CHARACTERIZING COHEN-MACAULAY LOCAL RINGS BY
FROBENIUS MAPS

RYO TAKAHASHI AND YUJI YOSHINO

ABSTRACT. Let R be a commutative noetherian local ring of prime charac-
teristic. Denote by °R the ring R regarded as an R-algebra through e-times
composition of Frobenius map. Suppose that R is F-finite, i.e., 'R is a finitely
generated R-module. We shall prove in this paper that R is Cohen-Macaulay
if and only if the R-modules °R have finite Cohen-Macaulay dimensions for
infinitely many integers e.

1. INTRODUCTION

Throughout the present paper, we assume that all rings are commutative and
noetherian.

Let R be a local ring of characteristic p, and let f : R — R be the Frobenius
map, given by a — a?. For an integer e, we denote by f¢: R — R the e-th power
of f, that is, it is given by f¢(a) = a?". We denote by °R the R-algebra R whose
R-algebra structure is given via f°. The ring R is said to be F-finite if 'R, hence
every °R, is a finitely generated R-module.

E. Kunz [18] proved that R is regular if and only if 'R is R-flat. A. G. Rodicio
[21] gave a generalization of this result as follows.

Theorem 1.1 (Rodicio). A local ring R of prime characteristic is regular if and
only if the R-module 'R has finite flat dimension.

A similar result concerning the complete intersection property and complete
intersection dimension (abbr. CI-dimension) was proved by Blanco-Majadas [9)].
They actually proved that a local ring R of prime characteristic is a complete
intersection if and OILIX if there exists a Cohen/factorization R — S — R such that
the CI-dimension of 'R over S is finite, where 1R denotes the completion of the local
ring 'R. (For the definition of a Cohen factorization, see [5].) Therefore, we have
in particular the following.

Theorem 1.2 (Blanco-Majadas). An F-finite local ring R is a complete intersec-
tion if and only if the R-module 'R has finite CI-dimension.

The main purpose of this paper is to give a similar theorem for Cohen-Macaulay
dimension to characterize Cohen-Macaulay local rings of prime characteristic. In
Section 3, we shall consider F-finite local rings, and prove the following theorem.
(In the following theorem, v(R) is an invariant of the local ring R, whose definition
we will give in Section 3.)

Theorem 3.5. Let R be an F-finite local Ting of characteristic p. Then the fol-
lowing conditions are equivalent.

(1) R is Cohen-Macaulay.
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dimension.
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(2) CM-dimpg°R < oo for all integers e.
(3) CM-dimpg®R < oo for infinitely many integers e.
(4) CM-dimpg°R < oo for some integer e with p® > v(R).

To prove this theorem, the following lemma will be a key which plays an essential
role in proving several other results of this paper.

Lemma 3.2. Let (R,m, k) — (S,n,l) be a local homomorphism of local rings.
Suppose that mS C n*S) . Then, there is an S-reqular sequence y such that k is
isomorphic to a direct summand of S/(y) as an R-module.

In Section 5, we shall also make a consideration for local rings which are not
necessarily F-finite, and prove the following result that generalizes Theorem 3.5.

Theorem 5.3. Let (R, m, k) be a local ring of characteristic p. Then the following
conditions are equivalent.

(1) R is Cohen-Macaulay.
(2) There exist a local ring homomorphism R — S and a finitely generated S-
module N satisfying the following two conditions.
i) There is a mazimal R-reqular sequence that is also N-regular.
ii) There is an integer e such that p® > v(R) and that Ext'(°R, N) =0 for
any sufficiently large integer 1.

The organization of this paper is as follows. In Section 2, we recall the definitions
and elementary properties of Cohen-Macaulay dimension and Gorenstein dimension
without proofs. In Section 3, we shall give proofs of Lemma 3.2 and Theorem 3.5.
In Section 4, we make a generalization of a theorem of J. Herzog [16], which gives
a sufficient condition for a module to have finite projective dimension or finite
injective dimension. Using Lemma 3.2 and a result due to Avramov-Foxby [4], we
shall actually refine the result of Herzog in Theorem 4.5. In Section 5, we give a
proof of Theorem 5.3. In Section 6, we give a characterization of F-finite Gorenstein
local rings. It is similar to Theorem 3.5, but is stated in a slightly stronger form.

