(R"™), |0*V (x)| < Cq for |a| = 2.

1. S(tyz,y) = [{[AX(1)? — V(X (7))]dr
((0,y) & (t,z) A RESHARBOERES I BAEHTERSINS)

2. D(t,z,y) = det(82S(t, z,y)/0xdy) (van Vleck determinant)
XL,

a(t,x,y) = (2wih)~"/2D(t,z,y)/? &£ &<.
3. U®) (@) = [pn alt, z,y)erSEB=Y) f(y)dy EEHT 3.
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BERSEEDHER

Assumption V' (xz) € C*°(R"), |8*V (x)| < Cq for || = 2.

1 S(t,@,y) = [o[3X(7)? — V(X (7))]dr
((0,y) & (t,z) ERSEHARBOFRAEI P BHBEETESSNSD)

2. D(t,z,y) = det(82S(t, z,y)/0xdy) (van Vleck determinant)
XL,

a(t,x,y) = (2wih)~"/2D(t,z,y)/? &£ &<.
3. U®) (@) = [pn alt, z,y)erSEB=Y) f(y)dy EEHT 3.

Theorem (Fujiwara)

t>0%&%. o
]\}ijrlw[U(%)]N =exp Z[-LA+V(z)] (FRAR/ILL)
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— / BN E DRER

Assumption V' (xz) € C*°(R"™), |0*V (z)| < C4q for |a| = 2.
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Assumption V' (xz) € C*°(R"™), |0*V (z)| < C4q for |a| = 2.

1. S(t,z,y) = [J[AX(7)? — V(X (7))]dr
((0,y) & (t, ) ERESKHHHHEBOIERES)
2. a(t,z,y) = (2wih) /2 £ $X<.
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— / BN E DRER

Assumption V' (xz) € C*°(R"™), |0*V (z)| < C4q for |a| = 2.

L S(ta,y) = [y[3X(7)2 = V(X(r))]dr
((0,y) & (t, ) &SRS HRVEEOERTES)
2. a(t,z,y) = (2mwih)~™/2 £ &<.
3. U®#)f(x) = [pn alt, z,y)erSE=Y) f(y)dy EEEHT 3.
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— / BN E DRER

Assumption V' (xz) € C*°(R"™), |0*V (z)| < C4q for |a| = 2.

L S(ta,y) = [y[3X(7)2 = V(X(r))]dr
((0,y) & (t, ) &SRS HRVEEOERTES)
2. a(t,z,y) = (2mwih)~™/2 £ &<.
3. U®#)f(x) = [pn alt, z,y)erSE=Y) f(y)dy EEEHT 3.

Theorem (W.Ichinose)

t>0%&%. .
Jim [U(E)IV () = exp S22 A + V(@) f(z) (L*-strong)

=7 HA (KBRAZ BRI FHRA)  Low energy approximations of the Feynman p February 14, 2014 11 /25



WS DD DFE

1. van Vleck determinant D(t, z,y) I&, EHEDAERZHET.
2D+ V-[DVS]=0.

=7 HA (KBRAZ BRI FHRA)  Low energy approximations of the Feynman p February 14, 2014 12 / 25



WS DD DFE

1. van Vleck determinant D(t, z,y) I&, EHEDAERZHET.
2D+ V-[DVS]=0.

2. S(t,x,y) & a(t,z,y) DEYHIC, ZDD ambiguity B'H 5.
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WS DD DFE

1. van Vleck determinant D(t, z,y) I&, EHEDAERZHET.
2D+ V-[DVS]=o0.
2. S(tyx,y) & a(t,z,y) DEYFIC, ZDD ambiguity H'dH 3.
3. BEBRIE, U(t) DKM L2 BERMEEZRAW5.
(Cotlar Stein lemma, Calderon-Vaillancourt theorem,
Hadamard's global inverse function theorem MF )
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WL DHODEE

1. van Vleck determinant D(t, z,y) I&, EHEDAERZHET.
2D+ V-[DVS]=o0.

2. S(t,x,y) & a(t,z,y) DEYHIC, ZDD ambiguity B'H 5.
3. SERRIE, U(t) ORI L2 BREER VS,

(Cotlar Stein lemma, Calderon-Vaillancourt theorem,
Hadamard's global inverse function theorem MFF)

Ve >0 3T >0st. 0<t < T =>
IU@)fllzz = (1 + C)||fllL2 - (1)
U@ f —exp S2HS| 2 < et||fllgz -+ (2)
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WS DD DFE

1. van Vleck determinant D(t, z,y) I&, EHEDAERZHET.
2D+ V-[DVS]=o0.

