Global solutions to a chemotaxis system with non-diffusive memory
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Abstract

In this article, an existence theorem of global solutions with small initial data belonging to L' NL?, (n <
p < o0) for a chemotaxis system is given on the whole space R", n > 3. In the case p = oo, our global
solution is integrable with respect to the space variable on some time interval, and then conserves the mass
for a short time, at least. The system consists of a chemotaxis equation with a logarithmic term and an
ordinary equation without diffusion term.
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1 Introduction

This paper concerns global solutions to the system

8tu=Au—V~<uvvv>, rzeR" t>0

(E) ov=w?, xz€R™ t>0
u(0,z) =a(x) >0 v(0,x)=b(z) >0, =zeR"™

Here, u is the unknown cell density of the chemotactic species and v is the unknown density of non-diffusive
chemical substance, which is produced by the species. This system is a particular case of Keller-Segel system
[8] and related to the dynamics of self-reinforced random walks [14] [16], and also used as haptotaxis and
angiogenesis models. One of interesting features of the system is the absence of diffusion term in the second
equation. There are many papers which studied the classical Keller-Segel system with diffusion term in the
second equation. Levine and Sleeman [10] investigated finite time blow-up phenomena for the system (E;) in
one dimensional case. Additional properties for the solutions of (E;) have been obtained in [12]. In smooth
bounded domains in R™ with A < 1, Rascle [15] and Yang, Chen and Liu [20] showed the existence of global
solutions for the system. Corrias, Perthame and Zaag [5], [6] studied the same topics in a general system, which
do not cover the case A = 1. In [17], asymptotic behavior of radial symmetric solutions to (Ey) is studied.
When A € [0,1) and n = 1, Kang, Stevens and Veldzquez proved that for some initial data the corresponding
solutions u tends to Dirac mass as ¢t — oo in [7].
Through the transformation

the system (E)) becomes

8tu:Au—9V-(uvZZ), rzeR™ >0

(Eo) Oz=u, TzE€R™ t>0
u(0,2) = a(x) 2(0,z) = c(z) = Ob(x)!~*, x €R™

This system is invariant with respect to the scaling

(ult, @), 2(t, 2)) = (u*Pu(p’t, pe), p*z(p’t, pr))
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for all @ € R. In this article, we give a global existence theorem of solutions to the system (Eg) with the special
initial data ¢ = 1, which corresponds to the case A < 1 in (Ey), in the sense of mild solutions, more precisely,
we construct solutions to the integral equations;

(LE.) u(t) = e®a—0B[u(t), 2(t) =1 Jr/o u(T)dr,

where

Blul(t) = /O L t-may (maiﬁ?) dr

As a consequence of the absence of diffusion term in the second equation, the regularity of z and Vz with respect
to space variable is not better than that of 1 and Vu respectively. For the initial data ¢ = —1 that corresponds
to another case A > 1 in (E)), the same results as in below hold. D. Li, K. Li and Zhao [11] treated with the
case A = 1 in which the system is changed to a hyperbolic-parabolic system through the transform V = —%,
and constructed local and global solutions in Sobolev spaces with positive smoothness. Very recently, Ahn
and Kang [1] proved the local existence of solutions to (F)) with A > 0, and the non-existence of self-similar
solutions.

Our main result reads as follows

Theorem 1.1 (Small data global existence). Letn >3, n/(n—1) <g<n <r <p<oo and § € R. There
exists 6 = 6(n, p,q,r,|0]) > 0 such that if ||a||p1nre < §, then there exists a global solution u € L'(0, 0o; L*°(R™))
of (LE.) satisfying ||ul|x1 + |lullxz, + [Jullxs < llallpinre where

t
lullx; = / Ju(r) | dr,

)
Jullxz =sup | [ Vuteas
T<t 0

/OT Vu(c)do

and [Jufxs = sup
T<t

LT La
¢ ¢
Moreover, with Us(t) = / [lu(T)||peedr and U(t,z) = / u(r, x)dr, one has
0 0
Usx € C([0,00)) and VU € C([0,00); L" N LY). (1)