2. PRELIMINARIES

In this section, we shall recall the definitions of Cohen-Macaulay dimension de-
fined by A. A. Gerko [14] and Gorenstein dimension defined by M. Auslander [1],
and state several properties of those dimensions for later use.

Throughout this section, R always denotes a local ring with residue field k.

In order to define Cohen-Macaulay dimension and Gorenstein dimension, we
begin with observing the notion of semi-dualizing module, which has been studied
by H. -B. Foxby [13], E. S. Golod [15], L. W. Christensen [11], and Gerko [14]. (A
semi-dualizing module is a PG-module which appears in [13], and is called a suitable
module in [15] and [14].) We denote by D’(R) the derived category of the category
of finitely generated R-modules.

Definition. (1) A finitely generated R-module C is said to be semi-dualizing if the
natural homomorphism R — Hompg(C,C) is an isomorphism and Ext%(C,C) = 0
for i > 0, equivalently the natural morphism R — RHompg(C, C) is an isomorphism
in D*(R).

(2) For a semi-dualizing R-module C, we say that a finitely generated R-module M
is totally C-reflexive if the natural homomorphism M — Hompg(Hompg (M, C),C)
is an isomorphism and Ext% (M, C) = Exts(Hompg (M, C),C) = 0 for i > 0.

One should note that the R-module R is always a semi-dualizing module.
Semi-dualizing modules satisfy several properties as in the following proposition.
For their proofs, one refers to [11] and [13]. Here, for a finitely generated R-module
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M, pr(M) denotes the minimal number of generators of M, and rr(M) denotes
the type of M, i.e. ur(M) = dimg(M ®p k) and rg(M) = dim;Ext’ (k, M) where

Proposition 2.1. Let C be a semi-dualizing R-module. Then the following prop-
erties hold.
(1) The R-module C is faithful.
(2) A sequence of elements of R is R-regular if and only if it is C-regular. In
particular, depth,C' = depth R.
(3) One has the equality ur(C)rr(C) =rr(R).

Now let us state the definitions of Cohen-Macaulay dimension and Gorenstein
dimension. We denote by Q3 M the n-th syzygy module of an R-module M.

Definition. Let M be a finitely generated R-module.

(1) If there is a faithfully flat homomorphism R — S of local rings together with a
semi-dualizing S-module C such that the module Q% (M ®gS) is totally C-reflexive,
then we say that the Cohen-Macaulay dimension (abbr. CM-dimension) of M is not
larger than n, and denote CM-dimprM < n. If there does not exist such an integer
n, we say that the CM-dimension of M is infinite, and denote CM-dimgpM = oc.
(2) If the module Q}M is totally R-reflexive, then we say that the Gorenstein
dimension (abbr. G-dimension) of M is not larger than n, and denote G-dimpM <
n. If there does not exist such an integer n, we say that the G-dimension of M is
infinite, and denote G-dimpM = oc.

Remark 2.2. In [14] Gerko defines CM-dimension in two different ways. Compare
[14, Definition 3.2] with [14, Definition 3.2’]. We have adopted the latter one in the
above definition. Since he proves in his paper that both coincide with each other,
the following conditions are equivalent for a finitely generated R-module M.
(1) CM—dlmRM < 0.
(2) There exist a faithfully flat homomorphism R — S and a surjective homo-
morphism 7" — S of local rings such that G-dimyS = grade;S (< oo) and
that G-dimp(M ®g S5) < oo.

G-dimension and CM-dimension satisfy many properties as follows. Notice that
these properties are quite similar to those of projective dimension. For their proofs,
see (2], [3], [12], [14], [19], and [23]

Proposition 2.3. (1) If G-dimgM < oo for a finitely generated R-module M,
then G-dimpM = depth R — depthp M.
(2) The following conditions are equivalent.
i) R is Gorenstein.
ii) G-dimgpM < oo for any finitely generated R-module M.
i) G-dimpgk < oo.