2. S(t,x,y) & a(t,z,y) DEYHIC, ZDD ambiguity B'H 5.
3. SERRIE, U(t) ORI L2 BREER VS,

(Cotlar Stein lemma, Calderon-Vaillancourt theorem,
Hadamard's global inverse function theorem MFF)

Ve >0 3T >0st. 0<t < T =>
IU@)fllzz = (1 + C)||fllL2 - (1)
U@ f —exp S2HS| 2 < et||fllgz -+ (2)

KELPERET v LI LTH, (1), (2) iSRS % 5T
BEZ T\,
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§3 IKE L DRIRRSD (RERKEEI RILF—ER)

Setting
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§3 IKE L DRIRRSD (RERKEEI RILF—ER)

Setting

1. (M,g) = (S2,gst) (R3 AD 2 RITHEAIIRE)
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§3 IKE L DRIRRSD (RERKEEI RILF—ER)

Setting

1. (M,g) = (S2,gst) (R3 D 2 RITHAIERTE)
2. d = d(xz,y) = arccos(Z - ) (CRIHLEERH)
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§3 IKE L DRIRRSD (RERKEEI RILF—ER)

Setting

1. (M,g) = (S2,gst) (R3 D 2 RITHAIERTE)
2. d = d(xz,y) = arccos(Z - ) (CRIHLEERH)

(d>m ERDHERdEEIRV)
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§3 IKE L DRIRRSD (RERKEEI RILF—ER)

Setting MDD &
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§3 IKE L DRIRRSD (RERKEEI RILF—ER)

Setting MDD &

3. Stz y) = [T Lguw (@), &(t)) dt = 4E0E
(BB D IEFATES)
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§3 IKE L DRIRRSD (RERKEEI RILF—ER)

Setting MDD &

3. S(t, @, y) = fi 2900 (@(2), &(1)) dt = LEDE
(RIEEBDIERESD)
4. ZRRFD van Vleck determinant
D(t,z,y) = G~/2(x2)G~/2(y) det(8?S(t, z,y) /dxdy)

x(d(z,y)) : cut off
(bump ft. with compact support contained in d(z,y) < 7. )

a(t,z,y) = x(d(z,y))D(t, x, y)l/z
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§3 BRE_E DIRBRES (RITRHE & ET 3L E—EL)

Setting MDD &

3. S(t, @, y) = fi 2900 (@(2), &(1)) dt = LEDE
(RIEEBDIERESD)
4. ZRRFD van Vleck determinant
D(t,z,y) = G~/2(x2)G~/2(y) det(8?S(t, z,y) /dxdy)

x(d(z,y)) : cut off
(bump ft. with compact support contained in d(z,y) < 7. )

a(t,z,y) = x(d(z,y))D(t, x, y)l/z

Definition (Shortest path approximations on S?)
U@t)f(z) = (2m1) 7! [g a(t,z,y)eS® ™ 9) f(y) dy

CEE. LT, BEDEHDICh=1&93))
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§3 IKE L DRIRRSD (RERKEEI RILF—ER)

Setting DD D &
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§3 IKE L DRIRRSD (RERKEEI RILF—ER)

Setting DD D &
—Ag2 = [g Edp(E) : KEZ 727 Y DARY MV
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§3 IKE L DRIRRSD (RERKEEI RILF—ER)

Setting DD D &
—Ag2 = [g Edp(E) : KEZ 727 Y DARY MV

=
AR
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§3 IKE L DRIRRSD (RERKEEI RILF—ER)

Setting DD D &
—Ag2 = [g Edp(E) : KEZ 727 Y DARY MV

- ==
AR

{Uj, Ej} AT TSIV T Vv OEEEMERRE
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§3 IKE L DRIRRSD (RERKEEI RILF—ER)

Setting DD D &
—Ag2 = [g Edp(E) : KEZ 727 Y DARY MV

TR
{Uj, Ej} AT TSIV T Vv OEEEMERRE
({u; } & L2(S2) DEFREREE, E; XEEE)
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§3 IKE L DRIRRSD (RERKEEI RILF—ER)

Setting DD D &
—Ag2 = [g Edp(E) : KEZ 727 Y DARY MV

TR
{Uj, Ej} AT TSIV T Vv OEEEMERRE
({u; } & L2(S2) DEFREREE, E; XEEE)

p(E) : L2(S?) — L.h.{u; | E; £ E} : spectral projector
(BETRILF—~DHE)
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§3 BRE L DIRERIESD R (2D 1)