Remark 1.1. The smallness assumption on the initial data a is used to guarantee

1
2z0(t)

sup

¢
<1, where z(t)=1 +/ e™adr.
>0 0

1o°

(o)
Indeed, / |e™2al| o dr ~ ||a||3;21 and L' N LP — B;fl, We then have
o :

lz0(t,z)| > 1 7/ |eTAa(:E)|dT >1/2.
0

And, this property is preserved by the evolution of the system and
1

< 1.
z(t)

~

s

sup
t>0

Because the first equation of (Eg) is a divergence form, there formally holds the conservation of mass;

/"u(t)d:c = /n adr (t > 0). (2)

However, we do not know whether or not the global solution, constructed in Theorem 1.1, is in L!'(R"). The
following theorem ensures that the solution belongs to L'(R™) in some time interval, when p = 0o in Theorem
1.1. As a consequence, we can make sure that our global solution constructed in Theorem 1.1 fulfills the
conservation of mass (2) for a short time, at least.



Theorem 1.2 (Large data local existence). Letn >1, 0 < s <1 and 6 € R.
(i): There exists a small constant C = C(n,s,|0]) € (0,1) such that for any a € L=, (I.E.) admits a local

solution u € L>®((0,T) x R™) with T = satisfying

lall o
lullys + llullyz + lullvg + llullys < llallze

where fort >0
[ullys = sup [u(r)|[z, [[ullyz = supt*?[u(®)] 5, _,
<t T<t o0,00

lullys = sup 7' /2[[Vu(r)l[  and Jullys = sup 7+ 2| Vu(r)l|5, .
T<t T<t 0,00

(ii): In addition, if the initial data a also belongs to L*(R™), then the solution u, constructed in (i), is in

C([0,T); L') where T = and C depending on n, s and |0|, and fulfills

lallLrazee

[ullz, = sup [[u(7)]|zr < llallL:
Tt
Remark 1.2. 1. The condition on T guarantees the lower bound of 1/z. Indeed, for allt and x

t
20t 2)| > 1 — / leBa]| pedr > 1— C > 0.
0

2. Ahn and Kang [1] proved the local existence under the assumption a,c(= z(0)) € L>® N WP with p > n
and certain lower bound of ¢ = z(0).

Uniqueness of solutions in Theorem 1.2 is valid as follows;

Theorem 1.3 (Uniqueness). Letn>1, 0<s <1 and T € (0,00).

(i): If uw and v are solutions in the class C'((0,T); L>) N Q?ZQYQZ with the same initial data a € L™, then
u(t,z) =v(t,x) for allt € (0,T) and a.e. x € R™. ‘

(ii): If u and v are solutions in the class C([0,T); L) N ﬂ?zlY% with the same initial data a € L' N L,
then u(t,z) = v(t,z) for allt € (0,T) and a.e. z € R™.

This paper is organized as follows. In next section, we recall the definition and equivalence norms of
(homogeneous) Besov space and establish our basic estimates. Theorems 1.1 and 1.2 are proved in Sections 3
and 4, respectively. In Section 5, the proof of Theorem 1.3 is provided.

2 Preliminaries

Throughout this paper we use the following notations. S and &’ denote the Schwartz spaces of rapidly decreasing
smooth functions and tempered distributions, respectively. A < B means A < ¢B with a positive constant c.
A=~ Bmeans A < Band B< A C=C(a,b,c) means C depends on a,b and c.

Let us recall the definition of Besov spaces. We fix ¢ € S(R™) satisfying supp ¢ C {1/2 < [¢] < 2} and
Yo <§J> =1 for € € R"\{0}, and then ¢;(D)f = F~! [g& (27) f(-)]
JEZ
Definition 2.1. Let 0 < p,q < o0 and s € R. Besov space B;yq is defined to be the space of f € S8’ modulo
polynomials such that

1/q

1flls,, = | 2oL, | a<oo,
JEL

Ifllg:  =sup2’®|o;(D) fllLe.
p.oe JEZ




It is well-known that BS with 0 < s & N coincides with Holder space C*, i.e.,

gy~ Il = 3 sup ZSED W)
la|=[s]

zHty |z —yl|sLs]

)

where [s] means the integer part of s, see for example [4]. Triebel [19] showed that Besov spaces are also

characterized by means of heat semigroups e’“; with a non-negative integer m > s/2

g, = ([ (mri-armes i) 6) 7 a<oe,
p,q 0

||f||B; = tS;lp tm—s/QH(_A)metAfHLp_
1 o)

The following lemma is our basic estimate for the proof of Theorem 1.1.