(3) Let N be a direct summand of an R-module M. Then G-dimgN < oo
whenever G-dimpM < oo.

(4) Let0 = L - M — N — 0 be a short exact sequence of finitely generated
R-modules. If any two of L, M, N have finite G-dimension, then so do the
all.

(5) The following conditions are equivalent for a finitely generated R-module.

i) G-dimpM < oco.
ii) The natural morphism M — RHompg(RHomp (M, R), R) is an isomor-
phism in D’(R).

(6) If CM-dimgM < oo for a finitely generated R-module M, then
CM-dimrM = depth R — depthy M.

(7)  The following conditions are equivalent.
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i) R is Cohen-Macaulay.
ii) CM-dimgM < oo for any finitely generated R-module M.
iii) CM-dimgk < cc.
(8) Let N be a direct summand of a finitely generated R-module M. Then
CM-dimgN < oo whenever CM-dimpM < oo.
(9) CM-dimpM < G-dimgpM for any finitely generated R-module M. In partic-
ular, a module of finite G-dimension is also of finite CM-dimension.

3. A CHARACTERIZATION OF COHEN-MACAULAY RINGS
First of all, we introduce an invariant of a local ring.

Definition. Let R be a local ring with maximal ideal m. Take a maximal R-
regular sequence x = x1,%2, -+ ,xs where ¢ = depth R. Then, note that the
0-th local cohomology module HY(R/(x)) of R/(x) with respect to m is a non-
trivial submodule of R/(x) of finite length, hence it follows from Artin-Rees
lemma that HQ(R/(x)) N m"(R/(x)) = 0 for any sufficiently large n. We de-
fine the integral valued invariant v(R) to be the smallest integer n satisfying
H2(R/(x)) nm"(R/(x)) = 0 for some maximal R-regular sequence X.

Remark 3.1. (1) Several invariants similar to the above invariant has been inves-
tigated in [17].
(2) Note from definition that R is a regular local ring if and only if v(R) = 1.
Furthermore, if (R, m) is a Cohen-Macaulay local ring, then v(R) is the smallest
integer n such that m™ is contained in some parameter ideal of R. Hence it is not
bigger than the multiplicity of R with respect to m.
(3) Let (R,m) — (S,n) be a faithfully flat homomorphism of local rings. Assume
that its closed fiber is artinian, and let I be the smallest integer with n! C mS.
Then we have the inequality v(S) <1-v(R).

In fact, take a maximal R-regular sequence x with H2 (R/(x))Nm*F®)(R/(x)) =
0. Then, since the induced map R/(x) — S/xS is also faithfully flat, it is easy to
see that HY(S/xS) = HY(R/(x))(5/xS) and that

HY(S/xS) Nnl(H)(S/xS) HO(R/(x))(S/xS) Nm* ) (S/xS)
= SH%(R/(X)) Nm*(R/(x))) (S/xS5)

N

Hence we have v(S) < - v(R).

Now we shall prove the main lemma of this section. It is rather easy to prove
the lemma, but it has a lot of applications as we see later.

Lemma 3.2. Let (R,m, k) — (S,n,1) be a homomorphism of local rings. Suppose
that mS C n*5) . Then, there is an S-reqular sequencey such that k is isomorphic
to a direct summand of S/(y) as an R-module.

Proof. Take a maximal S-regular sequence y with H2(S/(y)) N n*®)(S/(y)) = 0.
Set S = S/(y), and let 6 : H)(S) — S and 7 : § — S/mS be natural homomor-
phisms. Since mS C n*(%) we have H2(S)NmS = 0. Hence the composite map 76
is injective. Note that S/mS is a k-vector space, hence so is H2(S). Therefore 76
is a split-monomorphism of R-modules, hence so is . Since H?(S) is a non-zero
k-vector space, the assertion follows. O

Applying the above lemma to the Frobenius map, one obtains the following result
for local rings of prime characteristic.