Theorem (operator norm)

t>0 +HNEWe>0ICRL
Jim [U/N)[Np(NY/37) = exp [— it (—%(A + g)) ] in L?
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§3 BRE L DIRERIESD R (2D 1)

Theorem (operator norm)
t>0 t4/NMSWe>0IICHL
Jim [U/N)[Np(NY/37) = exp [— it (—%(A + g)) ] in L?

v

Theorem (strong limits)
t>0ICxL
s-lim [U(¢/N)INp(N)f (@) = exp [—it (=3(A + ) | £(@) in L?

v
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§3 Bk L DIXEEIRD HER(ZTD1)

Theorem (operator norm)

t>0 +oMhSWVWe>0ICHL
Jim [U/N)[Np(NY/37) = exp [— it <—%(A + %)) ] in L?

v

Theorem (strong limits)

t>0ICxL
s-lim [U(¢/N)INp(N)f (@) = exp [—it (=3(A + ) | £(@) in L?

v

Corollary
u; TSV VOEBREREL, t> 087 5.
s-lim [U(t/N)]Vu; = exp [— it (—%(A + g)) }uj in L?
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63 BKE L DIRRIED R

=

A= 1
t>0icxL

Jim (|[U(/N)N —exp | =it (=3(A + B)) |Iz#0.

(spectral projector 7 L ©, operator norm DYXERIFELIL L 72 L)
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63 BKE L DIRRIED R

=-W
t>0ICxL
Jim |[U@E/N)N —exp [ =it (~3(A + B)) |Iza#0.

(spectral projector 7 L ©, operator norm DYXERIFELIL L 72 L)
xR 2.
f(x) € G1/6(S?) (Gevrey class) &9, t > 0IHL
s-lim [U(t/N)Vf(@) = exp [ — it (~3(& + ) | f(2) in L.

(BT XL ¥—BBICH LT, IR 3)

BEEHNICIE., RERKEMUEEIRILEF—0B#IHIFTLES.
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§3 IE LDREIRD &4

BDFETKDODONIEIKEFETRATHS.

f@yeCo(SH) L, t="cQ(k& mEEWIRETS.)
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§3 Bm L DRRERIRD BA

OFETRD LN ZEAKEES TRHRATHS.
f@yeCo(SH) L, t="cQ(k& mEEWIRETS.)
s-lim {U(87m/kN)}Np(N)f(x)
N—o00
= Js2 20 (22#) emdmHamIIED+1Y/3kCy /2 (cos d(@, y)) £ (y)dy

:{ 2wim/3k Z I\(m k,]) Ccos 27".7 }f(m)

j=0

=7 HA (KBRAZ BRI FHRA)  Low energy approximations of the Feynman p February 14, 2014 18 / 25



§3 Bm L DRRERIRD BA

OFETRD LN ZEAKEES TRHRATHS.
f@yeCo(SH) L, t="cQ(k& mEEWIRETS.)
s-lim {U(87m/kN)}Np(N)f(x)
N—o00
= Js2 20 (2%) emdmHamIIED+1Y/3kCy /2 (cos d(@, y)) £ (y)dy

— { 2wim/3k Z I\(m k,]) Ccos 27".7 }f(m)
j=0

772U, T'(m, k, j) = o= Z e”i(l2m+lj)/k I Gauss #,

AI\/T-F%,

C; : Gegenbauer polynomials are defined by
= S ()
(1—2zt+t2)1/2 — = l :
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Shell game (not rigorous!).

For small ¢ > O,
j‘ﬂ eiS(O,t,w,:c)D[X]
l(l+1)
~ gazexp (iS(0,t,x,x) + H&) ~ l OZI TR Y m (2) 2.
Z1<m<l1

S(0,t,z,x) =0 & L, trace DEEPEETE.
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Shell game (not rigorous!).

For small ¢ > O,
j‘ﬂ eiS(O,t,w,:c)D[X]
l(l+1)
~ ga-exp (iS(0,t, ) + L)~ Y ez |Vim(2)|
1=0,1,.--
—1<m<l

S(0,t,z,x) =0 & L, trace DEEPEETE.

Re[zmt fS2 exp(’Rt)da:] ~Re Y
1=0,1,-
—1<m<l

L 1(141)
e U2
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Shell game (not rigorous!).

For small ¢ > O,
j‘ﬂ eiS(O,t,w,:c)D[X]
l(l+1)
~ ga-exp (iS(0,t, ) + L)~ Y ez |Vim(2)|
1=0,1,-
—1<m<l

S(0,t,z,x) =0 & L, trace DEEPEETE.