Lemma 2.1 (Estimates for the non-linear term). Let n > 1. For vector functions F = (f1,--- , fn), we have
the following.
(i): For1<p<n<q< oo,

[
\

Proof. (i): Changing order of integrals, we see that the left hand side is bounded by

/ / HetAV~F(T)||LOQ dthz/ HF(T)”B;lldT
o Jo 0 :

and then from the embedding LP N LY — B!

oco,1

t o0
/ DAY F(r)dr|| < / IF ()| rasedr.
0 0

Lo

(ii): For allr € (1,00)

T t T
/ v/ eIAY . F(7)drdt 5/ | F(7)| Lrdr.
0 0 0

Lr

the desired inequality is verified.

(ii): We also change order of integrals and have that the left hand side is bounded by

/

Though the boundedness of Riesz transform on L"(R™) and the duality, the L™ norm above is dominated by

/ ) ( /0 o etAF(T)dt> AGdx

with some G = (g1,--- ,gn) and each g; € S satisfying ||g;||;~~ < 1. The proof is completed as follows;

T T—T1 T
/ / F(r) / o> Gdtdx| dr = /
0 n 0 0

T
< / | E ) -dr |Gl .

T—1
v/ AV - F(r)dt||  dr.
0

Lr

dr

/” F(7) (e(T*T)AG — G) dx

O

The following estimates for products are verified by paraproduct formula due to Bony [2] and is applied in
the proof of Theorem 1.2.

Lemma 2.2. For s > 0,

/9]

Since it is not hard to prove this, we omit the proof.
Decay estimates of the heat semigroup e*® on Besov spaces are used in the proof.

pe_ S0 lsy _lollew + 170z lgll s, _.



Lemma 2.3 ([9]). If 8 < «, it follows
€2 Fll s | St fll

See [9] for the proof.
The following estimate is useful to control the norm Y;*. For the We give a proof based on a method due to
Meyer [13], which involves the real interpolation theory.

Lemma 2.4. For any o € R, there holds

Proof. We define f(7) = J(T)X(0,+)(T) where x; is the characteristic function of I C R, and decompose

t
/ 6(t77)AVf(T)dT
0

o Sswp |[f (D)l et
B T<t '
00,00

t [e%¢)
/ eTIAYf(T)dr = / AVt —7)dr =14+ Iy,
0 0
where A > 0 and
A N 0o . _
Is= / VO0er AV f(t — 1)dr, 114 = / V0er AV f(t — 7)dr.
0 A
Here, 0 < 0, 6 < 1. From Lemma 2.3, one has that
A ~
allge e S [ 750 = gz dr < A sup )l g,
oo ~
1Ll S [ 707 = )l pe s dr S A sup | F(7) e
bl A ’ < ’
Applying the well-known property of Besov spaces, [18] or [3];

B2 o = (BL A2 BLL?)

1/2,00

we end the proof as follows

t
/ e(tiT)AVf(T)dT
0

S sup A2 (|1 [l go-vsn + Al L [ o )
)\>0 oo, 1 oo, 1

B

Ssup [|£(7)] ga-a -
Tt ’

O
3 Proof of Theorem 1.1
Let
ullx, = llullxy + llullxz + llullxz-
The assumption on exponents ensures the following linear estimates.
Lemma 3.1 (Linear estimates).
A
le2alx. S llallg=s, + llalls: + llalls: < llallzsn-
Proof. The first inequality follows from (3). From
||a||B;%1 < Z2j(”*2)||a||L1 + Z 23 (n/P=2)|| 4| 1.
J<0 Jj=1
lall g2 < > 20 Va4 27 al|ge, (I=7,q) and
Jj<0 jz1
the interpolation inequality ||a||rare < ||a||LriaLe, the second inequality is showed. O



With Lemmas 2.1 and 3.1, we construct solutions by successive approximation;
up(t) = e®a  and Uy (t) = uo(t) — Blum](t)
where .
zZm(t) =1 +/ U (T)dT.
0
We begin the proof of Theorem 1.1 with showing that {u,,}. is a bounded sequence in X.