Corollary 3.3. Let (R,m,k) be a local ring of characteristic p, and let e be an
integer with p° > v(R). Then k is isomorphic to a direct summand of °R/(x) as an
R-module for some mazimal °R-regular sequence x in “m.
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Proof. Let a1,as,- - ,a, be a system of generators of m. Then the ideal m°R of °R
is generated by a’fe, age, e ,a’r’e. On the other hand, the elements aq,as,--- ,a, in
°R generate the ideal ‘m. Since p¢ > v(R) = v(°R), one has m°R C (‘m)*("®). Thus
the assertion follows from Lemma 3.2. O

Corollary 3.4. Let P be a property of local rings, and let (R,m, k) be an F-finite
local ring of characteristic p. Consider a numerical invariant \ of a finitely gener-
ated R-module (that is, \(0) = —oc0 and AM(X) € N U {co} for a finitely generated
R-module X ) satisfying the following conditions.

a) Let R — S be a finite homomorphism of local rings, and let y € S be a
non-zero-divisor on S. If A\(S) < oo, then A(S/(y)) < oco.
b) Let N be a direct summand of a finitely generated R-module M. If \(M) <
00, then A(N) < 0.
c) If Mk) < oo, then R satisfies P.
Under these circumstances, suppose that A(°R) < oo for some integer e with p® >
v(R). Then R satisfies P.

Before proving this corollary, we should note that there are many numerical
invariants satisfying the conditions a)-c) for certain properties of local rings. For
instance, projective dimension satisfies them for the regular property. We will give
several examples below the proof of this corollary and below Theorem 3.5.

Proof of Corollary 3.4. Assume that A(°R) < oo for some integer e with p¢ > v(R).
We have from Corollary 3.3 that & is a direct summand of °R/(x) as an R-module,
for some °R-sequence x. It follows from the condition a) that A(°R/(x)) < oc.
Hence we see that A(k) < oo by b), and R satisfies the property P by ¢). O

Now we shall observe that CM-dimension is a numerical invariant satisfying the
conditions a)-c) in the above corollary for the Cohen-Macaulay property. Let us
take CM-dimension as A, and the Cohen-Macaulay property as P in the corollary.
Then it follows from Proposition 2.3.7 and 2.3.8 that CM-dimension satisfies the
condition b) and c) for the Cohen-Macaulay property. Furthermore, it is easy to
see that CM-dimension also satisfies the condition a). Indeed, let R — S be a
finite homomorphism of local rings, and let y € S be a non-zero-divisor on S.
Suppose that CM-dimgS < co. Then, by Remark 2.2, there exist a faithfully flat
homomorphism R — R’ and a surjective homomorphism 7' — R’ of local rings such
that G-dimp R’ = gradep R’ < oo and that G-dimy (S ® g R') < co. On the other
hand, we have a short exact sequence

O—>Sﬂ>S—>S/(y)—>O
Since R’ is faithfully flat, the tensored sequence
0-SorR L SorR — (S/(y)@r R — 0
is also exact. Hence we see from Proposition 2.3.4 that G-dim7((S/(y))®rR') < oo,
and we have CM-dimpS/(y) < oo, as desired.
Corollary 3.4 and the above remark induce the implication (4) = (1) in the

following theorem. The implications (2) = (3) and (3) = (4) are obvious while (1)
= (2) follows from Proposition 2.3.7.

Theorem 3.5. Let R be an F-finite local ring of characteristic p. Then the follow-
ing conditions are equivalent.
(1) R is Cohen-Macaulay.
(2) CM-dimg°R < oo for all integers e.
(3) CM-dimg®R < oo for infinitely many integers e.
(4) CM-dimp°R < 0o for some integer e with p® > v(R).
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Projective dimension, CI-dimension, and G-dimension also satisfy the conditions
a)-c) in Corollary 3.4 for the associated properties of local rings. Hence an F-finite
local ring R of characteristic p is a regular ring (resp. a complete intersection, a
Gorenstein ring) if °R has finite projective dimension (resp. finite CI-dimension,
finite G-dimension) for some integer e with p® > v(R). Compare this with Theorem
1.1, Theorem 1.2, and Theorem 6.2.