Re[zmt fS2 exp(’Rt)d:z:] ~Re Y
1=0,1,-
—1<m<l

t—>0&L, C(n) ) - E—vEHKETBLE,
JeeGE)dz =1+ S (20+1)

1=1,2,
=1+2¢(-1) + C(O)
= 1—|—2(12)—l—( 1y =1 (correct)

L 1(141)
e U2
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§3 a4 & (FADHY 72 WF)

mE (—H&D 2 RITTLHRIEK, h-small) (not rigorous!).
For small t > 0,
fﬂ B%S(O’t’m’m)D[X]
~ 2mht exp(hS(O t,x,x) + tht) ~ Z e |uj(:v)|2

Jj=1,-

S(0,t,z,x) =0 & L, trace DIFEFED (t1 St < t2) H5TH.
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§3 oo & (FADHENY) 72 W)

fmE (—HRD 2 RITEZFRIK, h-small) (not rigorous!).
For small t > 0,
fn e%S(O,t,m,m)D[X]

~ 27rzht exp(hS(O t T, w) + tht) ~ Z e = |U.7($)|2
i=1,
S(0,t,z,x) =0 & L, trace DIFEFED (t1 St < t2) H5TH.

—i(tg—t1)E;

ih R ih
fM gmie ©XP ("3 )dx dt ~ ; 21: ‘z‘fje "
‘7: PR
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§3 B2 & (RADHENY) 7= \WH)

fmE (—HRD 2 RITEZFRIK, h-small) (not rigorous!).
For small t > 0,
fn e%S(O,t,m,m)D[X]

~ 27rzht exp(hS(O t T, w) + tht) ~ Z € — |U.7($)|2
i=1,
S(0,t,z,x) =0 & L, trace DIFEFED (t1 St < t2) H5TH.

—i(tg—t1)E;

ihR ih
fM gmif ©XP (Y3")dw dt ~ ; 21: B° "
‘7: PR

’Y iy
~ Y hetS/hoaf 9
“Y:closed geodesic det(I P‘Y)
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§3 oo & (FADHENY) 72 W)

fmE (—HRD 2 RITEZFRIK, h-small) (not rigorous!).
For small t > 0,
fn e%S(O,t,m,m)D[X]

~ 27rzht exp(hS(O t T, w) + tht) ~ Z € — |UJ($)|2
i=1,
S(0,t,z,x) =0 & L, trace DIFEFED (t1 St < t2) H5TH.

—i(tg—t1)E;

ih R ih
fM gmie ©XP ("3 )dx dt ~ ; 21: ‘z‘fje "
‘7: PR

’Y iy
~ Y hetS/hoaf 9
“Y:closed geodesic det(I P‘Y)

(Low energy, time local) Gutzwiller trace formula can be found
in [Gu-St] (§11.5.3. p.301)
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84 BRART VT v LIS T B REES

(RITETHERE & AET L F L)

Setting(1:kT BXRETV T vI)
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84 BRART VT v LIS T B REES

(RITETHERE & AET L F L)

Setting(1:kT BXRETV T vI)
1. H(z,p) = %|p|2 + clz|™ € C°(T*R), (c>0,n =4).
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84 BRART VT v LIS T B REES

(RITETHERE & AET L F L)

Setting(1:kT BXRETV T vI)
1. H(z,p) = 5|p|* + clz|” € C=(T*R), (c>0,n=4)
w . .

0,y

(t, )

‘t

X () BHBHMEE A THERSD 5
X () K BisiEes
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84 BRART VT v LIS T B REES

(RITETHERE & AET L F L)

Setting(1:kT BXRETV T vI)

1. H(z,p) = %|p|2 + clz|™ € C°(T*R), (c>0,n =4).
m . .

(t, )

P EROKDIC, BUNFBZ &I

WIRICS < O E BB AT
L 95,

(an

S —
X () ESMERRBATERED B
X () K BisiEes
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84 BRART VT v LIS T B REES

(AR & BT RILF—IEH)
Setting DD D &

=7 HA (KBRAZ BRI FHRA)  Low energy approximations of the Feynman p February 14, 2014 22 /25



84 BRART VT v LIS T B REES

(RITETHERE & AET L F L)

Setting DD D &

2. S(tsw,y) = [y L(X(s), X (s))ds
= o) et @“*%”U(ﬁ%ﬁ%@ﬁﬁ%ﬁ)

2t n+1 y—x
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84 BRART VT v LIS T B REES

(RITETHERE & AET L F L)

Setting DD D &

2. S(tsw,y) = [y L(X(s), X (s))ds
_ =) et @M*%”j(ﬁ%ﬁ%@WﬁEﬁ)

2t n+1 y—x

Lemma (one path condition)

Let Co < 24/2 and t > 0. Then the classical motion satisfying
X (s)[t]?/(™=2) < Cy for all 0 < s < t is one at most.