From Lemma 3.1, ||ug||x.. < Cxlla||Linr» where the constant Cx depends on n,p,q and r. Taking ¢ so that

1
6 < ——) 4
~ 4Cx ( )
1
we see that sup ) < 4/3. Assuming ||t || x.. < 2Cx||a||L1nLe, we shall check ||umi1lx. < 2Cx||al|lLinLe.
t>0 || 20 Lo
First, the assumption implies sup < 2. Hence, applying Lemma 2.1 one can obtain
t>0 || @m t) [,oo

IBlums1lllxz, S lumllxy (lumllxz, + [[umllxs)
| Blum+1]llxz < llwmllxo [wmllxz

[Blum1]llxz, S llumllxy, llumllxs, -
Combining this with Lemma 3.1, one has
[um+1llx. < Cxllallzine + Cx10lllumllx .

with the constant C'y; depending on n,p, ¢ and r. Then, taking small § so that

1

§< — -
= 4Cx C% |

we see |[um+1l|x., < 2Cxl|lallpinpe. Therefore, {tm, }m is bounded in Xo. For simplicity, let

Kx = sup |umlx, <2Cx|allLinLe-
meNU{0}

To show that {u;,}m, is also a Cauchy sequence in X, we divide ;41 (t) — u,(t) into three parts;

i1 (£) — um (£) = 0 /0 (=AY (A, (7) + Bun(7) + Con (7)) dr

where

Ap(T) = — um(TZ)mI‘(Tz)—l(T) Vzm—1(7)
- U (T) (2m (T) —

Zm-1(7))

e R
Cn(r)==" (:) V (m(7) = 2m-1(7)) .

From Lemma 2.1, it follows

[tms1 = umllxy, S |9|/ [Am (7) + By (1) + Con(7)[| Larrdr.
0

and
HAm(T)”LqﬂU < ||UM(T) - “mfl(T)”LOo (||Um—1ngo + Humfl”X;)
B (D) lzanzr S llum (T) 2o [wm = um—1llxy, (lum-1llxz, + lum-1lxz )
|Cm ()| Lannr S |Jum(T)| L (Hum - Um—lego + [t — um—lnXgO) )
which imply
[tma1 = umllxy, S 101K x (1 + Kx)llum — wm—1]x..-



The similar argument yields

[tms1 = tmllx 101K x (14 Kx) [lum = um—1x..-
Since K < 1/2, one obtains |[tm+t1 — Um |l x., < CX|0|K||wm — um—1]|x., where the constant C%* depends on

n,p,q and r. Taking small ¢ so that
1

§< —
= ACxC 0]

(6)

we see then {um, }n, is a Cauchy sequence in X .
t
To end this proof, we provide a proof of the continuity of Us, and VU. For t >t > 0, since / llu(T)||peedr <
t

t
/ |le™®al| Lo dT + |6(I + II) where
¢

t t—o
=,
0 Jt—o
t pl—o
<[]
t 0

Lebesgue’s dominated convergence theorem ensures

drdo and
LOO

v (4o %55)

re)

drdo,
LOC

eTAV <u(a)

Us € C([0,00); L) and Uso(t) — 0 as t \, 0.

The continuity VU € C([0,00); L> N L?) and the convergence VU (t) — 0 in L N L7 as ¢ N\, 0 are also verified
by the same argument above. The proof is completed.

Remark 3.1. For any o € (0,1 —n/r),

/ [u@l o, dt S llall oz + 10lllullx, (Jullx, + lullxs)
0 , ,

< llallziace + [01]lul%-

4 Proof of Theorem 2

Let
lully, = llullyy + llullyz + [lullyp + llullya.

(i): We verify that {w,, } is also a Cauchy sequence in Yy with some T. We have |lug|y,; < Cy|la||L=. By
Lemma 2.2 and

1 1 ¢
~ < U (T) || g dT, 7
o Pl el JRCCIP. )
. 1 .
one can show that if sup <1, for j=2,3,4
t<T Zm(t Le°

[Blumiallvz < Tllumllypllumllyz,

[Blumillly; S Tllumllyzllumllyz

Tl (Tl vz Nl + lumllyz ) -

which imply
[um+1llvy < Cyllallze + CHOIT (1 + T llwmllvy.) [[wm]l3 -

Here, Lemma 2.2 and (7) have been applied for Y, and Lemma 2.4 and (7) for Y2. Therefore, taking

and T < L (8)