Moreover, since upper G-dimension G*-dim and lower Cl-dimension CI,-dim
also satisfy those conditions, an F-finite local ring R is a Gorenstein ring (resp. a
complete intersection) if °R has finite upper G-dimension (resp. finite lower CI-
dimension) for some integer e with p¢ > v(R). (For the details of these homological
dimensions, see [3], [14], and [22].)

We end this section with proposing a natural conjecture.

Conjecture. Let R be an F-finite local ring. Suppose that the R-module °R has
finite CM-dimension for some integer e > 0. Then R would be Cohen-Macaulay.

The authors believe that it would be true, but have no proof of it at this moment.
Compare this with Theorem 6.2 to see that the corresponding statement about G-
dimension is true.

4. A GENERALIZATION OF HERZOG’S THEOREM

J. Herzog proved in his paper [16] the following theorem as a generalization of a
theorem due to E. Kunz [18].

Theorem 4.1 (Herzog). Let R be a local ring of characteristic p, and let M be a
finitely generated R-module.
(1) If Tor®(M,°R) = 0 for any i > 0 and infinitely many e, then pdgM < oo.
(2) Suppose that R is F-finite. If ExtR(°R, M) = 0 for any i > 0 and infinitely
many e, then idrM < co.

According to the method of Herzog, the first assertion of this theorem is proved
by observing the structure of the complex Fy @ °R where F, is a minimal R-free
resolution of the module M, and the second assertion is proved by considering the
Matlis duality and using the first assertion. However, Lemma 3.2 actually enables
us to prove easily the assertions of the Herzog’s theorem in a more general setting.

To do this, we introduce the following result of Avramov-Foxby.

Lemma 4.2. [4, Proposition 5.5] Let (R, m, k) — (S, n,l) be a local homomorphism
of local rings, and let N be a finitely generated S-module. Then

(1) fdgN = sup{i|Tor] (N, k) #0}.

(2) idgN =sup{i|Extyp(k,N)#0}.

Combining this lemma with Lemma 3.2, we obtain the following proposition.
Proposition 4.3. Let (R,m, k) — (R',m' k') and (R,m, k) — (S,n,1) be local
homomorphisms of local rings, and let N be a finitely generated S-module. Suppose
that mR' € m" )

(1) If Torf_{(N, R’) =0 for any sufficiently large integer i, then fdgN < co.

(2) IfExtR(R',N) =0 for any sufficiently large integer i, then idgN < oo.
Proof. First of all, we note from Lemma 3.2 that there exists a maximal R’-regular
sequence x such that k is a direct summand of R'/(x) as an R-module. We easily
see from the assumption that Torf(N, R'/(x)) = 0 or Exth(R'/(x),N) = 0 for

i > 0. Hence we have Tor?(N,k) = 0 and Ext%(k, N) = 0 for i > 0. Thus the
proposition follows from Lemma 4.2. O
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Remark 4.4. Let (R,m) — (S,n) be a homomorphism of local rings such that
mS C n’®) and fdrS < oo. Then R is regular.

In fact, since Torl(k,S) = 0 for i > 0, it follows from Proposition 4.3 that
(pdgk =) fdrk < co. Hence the local ring R is regular.

It is easy to see the following theorem follows from Proposition 4.3. Notice that
the second assertion in the theorem holds without F-finiteness of the ring R.

Theorem 4.5. Let R — S be a local homomorphism of local rings, and let N be
a finitely generated S-module. Suppose that R has characteristic p. Let e be an
integer with p¢ > v(R).

(1) If Torf(N, °R) = 0 for any sufficiently large integer i, then fdgN < co.

(2) IfExtR(°R,N) =0 for any sufficiently large integer i, then idgN < oo.

It is needless to say that this theorem implies Theorem 4.1.

5. ANOTHER CHARACTERIZATION OF COHEN-MACAULAY RINGS

Let R be alocal ring of characteristic p. In Section 3 we have given necessary and
sufficient conditions for R to be Cohen-Macaulay in terms of the CM-dimension of
the R-module °R, in the case that the ring R is F-finite. In this section, we would
like to characterize Cohen-Macaulay local rings of prime characteristic which are
not necessarily F-finite.