3. van Vleck determinant
D(t,z,y) = 0°S(t, =, y) /8y
xt(z,y) = x (¥ =g, t2/(=2)y) . cut off
(bump ft. with compact support contained in |z| < C1,|y| < Ci.)

a(t,z,y) = xt(x,y)D(t, x,y)*/?

=7 HA (KBRAZ BRI FHRA)  Low energy approximations of the Feynman p February 14, 2014 22 /25



84 BRART VT v LIS T B REES

(RITETHERE & AET L F L)

Setting MDD X

Definition (Shortest path approximations)
U(t)f(x) = (2m) 72 [g a(t, 2, y)e'Sh = V) f(y) dy

HREDEEERMULIICARY MUVDBREEZ .
—1A + c|z|” = [ Edp(E) : AT MLSR

Zanelli @ h-small caliculus DEHFICHE 5> T,

Definition (Low energy shortest path approximations)
U(t, E) = p(E)U(1)

(BT RILF—~DHF)
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§4 BRART Vv ILICHT ZREEED (FBR)

Theorem (Time slicing products and the strong limits)

Let En = o(N™/?"=2) and EN — 00 as N — co. We have
s;\}im [U@/N, EN)IN f(x) = e ®H f(x) in L2(R)
—ro0

s

AR n=2%5, x¢(z,y) = X(t2/(”_2)w,t2/("_2)y) &,
EBORBBENPDOERERBWVWEES. 5615, p(E) B
WETRLN,

FE XOMHERRAFEZL,
Ho2ERWALNA B LONEANE AL,
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§5.1 GEBADEE

Case 1 (M =R", V(z) = O(z?)) ZBWHT.
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§5.1 GEBADEE

Case 1 (M =R", V(z) = O(z?)) aBWHT.

Ve >0,3T >0st. 0<t<T =
U@ fllz = A+ CO|f |l (1)
|U(t)f — exp _Titﬁf“Lz < et -+ (2)
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§5.1 GEBADEE

Case 1 (M =R", V(z) = O(z?)) aBWHT.
Ve>0,3IT >0st. 0<t<T =
U@ fllz = A+ CO|f |l (1)
|U(t)f — exp _Titﬁf“Lz < et -+ (2)
2 RFTTERE LT, (1), (2) ISR d 2 FH{.
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§5.1 GEBADEE

Case 1 (M =R", V(z) = O(z?)) ZBWHT.

Ve >0,3T >0st. 0<t<T =
IU@) fllzz = (1 + Ct)|| |2 e (1)
|U(t)f — exp _Titﬁf“Lz < et -+ (2)

2 RTIKE LT, (1) (2) ICXF IS 2 FFAE.
H=-l(re+8)r32e,
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§5.1 GEBADEE

Case 1 (M =R", V(z) = O(z?)) ZBWHT.

Ve >0,3T >0st. 0<t<T =
IU@) fllzz = (1 + Ct)|| |2 e (1)
|U(t)f — exp _Titﬁf“m < et -+ (2)

LRTHELT, (1), (2) K315 554
H=-l(re+8)r32e,

IU®#)fllz < (14 Cit)||fllz2 + Cat?||(— sz + 1) fllz -+ (3)
U@ f — exp(—itH) fllr2 < ©E|(—Lg2 +1)3fllpz -+ (4)
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§5.1 GEBADEE

Case 1 (M = R™, V(z) = O(x?)) #BWVHT.
Ve >0,3T >0st. 0<t<T =

IU@) fllez = 1+ CH[f|l2 e (1)
U@ f —exp GEHS||2 <et -+ (2)
2RERELT, (1), (2) AT BHE.

H= —f(Asz + ) E¥BE,
|U@)fllzz £ (14 Cit)||fllg2 + Co2t?[[(—Lg2 + 1) fllg2 -+ (3)
IU@)f = exp(—itH) fllrz < GEN(=LDsz +1)3fllez -+ (4)
Super—quadratlc potential (XX 9 % A
H= ——A + V) &T5E,

1Tt B) — e 5" Jp(B) Iz < G (B>~ + D)[|f@)llz= - (5)
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