T< L = *
2Cylall o~ 3Cy Cy 1ol all i~

and assuming || um, ||y, < 20y ||al|L=, we have ||um+1|ly; < 2Cy ||a||L~. Indeed, from this assumption, |z, (t, z)| >
1/2. Let

Ky (T)= sup |jum|ly, <2Cyla| L.
me{0}UN



And then, we have

{

1A (®) + B (8) + Con () [ S 72Ky () Ky (1) [ = ttm—1 |1y,
1A (t) + Bin(t) + Con() 3, S 102Ky (6) Ky (6)? |t =t |-

where f(\;(t) =1+ tKy(t). Here, Lemma 2.2 and

B
Zm—1(t)zm (¢)

b
Zm_l(t)

1

< tlfs/QK t
Zm () ~ v(?)

3s
Boo,oo

+
Bgo,oo

~
s
Boo,oo

have been used in the second estimate. Then, we have

If

[tum+1 = Umllyy < CY 101Ky (T)T [[tn, — tim—1]lyz-

T < = ,
10Cy 5 0]]lal o~

{tm }m is a Cauchy sequence in Yr.

and we assume ||um, ||z, < 2|lal|p:. Of course, ||ug||z, < |la|lz:. Because if T fulfills (8) one has

[um1llzr < llallr + CY 10T [um | 22 [[wm v

with a constant C§* depending on n only, taking

< **1 ;
2y O3 0ol

T

we then have ||um+1]zr < 2||al|r1. Hence, we write

Kz(T)= sup |jum|zr <2[afw
meNU{0}

with 7" fulfills (8) and (11). To show wu,, € C([0,00); L*(R™)) we write that for small € > 0

U1 (E+€) = Upp1(t) = €' (e5%a — a)
+o [ et (B ) <um(7') Zﬁ?) dr
g /t T erenag <um(r)Z:'Eg)> dr

9)

(ii): We shall show {tuy, }., is also a Cauchy sequence in C([0,T]; L*(R")) with some T. Let m € NU {0}

(10)

(11)

Combining this with Lebesgue’s dominated convergence theorem ensures that the right continuity of u,,11 in
the topology of L!. On the other hand, since

Uy 1(t) = Uy (t — ) = €l

t—e)A (esAa _ a)

t—e
+ 9/ ve(t—e—T)A (eeA _ ]d) <Um(7_) VZm(T)) dr
0

Zm(T)

t
_9 =Ty (Um(T) Vzm(T)> dr,

t—e Zm(T)

we have the left continuity of u,,4+1 from the Lebesgue’s theorem again.
Next, we observe

and

t
tmt1 — umllzr <16 sug/ (t =) Y2 A () + Bon (1) + Con(7) || 11 dr
t< 0

[Am (Tl S 772w — w1l zp lum—1llvz
1B (M)t S 72wl zo lum—1llyz m = wm—1llyz

ICm (D)t S 72t 22 1t = w1l vz



and then for T satisfying (11) we have

[tmt1 — Uml| 2 < Cz|0| Ky (T)T ||, — Um—1]| 2
+ Cz|0|Ky (T)K 2(T)T? ||t — tim—1]lvy
+ Cz|0|Kz(T)T ||t — wm—1|lvys

where the constant C'z depends on n only. Here, taking

1 1
T < and T < , 12
< G, G, T Dol = 100, 0+ 00l (12)

and combining these with (9), we see

lums1 — umllyrnze < 4/5[um — um-1llyrnzes

which means that {u, } is a Cauchy sequence in Yr N Zr.

5 Proof of Theorem 1.3

We give the proof in the case (i), only. Let w(t) = u(t) — v(t). By using estimates in the proof of Theorem 1.2,
we can see that there exists small ¢ € (0,T) so that

[wlly, < 1/2[wlly,.

Let T* = sup{t € (0,T);u(t,z) = v(t,z) a.e. x € R"} and we assume that T* < T, otherwise the proof
is completed. Because u(T*) = v(T*) € L*°, the above argument ensures that there exists ¢, > 0 so that
u(t.x) = v(t,x) for t € [0,T* + ¢t.] and a.e. = € R™. This contradicts the definition of T* and then we have
T =T.
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