Proposition 5.1. Let R be a local ring with maximal ideal m. Assume that there
exists a non-zero injective R-module which is separated in its m-adic topology. Then
R is artinian.

Proof. Let M be a non-zero injective R-module which is m-adically separated. Since
any submodule of a separated module is also separated, we may assume that M
is the injective hull Er(R/p) of R/p for some prime ideal p of R. Then, since
M = Egr(R/p) is an Rp-module and since M is m-adically separated, we must
have p = m. Thus M is an artinian R-module. Then that (), m"M = 0 implies
m"”M = 0 for some integer n. Since the module Endg(M) is isomorphic to the
m-adic completion Rof R, we finally have that m™ = 0, hence R is an artinian ring.
O

In the following proposition, if the module N is finitely generated over the ring
R, it is a well-known result due to H. Bass [8].

Proposition 5.2. Let (R,m, k) — (S,n,1) be a local homomorphism of local rings,
and let N be a non-zero finitely generated S-module with idgrN < co. Then idgN =
depth R.

Proof. Set s = idgN and t = depth R, and take a maximal R-regular sequence
X = Z1,Za, - ,x. Since depth R/(x) = 0, there is a short exact sequence 0 —
k — R/(x) — C — 0 of R-modules. Hence we have an exact sequence

Ext%(R/(x), N) — Ext%(k, N) — Ext5™ (C, N) = 0.

Lemma 4.2 implies that Exty(k, N) # 0, hence Exti(R/(x), N) # 0. Since the
Koszul complex K,o(x) of x over R is an R-free resolution of R/(x) of length ¢,
we see that s < t. On the other hand, it follows from Nakayama’s lemma that
Exth(R/(x), N) = N/xN # 0. Therefore s = t, as desired. O

Now we are ready to prove a theorem which characterizes the Cohen-Macaulay
property for local rings of prime characteristic that are not necessarily F-finite.

Theorem 5.3. Let (R, m, k) be a local ring of characteristic p. Then the following
conditions are equivalent.
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(1) R is Cohen-Macaulay.
(2) There exist a local ring homomorphism R — S and a finitely generated S-
module N satisfying the following two conditions.
i) There is a maximal R-regular sequence that is also N-regular.
ii) There is an integer e such that p® > v(R) and that Ext'y(°R, N) = 0 for
any sufficiently large integer i.

Proof. (1) = (2): Let S be the m-adic completion of the Cohen-Macaulay local
ring R, and let N be the canonical module of S. Note that S is faithfully flat over
R, and that N is a maximal Cohen-Macaulay S-module. Hence it is easy to see
that every R-regular sequence is also S-regular, and that every S-regular sequence
is also N-regular. Noting that N is of finite injective dimension over .S, one has
Ext%(°R, N) = Ext5 (‘R ®g S, N) = 0 for any e > 0 and i >> 0.

(2) = (1): Set t = depth R. By the assumption, we have a sequence x =
T1,%2, - ,x of elements of R which is both R-regular and N-regular. Theorem
4.5 and Proposition 5.2 imply that idg N = t. Especially we have Ext’(k, N) = 0
for ¢ > t. Hence we also have Extzé/(x) (k, N/xN) = 0 fori > 0. Thus it follows from
Lemma 4.2 that idp,x)N/XN = 0, i.e. N/xN is R/(x)-injective. On the other
hand, since the induced homomorphism R/(x) — S/xS is local and since N/xN is
a finitely generated S/xS-module, N/xN is m/(x)-adically separated. Therefore it
follows from Proposition 5.1 that R/(x) is artinian, hence R is Cohen-Macaulay. O

As a corollary of the above theorem, we obtain the characterization of F-finite
Cohen-Macaulay local rings as it is stated in Section 3. We give here an alternative
proof of the implication (4) = (1) of Theorem 3.5 by using the above theorem.

Alternative Proof of Theorem 3.5 (4) = (1). Since CM-dimg®R < o0, one has
CM-dimpg°R = depth R — depthz°R by Proposition 2.3.6. Noting that a sequence
T1,Z2, - , Ty of elements of R is “R-regular if and only if x’fe,xge, e ,xﬁﬁ is an
R-regular sequence, one sees that depthp°R = depth R, hence CM-dimz°R = 0. So
it follows from definition that there exist a faithfully flat homomorphism R — S
of local rings and a semi-dualizing S-module C' such that Ext%(‘R @z S,C) = 0
for ¢+ > 0. Since S is faithfully flat over R, one has from Proposition 2.1.2 that
every R-regular sequence is C-regular, and Ext%(QR, C) = Extis(eR ®rS,C)=0
for ¢ > 0. Thus Theorem 5.3 implies that R is Cohen-Macaulay. O

6. A CHARACTERIZATION OF (GORENSTEIN RINGS

We shall prove in this section a result concerning G-dimension, which is similar
to Theorem 3.5 but in a slightly stronger form. We begin with stating a proposition
that follows directly from Theorem 4.5.2.

Proposition 6.1. Let R be a local ring of characteristic p. Then the following
conditions are equivalent.
(1) R is Gorenstein. 4
(2) There is an integer e such that p® > v(R) and that ExtR(°R, R) = 0 for any
sufficiently large integer i.

Now we can prove the main result of this section.

Theorem 6.2. The following conditions are equivalent for an F-finite local ring R
of prime characteristic p.

(1) R is Gorenstein.

(2) G-dimg°R < oo for every integer e > 0.

(3) G-dimg°R < oo for infinitely many integers e > 0.
(4) G-dimg°R < oo for some integer e with p¢ > v(R).
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(5) G-dimg®R < oo for some integer e > 0.

Proof. The implications (1) = (2) = (3) = (4) = (5) are obvious from Proposition
2.3.2, and the implication (4) = (1) follows from Proposition 6.1.

It remains to prove the implication (5) = (4). For this, it is enough to show the
following claim.

CrAIM. If G-dimpz°R < oo for some integer e, then G-dimpz?°R < oo.

Suppose that G-dimg°R < oo for some integer e. Then we have G-dimg°R =
depthR —depthz°R = 0, and hence Hompg(°R, R) = RHompg(°R, R) in D’(R). Now
put C' = Hompg(°R, R), and we see from Proposition 2.3.5 that

RHom.r(C,C) RHomer(RHomp(°R, R), RHompg(°R, R))
RHompz(RHompg(°R, R), R)
‘R.

111 1R

Therefore C' is a semi-dualizing *R-module.

We would like to show that C' is isomorphic to °R as an °R-module. To do this,
let % be the residue field of R, and put ¢ = depth R. Since RHomer(%,C) =
RHomer (%, RHompg(°R, R)) =2 RHompg(%, R), we have

Ext!r (%, C) = Exth (%, R).

Note that depth.p,C' = depth®R = t by Proposition 2.1.2. Hence comparing the
k-dimension of the both sides of the above isomorphism, we have reg(C) - dimg% =
dimyExtls(%,C) = dimExth(%, R) = rg(R) - dimy%. Therefore we obtain
reg(C) = rr(R) = reg(°R). It then follows from Proposition 2.1.3 that per(C) =1,
that is, C' is a cyclic °R-module. But Proposition 2.1.1 implies that C' & °R, as
desired.

Since we have shown that there is an isomorphism RHomp(°R, R) = °R in
DY(°R), we have ismorphisms

RHomer (X, °R) RHomeg (X, RHomg(°R, R))

= RHompg(X,R)
for any obeject X in D(°R). Thus we have an isomorphism
RHomeg (RHomeg (*R, °R), °R) = RHomp(RHomg(*R, R), R).

Noting that G-dimeg?’R = G-dimez4°R) = G-dimz°R < oo, we see from Propo-
sition 2.3.5 that the left hand side is isomorphic to 2°R. Then it follows from
Proposition 2.3.5 again that G-dimz?°R < oo, and the proof is completed. O
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